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PREFACE 


The course contained in this book has been designed to 
solve a particular problem which has arisen at Yale Uni- 
versity, and it is hoped that it may be of use in other in- 
stitutions where similar conditions prevail. The problem 
in question is to secure for students who have completed 
trigonometry a course which will present in one year the 
best conception of modern mathematics. 

The natural procedure is a short course in analytic 
geometry followed by a course in the calculus. There are, 
however, numerous difficulties if the standard textbooks 
on these subjects are used. Perhaps the most serious is 
that the usual textbooks on the calculus presuppose at least 
a semester’s work in analytic geometry and are themselves 
intended to cover a full year’s work ; hence adaptation of 
them to a much shorter course is not very satisfactory. 
Furthermore, the traditional arrangement of topics, if fol- 
lowed in a short course, results in a lack of unity in the 
subject and has the still more undesirable effect of bringing 
the applications of differentiation and integration so late 
that there is not sufficient time to digest them. 

For these and other reasons it was thought best to aban- 
don the treatment of analytic geometry as a separate sub- 
ject and to build up the course around the calculus. In 
abridging the calculus the primary aim has been to present 
the fundamental ideas without an excessive amount of tech- 
nique. The standard applications, including most of the 
problems to be found in more extensive treatises, are given 
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AN INTRODUCTION TO 
THE CALCULUS 


CHAPTER I 

CARTESIAN COORDINATES. THE STRAIGHT LINE 

1 . Introduction. A survey of the problems which can be 
solved by elementary mathematics (algebra, geometry, and 
trigonometry) shows that although they are large in num- 
ber they form a rather restricted class. For example, the 
problems of algebra consist mainly in finding one or more 
unknown quantities by the solution of equations ; and in 
plane geometry and trigonometry we are confined to the 
study of figures bounded by straight lines and circles. 

In order to solve more difficult problems we may proceed 
in two ways : (1) by using new processes of reasoning and 
calculation ; (2) by combining our algebra and geometry so 
that we can use them together to greater advantage. The 
new processes above referred to, and to be described later, 
belong to the branch of mathematics known as calculus. 
We shall begin with the second way of proceeding, which, 
when carried out to its fullest extent, forms the subject of 
analytic geometry. 

The first step in forming a combination of algebra and 
geometry is to devise some algebraic means for describ- 
ing the position of a point. This can be done in many 
different ways, but the discussion in this book will be 

• 1 
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limited to plane geometry, and only the most widely used 
method of locating a point in a plane will be introduced. 

2. Rectangular Coordinates. 

In order to describe the posi- 
tion of a point in a plane, two 
reference lines, X'X and Y' F, 
are chosen at right angles to 
each other. Their point of 
intersection, 0, is called the 
origin. The line X'X is called 
the x-axis^ and F' F is called 
the y-axis. 

The position of any point F 
in the plane is then described 
by giving its distance NF 
from the «/-axis and its distance MF from the x~‘dxis. In order 
to distinguish between points on opposite sides of the axes, 
the distance JYF is regarded 
as positive if P is on the right 
of the 2 /-axis, and negative if 
it is on the left ; the distance 
MF is regarded as positive 
if it is measured upward 
from the a^-axis and negative 
if it is measured downward. 

Definitions. The distance of 
a point from the y-axis is called 
the abscissa, or x-codrdinate, of 
the point. 

The distance of a point from 

the cc-axis is called the ordinate, or y-cdordinate, of the point 

The abscissa is usually denoted by x, and the ordinate 
by y. The numbers x and y together are called the eodr- 
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dinates of the point and are written (x^ y'). In Fig. 1, for 
example, a? = 4 and y = 3 ; hence the coordinates of the 
point P are (4, 3). 

The four quadrants into which a pair of rectangular 
axes divides the plane are numbered as in trigonometry. 
If a point lies in the first quadrant, both coordinates are 
positive; if it lies in the second quadrant, its abscissa is 



axes and a unit of 


length have been chosen, every point in the plane deter- 
mines uniquely a pair of real numbers and, conversely, 
every pair of real numbers determines one and only one 
point in the plane. 

3. Plotting. To "plot a point” given by rectangular 
coordinates is to mark it in its proper position, corre- 
sponding to the given coordinates. Thus, to plot the 
point (8, 5) means to mark the point 3 units to the right 
of the y-axis and 5 units above the a;-axis. In practice we 
measure 3 units to the right along the a;-axis and then 
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5 units upward from the ri;-axis. Coordinate, or plotting, 
paper is made by ruling off equidistant lines parallel to 
the axes so that distances may readily be measured. The 
figure shows several points plotted on coordinate paper. 

4. Symmetrical Points. Two points, A and B, are said 
to be symmetrical with respect to a line I if this line is 
the perpendicular bisector of the line AB. The line I is 
called the aa:zs of symmetry. In Fig. 2 the points and 

are symmetrical with respect to the y~Bxis, and the 
points J? and are symmetrical with respect to tlie 
rc-axis. It is evident that if I is the axis of symmetry of 
A and E, a rotation of the plane through 180° about I 
will interchange the points A and B. 

Two points, A and B, are said to be symmetrical with 
respect to a point 0, called the center of synwietry^ if 0 is 
the mid-point of the line AB, In the figure referred to, 

and (also and i^) are symmetrical with respect 
to the origin. 

PROBLEMS 

1. Plot accurately the points (4, 3), (4, — 3), (■— 3, 4), 
(~3, ^4), (7, 0), (0, -5), (8, 0), (0, 10). 

2_. Plot ^s accurately as possible th^ points (2.3, 7.8), 
(V3, -V3), (-1.6, -5.2), (- V5, ViO). 

3. Let A be the point (4, 6). What are the coordinates of 
the point symmetrical to A with respect to the jr-axis ? the 
y-axis ? the origin ? 

4. Three vertices of a square are A (2, 0), E(8, 0), C(2, 6). 
What are the coordinates of the fourth vertex ? What is the 
area of the square ? What is the length of the diagonal ? 

5. Three vertices of a rectangle are ^ 2, — 2), E(— 2, 6), 

(7(2, —2). What are the coordinates of the fourth vertex? 
What is the area of the rectangle ? What is the length of 
a diagonal? 
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6. The vertices of a right triangle are A (2, 1), -B(S, 1), 
C (8, 7). What is the area of the triangle ? What is the length 
of the hypotenuse ? 

7. Draw the triangles having the following points as ver- 
tices and calculate the area of each : 

a. (- 2, 0), (6, 0), (4, 8). c. (0, 2), (12, 2), (5, - 2). 

b. (0, 0), (6, 2), (0, 10). d. (- 1, - 3), (T, 7), (- 1, 5). 

8. A line joining two points is bisected at the origin. Find 
the coordinates of one end if the coordinates of the other 
end are 

а. (5, 3). c. (0, 4). 

б. (6,4). (-10,0). 

9. Three vertices of a parallelogram are (0, 0), (a, 0), and 
(b, c). Find the coordinates of the fourth vertex. Prove your 
answer. 

10. A square whose side has the length 2 a has its center 
at the origin. What will be the coordinates of its vertices if 

(a) the sides are parallel to the axes ? (b) the diagonals coincide 
with the axes ? 

11. An equilateral triangle whose side has the length a has 
its base on the £c-axis. What are the coordinates of the ver- 
tices of the triangle if (a) the center of the base is at the origin? 

(b) one vertex is at the origin ? 

12. A regular hexagon whose side has the length a has its 
center at the origin and one diagonal along the cc-axis. Find 
the coordinates of the vertices. 

5. Directed Lines. The great generality of analytic meth- 
ods and formulas is due primarily to the use of directed 
lines. These are lines upon which lengths are regarded 
as positive or negative according to the direction in which 
they are read. The positive direction can be assigned 
arbitrarily and is usually indicated by an arrowhead. If 
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the directioa of a segment of a directed line is changed, 
its sign is changed; that is, 


AB = ~ BA and BA = — A B, 

Fig. 4 

In adding segments of directed lines it is understood 
that the addition is to be performed algebraieally. For 
example, in the figure 

01234667 

— { — I — I — I — I — \ — I — I ► 

ABCDEFGH 

Fig. 5 


AZr=7, DF=% = etc., 

AC+CF== 2 4-3 = 5 =. 0 ; 

AU4'U^ = 2 4-(-l)===l==^i?, 

GC^CF = -4 + 2=:--2 = GF. 


C 

■4" 


A 

4- 




B 

-f- 


B 

— H 


The last three equations lead at once to tlie following 
theorem : 

Theorem, If C is (a) 

any point on the di- 
rected line passing 
through A and B^ then (^) 

AC + CBr=zAB. 


AC-^CB^AC-BC=^AB 


Proof. When is 
positive there are three 
cases, as indicated by 
the opposite figures. 


CAB 

(0 1 ^ H- 

AC-^CB = -CA + CB==AB 

Fig. 6 (a), (b), (c) 




Exercise. Write out the proofs for the three cases when AB 
is negative. 


This theorem • illustrates the advantage of the idea of 
directed lines. If one goes from a point -4 to a point C 
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and then from C to a point R, it requires no argument 
to show that the net result of the two motions is the 
same as going from A directly to B, The importance of 
the theorem lies in the fact that one equation (that is, 
AC + CB = AB') covers all possible cases. This equation is 
the same whether all the three motions are forward, or 
all backward, or one forward and two backward, etc. 

Rule for Directed Lines in Analytic Geometry. In using 
rectangular coordinates^ unless the contrary is specifically 
stated^ we shall assume that (1) the positive direction along 
the x-aods and along all lines parallel to the x-axis is from 
left to right; (2) the positive direction along all other lines 
is upward. 

The rules for the signs of coordinates given in § 2 agree 
with this, and hence an abscissa or an ordinate is simply a 
special case of length on a directed line. 

6. Horizontal and Vertical Distances between Points. Let 
and be any two points, and let a line be drawn through 
ij parallel to the a:-axis 
and meeting at Q the 
perpendicular from 
to the x- 2 ixis. The di- 
rected linei^Q is called 
the horizontal distance 
(or distance parallel 
to the a;-axis) from 
to i\. The directed 
line QF^ is called the 

vertical distance (or distance parallel to the y-axis) from 


te»2/2) 



2/1)1 


Fig. 7 


to 

The horizontal distance from to is evidently the 
same as the projection of on, the ri:-axis or any line 

parallel to the rr-axis. Thus, in the figure, F^Q =A^A^=BI^. 
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The vertical distance is evidently the same as the projec- 
tion of on the y-axis or any line parallel to the y-axis. 
Thus, in the figure, QP^=zB^B^ = P^R. 


Theorem. The horizontal distance from i? (a;, , ,y ,) to P (.r„, jf,f) 
is x^; the vertical distance from J? to is y^. 

Proof. Using Eig. 7, the horizontal distance is Pfl, whicjh 
is equal to But the theorem of § 6, on adding segments, 

A,A,= Afi + OA, 

Now a’^==0/l^, 

and ^^^2? 

hence, by substitution, A.^A^ = 

In like manner we find that 


<2P2 = A^2 = 2^2-?/r 


The proofs for the special cases in which the line I\l\ is 


parallel to one of the coor- 
dinate axes follow in the 
same way. 

It should be observed 
that any or all of the coor- 
dinates may be negative 
numbers. The truth of the 
theorem should be tested 
by marking several posi- 
tions of the points and 
For example, in Fig. 8, 

3, x^ 



-8, ?/j=-5, y^=4. 
(-8)-(3)=-ll, 
(4) -(-5) =9. 


Here 

and 
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7. Distance between Two Points. Theorem, The distance 
between two points and is given by the 

formula 

(I) d=y/ix,-x,f^.{y,-y,)\ 

Two figures are drawn in connection with the proof, 
which may be used without change of wording for any 
positions of the points y^ and yf). 



Proof. Draw a line through parallel to OA", and one 
through parallel to OF; let these lines meet at 

Now d = PjPa = 

But P^S and SP^ are the horizontal and vertical distances, 
respectively, from P^ to P^. Hence, by the theorem of § 6, 

p^S = and SP^ — — Vi- 

Substituting these above, we have 

d = + 


8. The Mid-point Formulas. Theorem, The coordinates of 
the point bisecting the line joining the points P^Qcy, yj) and 
■?(^29 ^ 2 ) given by the formulas 


■^i+ATj 

x= > 






(ii) 


2 


2 
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Froof. Let P be the mid-point of the line joining and 
Since a straight line parallel to the base of a triangle and 
bisecting one side bisects the other and is equal to half of the 
base, we have, in either figure, PC = P^A. 



But the theorem of § 6 gives 

P^A = X — iTj, and PC = *t. 

Hence x ^ = — x. 

Solving for x, we have J (aq + x^). 

Similarly, AP = CP^, or y - y^=z y. 

Hence 2/ = ^(2/1 + 2/2)- 

Example 1. Given the triangle ^(6, 0), i?(2, 4), C(l, — 1). 
Find the length of the 
median drawn from C. 

Solution. It is impor- 
tant that an accurate figure 
should be drawn, and that 
the coordinates of the 
points should be marked 

on the figure. As results 

are calculated they should, ^ 

as far as possible, be 
marked on the figure, and 



Fig. 11 
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all calculated results should be compared with the figure to 
see that they are reasonable. 

The coordinates of AT, the mid-point of AB, are given by the 
mid-point formulas : 

a; = 1 (2 + 6) = 4, 2/ = J (4 + 0) = 2. 

The length CM is given by the distance formula 
CM = V(4 - If + (2 + 1)'* = Vis = 4.24. 

This result can be checked by measurement by using a strip 
cut from the coordinate paper. 

Example 2. Prove analytically that the lines joining the 
mid-points of adjacent sides of any rectangle form a rhombus. 

Sohition. Let ABCD be the given rectangle, with AB = a 
and AD = b. Letters a and b are chosen to represent the sides 
in order that the follow- 
ing proof may be valid for 
any rectangle. If numeri- 
cal values were used for a 
and b, it would be shown 
that for one jyarticular rec- 
tangle the lines joining the 
mid-points of adjacent sides 
form a rhombus. But this 
proves nothing about any 
other rectangle. Hence it is necessary to give a proof with 
letters which represent any (that is, every possible) rectangle. 

To use analytic methods, coordinate axes must be introduced. 
Any set of axes could be used theoretically, but the most con- 
venient will be those obtained by choosing the line AB for the 
£c-axis and A D for the tz-axis. The coordinates of the vertices 
will then be A (0, 0), B (a, 0), C (a, b), and D (0, h). The coordi- 
nates of the mid-points of the sides will be 
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Application of the distance formula gives 




: 5 


FG-. 


=N 


GH = yjlf- o) V (* - ly = I 
Since all four sides are equal, EFGH is a rlioinbus. 


9. Point dividing a Segment in a Given Ratio. Let and 
R be two fixed points on a directed line. Any tliird point F 
divides the segment into two segments I^F and FF, 
The ratio of these two segments, denoted by r, is called 
the ratio of division. By definition, 

_i>P 


r =- 
FF, 

The ratio r is usually an integer or a common fraction, 
and its value is determined as in the following examples : 

1. Let F be the mid-point of FfF- 
Then P^P=FF, 

and r = 1. 


2. Let F cut off one third of the segment ./Ji;]. 

Then F^F = \FF, 

and r = |-. 

3. Let F be the point reached by extending l)y Imlf 
of its length. 

Then -^P=-3P.P2 

and r = — -3. (Why is r negative?) 
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If the point of division P lies between and the two 
segments J^F and Pi^ have the same sign, and r is posi- 
tive. In this case is said to be divided internally. If 



P does not lie between P^ and P ^ , the two segments have 
opposite signs, and r is negative. In this case is said 
to be divided externally. 

Theorem, If the segment P^P^ of the directed line passing 
through P^(x^'y yf) and P 2 ^(x^^ y^ is divided in the ratio r hy 
the point P(x, yf then 


(Ila) 




y=- 


l + r 


Proof Draw the ordinates AP, and A^P^. 

Since the segments of two transversals comprehended be- 
tween parallel lines are proportional, we have 


But 

while 


A^A = X 


P^P _ A^A 
PP^~ AAf 

and AA^ = cc^ ■— cc, 


(1) 

by § 6 


PP, 


r. 


By definition 


Hence equation (1) becomes, by substitution, 

CC — £Ci 
i — 

Xa — a; 
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5 . Find the lengths of the diagonals of the parallelogram 
of Problem 4. Also show that these diagonals bisect each other. 

6. Show that (0, - 3), (7, 2), (2, 9), and (- 5, 4) are the 
vertices of a square. Find its area. 

7 . Find the lengths of the medians and the center of 
gravity of the triangle (5, — 3), (7, 5), (2, 8). 

8. Find the coordinates of the points which trisect the line 
joining A(— 2, 4) and B(8, — 8). 

9 . Given the quadrilateral (2, — 1), (5, 6), (3, 8), (— 4, 4). 

a. Find the perimeter of the figure. 

b. Show that the lines joining the middle points of opposite 
sides bisect each other. 

10. If the middle point of a line is (6, 2), and one end of 
the line is (10, — 4), what are the coordinates of the other end ? 

11 . If ^ = (— 2, 6) and E = (3, — 1), and AB is prolonged 
to C, a distance equal to three times its length, find the coordi- 
nates of C. 

12. Show analytically that the coordinates of the center of 

gravity of the triangle whose vertices are (x^j and 

(a^s, 2/3) are i (x^ + x^ + x^) and {y^ + y^+ y^. 

13 . Prove analytically that the diagonals of any rectangle 
are equal. 

14 . Prove analytically that the middle point of the hypote- 
nuse of any right triangle is equidistant from the three vertices. 

15 . Prove analytically that the diagonals of any parallelo- 
gram bisect each other. 

16 . Prove analytically that the area of any triangle is four 
times the area of the triangle formed by joining the mid-points 
of its sides. 

Hint. Take two vertices on the x-axis and the third on the y-axis. 

17 . Prove analytically that the distance between the mid- 
points of the nonparallel sides of any trapezoid is equal to half 
the sum of the parallel sides. 
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18. Prove that the area of the triangle whose vertices 
are (x„ y^, y^, and (x„ y,) is given by the formnla 

± i (^1^2 + “ *3^1 ~ ~ 

Hint. Circumscribe about the triangle a rectangle whose sules 
are parallel to the coordinate axes, and express the area of the. given 
triangle as the difference between the area of the rectangle and three 
right triangles. 

10. Angles ; Inclination and Slope. Definition. The atigh 
letween two directed lines is the angle letween their positive 
directions. 

In either figure the angle between the directed lines 
OA and OB is the angle AOB. 



Definition. The inclination of a line is the angle betiveen 
the line and the x-axis. 

The inclination of a line parallel to the a>axis is zero. 
Since the positive direction along all lines not parallel to 



the a;-axis is upward, the inclination is the angle between 
the given line, directed upward, and the ^axis (or a line 
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parallel to the a:-axis), directed toward the right. The 
inclination is taken always as a positive angle and is 
always less than 180®. It will be denoted by the letter 

Definition, The slope of a line is the tangent of its inclination. 

The slope will be denoted by m and the definition of 
slope may be written m = tan a. When a increases from 
0® to 90®, tan a increases from 0 to oo, and when oc in- 
creases from 90® to 180°, tancr increases from — oo to 0. 
Hence the slope may be any real number, positive or 
negative. If a is less than 90®-, the slope is positive; if 
a is, greater than 90®, the slope is negative. 

11. The Slope Formula. Theorem, The slope of the line 
passing through the points and y^') is given 

by the formula 



Proof. We exclude from the proof the special cases when 
is parallel to one of the coordinate axes. If is parallel to 



Fig. 16 


the a;-axis, the inclination is 0° and the slope = tan 0° == 0. This 
agrees with the formula, since == and ^ x^. If is par- 
allel to the y-axis, the inclination is 90° and the slope is infinite. 

This is the Greek letter alpha'. For other Greek letters see the table 
of :^rmulas at the end of the book. 
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Let the points be lettered so that I\P^ is the positive direc- 
tion. Draw PjS parallel to the aj-axis, and SP^ parallel to the 
2 /-axis. Two figures are possible, according as a is acute or 
obtuse. In either figure we have, by trigonometry, 

* SP.Z 

m = tan a = -z— • 

But SP,, = 2/2 — 2/1 and P^S = x,, — x^, § 6 

?/2 - Vi 

Hence m = - • 

It was assumed above that the points are lettered so that 
P^P^ is the positive direction. If the signs of the numerator 
and denominator in the formula are both changed, the value 
of the fraction is not changed, and we have the alterna- 
tive form 

x^ — 

This shows that it is immaterial which point is called 

The slope is the most convenient way of representing 
the direction of a line. Any two points on a line will give 
the same value for its slope. The formula should be thought 
of as the vertical distance divided by the horizontal distance., 
both distances being taken either from to or from 
to ij. 

12. To draw a Line with a Given Slope. If the slope of 
a line is positive, we can see that from a given point on the 
line it extends upward and to the right (or downward and to 
the left). If the slope is negative the line extends, from 
a given point on it, upward and to the left (or downward 
and to the right). 

The slope formula provides us with a simple method for 
constructing a line passing through a given point and hav- 
ing a given slope. For example, to construct a line passing 
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through A (2, 3) and having a slope we measure from 
the point A a distance 2 units to the right and 1 unit, 
upward, which brings us to the point B (4, 4). Then 
AB is the required line. This method 
of construction can be altered (1) by- 
measuring any number of units to the 
right and then half as many units 
upward or (2) by measuring to the 
left and downward. 

The essential idea is that the slope 
of a line is the rate of change of the 
ordinate with respect to the abscissa; that is, the change 
in the ordinate per unit change in the abscissa. In the 
example above, the change in the y-coordinate is ^ unit 
per unit change in the 2 ;-codrdinate. 

13. Parallel and Perpendicular Lines. Theorem. If two 

lines are parallel^ their slopes are equals and conversely ; if they 
are perpendicular^ the slope of one is the negative reciprocal of 
the slope of the other and conversely. 

Proof. Let and denote the inclinations and 

slopes, respectively, of the lines Zj, 



Fig. 18 


If l^ and \ are parallel, = a^. Hence 

If Zj and Zg are perpendicular, let Z^have the greater inclination 
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The following theorem contains a formula which is im- 
portant for certain problems: 

Theorem. If 0 is the angle between two lines l^ and l^^ 




^ m—m„ 
tan^ = : " " 


where l^ is the line of greater inclination. 
Proof. By the above theorem, 

e=^a^- 

tan — tan 
1 4- tan tan 


Hence tan 6 = tan — a^) = 


lUi — 

1 -h 


Example 1. If the vertices of a triangle are 4 (2, — 1), 
B(ll, 1), C(5, 8), prove that the median from B is perpen- 
dicular to AC. 


Solution.- By the mid-point formulas the coordinates of D, 
the mid-point of AC, are 


(I, 5). Applying the slope 
formula, we obtain 


slope of AC 
and 


“ 5-2 “ ’ 


slope of BD = 


1 

i-ll 3 ' 

Since these slopes are nega- 
tive reciprocals, the lines 
are perpendicular. 


C(5.8) 





A(2.-1) 


Fio. 20 


Example 2 . Find the' angles of the triangle ABC above. 
Solution. Using the notation of the figure, we find 

^ ^ ^ = —1.1667, whence a:j^=130.60®(130°36'),- 

m, = = 3, whence = 71.57° (71° 34') ; 

m, = = I = 0.2222, whence ar, = 12.53° (12° 32'). 
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Applying Formula V, we obtain 

A = 0:3=: 59.04^(59“ 2') 

and C = a:j-a2=59.03®(59"2'). 

At By however, the angle between the positive directions of 
AB and BC is the exterior angle 0, which is supplementary to 
the angle ABC oi the triangle. Here, then, 0 ^ = 118.07® 

(118® 4'), and the required angle B — 180® — ^ = 61.93® (61® 56'). 
As a check upon the work, note that A + + C = 180®. 

The angles may be found also by applying Formula V a, as 


follows : 

tan^= . 

3 — f 5 



1 + 

-i+§ 3’ 


whence 

.4 = 59.04“(59“ 2'); 



tanC- = 

-^-3 5 



1 + 

3' 


whence 

C = 59.040(69° 

2'); 



tanfl- . 

i 

1 

1 

1 

1 

16 


1 + ?w^m3 


8‘ 

whence 

d = 118.07° (118° 4'), 


and 

B = 180° -6 = 

: 61.93® (61® 56'). 



Example 3. In the figure, OBCA is a parallelogram. Find 
the coordinates of C. 


Solution. Let the coordinates of C be (a;, y). Since BC is 
parallel to OA, we have the slope 
of jBO equal to the slope of OA, or -- 

( 1 ) 


Similarly, since AC is parallel 
to OBy 

x — 1 5 — O' 


Fig. 21 
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Equations (1) and (2) are sufficient to determine x and y. 
We have, after simplification, 

3 .X — 2/ — 13 == 0, 

2x — 52/4-13 = 0. 

By solving these simultaneous equations for x and z/, the 
result is found to be 

a; = 6, 2/f = 5. 

Hence the coordinates of C are (6, 5). 

PROBLEMS 

1 . Eind the slope of the line joining 

а. (3, 1), (7, 6). c. (7, 3), (- 1, - 4). 

б. (4, - 2), (2, 2). rf. (-1,6), (6,-3). 

2. What is the inclination of the line joining each of the 
following pairs of points ? Check the results by measuring 
the inclinations with a protractor. 

a. (2, 3), (7, 7). c. (5, - 2), (0, 4). 

h. (6, 1), (2, 4). d. (2, - 3), (- 6, 7). 

3. A point moves from left to right along each of the lines 
joining the following pairs of points. How much does it rise 
per horizontal unit ? How far does it rise in moving from the 
second point to the point where x = 15 ? Explain the meaning 
of negative answers. 

а. (3, - 2), (7, 8). c. (- 8, 3), (- 1, - 5). 

б. (1, 8), (4, 7). d. (0, 0), (3, 11). 

4 . The slope of one line is 2.765, and that of another is 
— 1.370. Eind the acute angle between them. 

5. The slope of one line is — 0.784, and the inclination of 
another is 68,7® (68®42'). Eind the acute angle between them. 

6 . Eind the slope of a line which makes an angle of 30® 
with a line whose slope is 2. 
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7. Prove by means of slopes that (— 1, — 2), (5, 1), (7, 2) 
lie on the same straight line. 

8'. Are (— 3, 5), (7, 7), (2, 1) the vertices of a right tri- 
angle ? Prove your answer. 

9. Are (4, ~ 2), (16, 10), (6, 19), (— 6, 8) the vertices of 
a rectangle ? Prove your answer. 

10. Find the angles of the following triangles : 

a. (1, 1), (6, 3), (3, ,7). c. (3, 2), (5, 5), (-- 4, ^ 2). 

6. (2, 2), (4, 6), (8, 4). d (2, ~ 3), 3, ^ 2), (-- 4, 1). 

11. a. Prove that (— 3, 0), (0, — 3), (4, 3), (1, 6) are the ver- 
tices of a parallelogram. 

6. Find the angles of the parallelogram. 

c. Find the angle between the diagonals of the parallelogram. 

12. a. Prove that (— 2, — 1), (1, — 3), (5, 3), (0, 2) are the 
vertices of a trapezoid. 

b. Find the angles of the trapezoid. 

c. Find the angle between the diagonals. 

13. a. Prove that (0, — 1), (8, 3), (5, 4), (1, 2) are the ver- 
tices of an isosceles trapezoid. 

b. Find the angles of the trapezoid. 

c. Find the angle between the diagonals. 

14. Three vertices of a rectangle are (4, — 2), (16, 10), 
(— 6, 8). Find the fourth vertex. 

15. The ends of the hypotenuse of an isosceles right triangle 
are (7, ~ 2) and (—1, 4). Find the coordinates of the third 
vertex. How many solutions are there ? 

16. Three vertices of a parallelogram are (•— 1, 2), (3, 4), 
(1, 7). What are the coordinates of the fourth vertex? How 
many possible solutions are there ? 

17. If (2, — 1), (5, 5), (— 1, 3) are the ^middle points of the 
sides of a triangle, what are the coordinates of the vertices of 
the triangle ? 
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18. The points A (a, 0) and JS(a 0) are any two points 
qn the OJ-axiSj and (9 is the origin. Two points C and Z> are 
taken in tl^e first quadrant, and a third point £! is taken in 
the fourth quadrant, so that OCA, ABB, and OBB are isosceles 
triangles having their bases on the x-axis and their base angles 
each 30°. Eind the coordinates of C, D, and E. 

Hint, tan 30 ° = 

Vs 

19. Prove that the points C, B, and E in Problem 18 are the 
vertices of an equilateral triangle. 

20. Prove analytically that the diagonals of a square are 
perpendicular. 

21. Prove analytically that the lines joining the middle 
points of the sides of any quadrilateral, taken in order, form 
a parallelogram. 

22. Prove analytically that in any triangle the line joining 
the middle points of two sides is parallel to the third side and 
equal to one half of it. 

15. The Equation of a Straight Line. We have seen that 
to every point in the plane there corresponds, in rectangular 
coordinates, a single pair of numbers, and, conversely, that 
to every pair of numbers representing coordinates there 
corresponds a single point. We now extend the connec- 
tion between algebra and geometry by showing that to 
every straight line in the plane there corresponds an alge- 
braic equation of the first degree in x and y, and that, 
conversely, to every algebraic equation of the first degree 
in X and y there corresponds a straight line in the plane. 

. Definition, The equation of a straight line is the equation 
satisfied hy the coordinates of every point on the line and hy 
those of no other point 

Consider, for example, the straight line passing through 
the origin and making an angle of 45° with the 2 :-axis. 
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Obviously, for any point on the line the abscissa is equal to 
the ordinate, and this is true for no other point, since points 
equidistant from the axes lie on the line. Hence the equation 
of the line is 2 ; = Similarly, the equation of the line pass- 
ing through the origin with an inclination of 136° is — y. 
It is not necessary that both x and y appear in the 
equation. The equation :r = l is satisfied by the coordi- 
nates of every point on the line parallel to the y-axis and 
one unit to the right of it, and it is satisfied by the coordi- 
nates of no other point, since no other point can have its 
abscissa 1. The equation of any line parallel to the ^-axis 
is obviously a constant; the equation of the y-axis is 
rc = 0. The equation of the a;- axis is 0, and the equa- 
tion of any line parallel to the a:-axis is y = a constant. 
The special case of lines parallel to the coordinate axes is 
omitted in the following theorem. 


16. The Point-Slope Equation. Theorem. The equation of 
the straight line passing through the point yf) and having 
the slope m is 

(VI) 


Proof. We are given a line I which has the slope 7ri and 
passes through the point y^). We must show (a) that 

the coordinates of every point on I satisfy the above equation 
and (b) that the coordinates of no other yf 
point satisfy the equation. 

(a) Let P (x, y) be any point on the 
line 1. Then the slope of is 


Pix.y) 


m 


X — 



Fig. 22 


Hence y — = 7n(x — x^. 

(h) Let Pfx^, y^ be any point not lying on L We must show 
that its coordinates cannot satisfy the equation just derived. 
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If they did, we should have 

or m = . 

Xq—X^ 

This last relation states that m, the slope of Z, equals the slope 
of the line through and P^. But this is impossible, since 
two different lines through the same point cannot have the 
same slope. 

Hence the coordinates of P^ do not satisfy the equation. 

The equation which we have derived above is known as 
the point-slopeform of the straight-line equation. By means 
of it we can write down at once the equation of any straight 
line for which we can find the slope and the coordinates of 
one of its points. 


Example 1. Bind the equation of the line which has an 

inclination of 135° and which passes through (1, — 3). 

Solution. Since a = 135°, we have m = — 1. Substituting in 

Formula YI, , « ^ . 

’ y 4-3 = -l(a:-l), 

and, simplifying, a; + y + 2 = 0. 


Example 2. Find the equation of the line through (2, — 3) 
which is perpendicular to the line joining A (3, 1) and B (4, — 5). 
Solution. The slope of the line is 


Hence the slope of the required line is Substituting in For- 
mula YI, , o 1 / 

’ y + 3 = 2); 

and, simplifying, a; — 6 y — 20 = 0. 


17. The Slope-Intercept Form. The intercepts of a lin-e 
are the distances from the origin to the points where the 
line cuts the coordinate axes. Thus the ic-intercept is the 
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abscissa of the point of intersection with the ^-axis, and 
the ^-intercept is the ordinate of the point of intersection 
with the y-axis. 

The equation of the straight line which has the slope m 
and the ^-intercept h is 

(VII) y=mx^b. 


This may be derived at once from tlie point-slope form, 
since we have given the slope and one point, (0, />). 

This form of the straight-line equation is called the slope- 
intercept ioim- Its most important xise will be given in § 20. 

18. Other Forms of the Straight-Line Equation. The 
point-slope form can be used in every case (except when 
the line is parallel to the y-axis and the equation is of the 
form X = C), but, as stated above, it is especially adapted 
to writing the equation of a line which is determined by 
a point and the direction of the line. Otlier specitd forms 
are convenient for other conditions determining a line. 
The slope-intercept form has already been found. Two 
others will be given here. 

The Two-Point Form, The equation of the straiglit line 
passing through and is 


(VIII) 




This is derived from tire point-slope form by substitut- 
ing for m its value It may also be obtained directly 

from a figure. 

The Intercept Form, The intercepts of a line were defined 
in the previous section. The equation of the straight line 
whose a;-intercept is a and whose ydntercept is h is 


(IX) 


a b 


1 . 
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Proof, Substituting x^= a, = 0 and = Q, y^ = b in the 
two-point form, we have 

y-0 ^ h-0 

X — CL 0 — a 

When simplified this becomes 

— ay = hx — ha, or bx ay ah. 

If each term is divided by ah, we obtain 



Example 1. Eind the equation of the line passing through 
(- 1, 1) and (2, 7). 

Solution. Substituting in the two-point form, 
y — 1 7 — 1 

x + 1~‘2TI' 

and, simplifying, 2 x — y ^ 

An absolute check on the correctness of the result is fur- 
nished by the fact that two points determine a straight line. 
Hence the equation is correct if, and only if, it is satisfied by 
the coordinates of both points. 

Example 2. Eind the equation of the line having the 
cc-intercept 3 and the y-intercept — 4. 

Solution. Substituting in the intercept form, 

^a.JL 
3 ^ 

and, simplifying, 4 x — 3 y — 1! 

PROBLEM. ^ 

Eind the equations of the lines determined by the following 
conditions. Draw the lines and check the answers. 

1. Passing through (— 2, 3) and (7, 9). 

2. Passing through (4, 1) and (— 2, 3). 

3. Passing through (1>. 2) with- slope ^ 
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4. Passing through (3, — 4) with slope — 3. 

5. Passing through (6, 0) and (0, — 4). 

6. Passing through (— 2, 0) with inclination 45^ 

7. Passing through (8, — 4) with inclination 135®. 

8 . Passing through (2, — 1) and parallel to the ir-axis. 

9. Passing through (1, 4) and parallel to the ?/-axis. 

10. Parallel to the ^/-axis and 7 units to the right of it 

11. Parallel to the ir-axis and 5 units below it. 

12. Having the £c-intercept — 7 and the ^-intercept 3. 

13. Having the cc-intercept — 5 and the slope — 2. 

14. Having the ^-intercept 7 and inclination 135°. 

15. Having the ir-intercept — 6 and passing through (— 2, 3) 

16. Having the t^-intercept 2 and the slope 

17. Having the y-intercept 7 and inclination 45°. 

18. Having the y-intercept — 4 and passing through (8, 6). 

19. Passing through (6, — 8) and rising | unit per unit 
increase in x, 

20. Passing through '(— 2, 5) and falling 2 units per unit 
increase in x. 

19. The First-Degree Equation. It will now be shown, 
conversely, that to every equation of the first degree in 
X and y there corresponds a straight line in the plane. 
Every equation of the first degree in x and y can be written 
in the form Ax-\-By + C By the locus of an equation 
is meant the line (or curve) that contains all points whose 
coordinates satisfy the equation, and such points only. 

Theorem. The locus of the equation Ax + By + ( 7=0 is a 
straight line. 

C 

Proof Case L If P = 0, then x — j, and the locUvS is 

Jx 

obviously a straight line parallel to the y-axis. 
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Case 11. If R #= 0, the equation may be solved for y, giving 

A C 

y = -B^-w 

Comparison with the slope-intercept form y = mx + ^ shows 
that this is the equation of the straight line that cuts the 

2 ^-axis at ^0, — ^ and has the slope m = ~ ~ 

Note. It shoxild be noted that the values of x and y that satisfy 
an equation are not changed if every term of the equation is multi- 
plied by the same constant factor. That is, Ax By + C and 
IcAx + kBy + = 0 represent the same straight line. 

20. To construct a Line, given its Equation, To draw a 
straight line when its equation is given, we find two points 
on the line. Any two points whose coordinates satisfy the 
equation will do, but the simplest to get are those where 
the line cuts the coordinate axes. Thus, to draw the line 
whose equation is 2 2 ; — 5 y —10 = 0, we set 2 ; = 0, giving 
y = — 2, and then set y = 0, giving x—5. Hence two 
points on the line are (0, — 2) and (5, 0). The straight 
line passing through these two points is the locus of the 
equation. If the line passes through the origin, another 
point not on the axes must he found. For accurate con- 
struction, this point should be as far from the origin as 
the plotting paper permits. 

The slope of a line whose equation is given can be de- 
termined by inspection. It appears in the proof of the 
preceding theorem that the slope of the line whose equation 

A 

is Ax -|-J5y-f-(7=0 is m= This important fact can 

B 

be stated also in the following form : If the equation of a 
straight line is solved for y, the resulting coefficient of x is 
the slope. 
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PROBLEMS 

1 . Find the intercepts of the following lines and draw tlie 
lines. Find also the slope and the inclination in each case. 

a, X — 2 y ^ = 0. c. 2 X' — v/ — 10 = 0 . 

b* S X -j- 5 y — 8 = 0. 4 .x -(- 0 y/ -{“ 0 = 0. 

2 . Find the angle between each of tlie following pairs of 
lines taken from Problem 1 : 

i. a. and iii. a. and d. v. b. tind d, 

ii. a, and c. iv. b. and c. vi. c. and d. 

3 . Find the equation of the line parallel to x — y/ 4 - 7 = 0 
and passing through the origin. 

4 . Find the equation of the line that is perpendicular to 
2x — Sy + 5 = 0 and that passes through the origin. 

5. Find the equation of the line parallel to x + 2y/ ~ (> = 0 
and passing through (-2,-3). 

6 . Find the equation of the line that is perpendicular to 
4,x — 5y + 9 = 0 and that passes through ( 2 , G). 

7. Find the equations of the lines passing through the point 

5 ^ 4 ) and parallel to the lines in Problem 1. 

8 . Find the equations of the lines passing through tlie point 
(5, — 4) and perpendicular to the lines in Problem 1. 

9. G-iven the triangle A (3, — 1), E(— 5, 5), C( 6 , 5): 

a. Find the equations of the sides. 

b. Find the equations of the medians. 

c. Find the equations of the perpendicular bisectors of the 
sides. 

d. Find the equations of the lines joining the mid-points of 
the sides. 

e. Find the equations of the lines through the vertices and 
parallel to the opposite sides. 

/. Find the equations of the lines through the vertices and 
perpendicular to the opposite sides. 
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10. The equations of the sides of a triangle are a; + ?/ — 5 = 0, 
2 a; — 3 / + 4: = 0 , 2 cc“ 52 / — 20 = 0 . 

a. Draw the triangle. 

b. Find the slope and the inclination of each side. 

c. Find the angles of the triangle. 

11. The equations of two sides of a parallelogram are 
3a; — 5y-f-15 = 0 and 9 a; + 4 ?/ — 32 = 0. Find the equa- 
tions of the other two sides if one vertex is (0, — 5). 

12 . Find the equations of the sides of the square of which 
two opposite vertices are (— 2 , 6 ) and ( 8 , 0 ). 

13. A line of unknown slope m passes through the point 
(2, 9) and forms with the coordinate axes a triangle of area 48. 
Find its slope and its equation. 

Hint. Use the point-slope form, and find the intercepts in terms of m . 

21 . Points of Intersection. Let the equations of two lines be 

Every point that lies on the first line will have coor- 
dinates that satisfy the first equation, and every point 
that lies on the second line will have coordinates that 
satisfy the second equation. Consequently the coordinates 
of the point of intersection of the 
two lines will satisfy both equations. 

Hence the coordinates of the point 
of intersection of two lines can be 
found by solving their equations 
simultaneously. 

Example 1. Find the point of in- 
tersection of the lines whose equations 
are a; -}- 3 / — 6 = 0 and a? — y -h 1 = 0 . 

Solution, By solving the equations simultaneously, we get 
X = 2.5 and 3 / = 3.5. 
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Example 2. Find the center and the radius of the cir- 
cumscribed circle of the triangle A (3, 0), R(l, 4), C(— 6, 3). 


Solution. The center of the 
circumscribed circle is the point 
of intersection of the perpen- 
dicular bisectors of the sides. 

The perpendicular bisector 
of ^Rpasses through F (2, 2) and 
has a slope that is the negative 
reciprocal of the slope of AB. 



Hence its equation is y — 2 = ^ (a; — 2), 
or aj~- 22 / + 2 = 0. 


Similarly, the equation of the perpendicular bisector of A C is 


or 


?/ - I = 3 (aj + I), 
3aj — y“f6 = 0. 


The coordinates of the center of the circumscribed circle are 
found by solving these equations simultaneously. The result 
is ic = — 2, 2 / = 0. 

The radius of the circumscribed circle is the distance from 
the center K to any vertex of the triangle. As a check on 
the correctness of the work we shall find the distance to 
each of the vertices. 


KA = 5 (from the figure), 

KB = 2 - (0 - 4)2 == 5, 

KC = 2 + 6)2 + (0 - 3)*^ = 5. 

Since these three distances are the same, we have proved 
that K is equidistant from the three vertices. 

The center of the circumscribed circle is (-- 2, 0), and its 
radius is 5. 

It is important in every problem of this type to draw the 
figure accurately and to make sure that the calculated results 
agree with the figure. 
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PROBLEMS 

1 . Eind the point of intersection of the following lines and 
draw the figure : 

a. ic — 2y + 4 = 0 and 2ir + ?/ — 8 = 0. 

5. 2a; + 32/ — 8 = 0 and a? — y + 1 = 0. 
c. a; + 2/”"3 = 0 and 333 + 4?/ — 8 = 0. 

3a3 — 4?/ — 12 = 0 and 3x + 4?/ + 12 = 0. 
e, X — Zy -\-l = 0 and 2cc + y— 8 = 0. 

2. Draw the triangle the equations of whose sides are 
233 — 5?/ — 7=0, fix — y — 6 = 0, and 17x + Ifi ?/ — 94 = 0, 
and find the coordinates of the vertices. 

3. Draw the triangle the equations of whose sides are 
x + 2/ — 12 = 0, X — 2^ + 3 = 0, and 4x — ?/ + 8 = 0, and find 
the coordinates of the vertices. 

4. Find the equations of the medians of the triangle .4(3, 3), 
E(6, 2), C(8, — 2), and prove analytically that they meet in 
a point. 

5. Find the equations of the perpendicular bisectors of the 
sides of the triangle (7, 1), (— 1, — fi), (3, — 7), and prove 
analytically that they meet in a point. 

6. Find the center and the radius of the circle circumscribed 
about the triangle in Problem 4. 

7. Find the center and the radius of the circle circumscribed 
about the triangle in Problem fi. 

8. Find the center and the radius of the circle circumscribed 
about the triangle (1, 3), (— fi, — 2), (7, 1). 

9. Find the point of intersection of the diagonals of the 
quadrilateral (fi, fi), (— 6, 7), (— 7, — 2), (2, — 4). 

10. Three of the vertices of a parallelogram are A{— 6, 7), 
J5(— 7, —2), and (7(2, —4), and ABC is one of its angles. 
Find the equations of the sides passing through the fourth 
vertex D and the coordinates of D, 
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4* If J, B, and G are fixed constants, the equation of the 
system of lines parallel to J:?? U= 0 0, 





where h is an arbitrary constant; and the equation of 
the system of lines perpendicular to the given line is 
Bx -- Ay h 0. 

The equation of a system of lines is useful in tlie solu- 
tion of certain types of problems, as illustrated below : 

Example 1. Eind the equation of the line that passes 
through (4, — 2) and is parallel to the line a; 4- 3 3/ — 10 = 0. 

Solution, The equation of the system of lines parallel to 

the given line is , o , 7 a /-in 

^ a; + 3 2/ 4- /c = 0. (1) 

If a line of this system passes through (4, — 2), its equation 
must be satisfied when x = 4, ?/ = — 2; that is, 

4 — 6 4- ^ = 0, whence h = 2. 
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Substituting this value of k in (1) gives the final result 
a3 + 32/ + 2 = 0. 

This method should be compared with the method of solving 
this problem without 
the use of the notion 
of a system of lines. 

Example 2. Find 
the equation of the line 
that passes through 
(6, 3) and cuts off 
from the first quad- 
rant a triangle of area 
48 square units. 

Solution. The equation of the system of lines passing through 

or mx — y-i-3 — 6m = 0. (1) 



The intercepts a and h of any one of these lines on the coor- 
dinate axes can readily be found in terms of 7n. We obtain 
6 — 3 , , 


The area of the triangle formed by the line and the coordi- 
. ah 


nate axes is 
Hence 


(3 — 6 m) (6 in — 3) 


which becomes, after simplification, 

12 m^ + 20 m + 3 = 0. 


The two roots of this equation are 

m = — I and m = — 

Substituting in (1), we have the two results 

3a; + 22/ — 24 = 0, and a; + 6 y — 24 = 0. 
Both results are correct, as can be easily verified. 
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PROBLEMS 

1. Wiite the equation of the system of lines detenuined by 
the following conditions : 

a. Having the slope 2. 

A Making an angle of 30® with the .r-axis. 

c. Passing through (— 2, 3). 

d. Having the intercept on the y-axis equal to 4. 

e. Having the intercept on the a^-axis equal to 2. 

/. Having the intercept on the y-axis double the intercept 
on the a3-axis. 

g. Forming with the coordinate axes a triangle of area 8. 

2. Determine h so that 

a. The line whose equation is x — hy 4-3 = 0 passes through 

(3. 1) . 

h. The line whose equation is a; 4- 2 ?y 4- h = 0 passes through 

( 10 . 1 ) . 

3. Using the same coordinate axes, draw several lines of the 
system represented by 

a. £c ~ 2 y 4“ ^ = 0. c. kx 4~ y 4- 2 7r. = 0. 

b, y = kx ~ 3. d, y — 4 = k (x> 4- 2). 

4. By inspection of the equations in. Problem 3, determine 
the common geometrical property of each of the systems of 
lines there represented. 

5. Write an equation that will represent the system of lines 
parallel to each of the following lines : 

a. aj 4- 7 y — 12 = 0. c. 3 cr — 4 y — 7 = 0. 

b, 5 a; — 2 y 4- 14 = 0. 

6. Write an equation which will represent the system of lines 
perpendicular to each of the following lines : 

а. cc — 6 y 4- 5 = 0. c. 2 .r. 4- 3 y 4- 8 = 0. 

б. 4x4-2y — 9 = 0. 

7. Find the equation of the line parallel to 3 x— 5 y 4- 8 = 0 
and passing through (1, 4). 
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8. Find the equation of the line that is perpendicular to 
2ic4-y — 3 = 0 and that passes through (7, 2). 

9. The equations of two sides of a parallelogram are 
3ic — 2 / + 7 = 0 and 03 + 2^— 5 = 0. Find the equations of 
the other two sides if one vertex is (3, ~ 2). 

10. Find the equation of the system of lines which are 
(a) parallel and (b) perpendicular to the line whose equation 
is 2 a; + 3 2 / = 7. 

11. Determine /c' in terms of 7c so that the line whose equa- 
tion is cc "h % + /c' = 0 may pass through the point (—3, 6). 

12. Determine Ic and Jc^ so that the line whose equation is 
a; + -f = 0 may pass through the points (— 3, 6) and (6, 4). 

23. Distance from a Line to a Point. To find the dis- 
tance from a line parallel to the ?/-axis to a point involves 
no difficulty. If the equation of the line is a; = C, and the 


Y' 

k 

x= 


Y' 

1 

II I 

c 

0 


X 

~0 


X 


Fig. 27 

coordinates of the point are (a:^, the distance from the 
line to the point is obviously x^— C, whether the point is 
at the right or at the left of the line. 

For the more general case, where the line cuts the 
^-axis, we have the following theorem: 

Theorem. The distance from the line whose equation is 
y=z mx -i-h to the point is given by the formula 

Vm" + 1 


(X) 


d 
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Froof, In either figure let I be the given line whose equa- 
tion is 1 / == inx 4- h. Through draw a line V parallel to 
and through 0 draw ONN' perpendicular to I and consequently 
perpendicular to V. 

Obviously, by § 5, 

d=:NN' = ON' - ON. (1) 




Fig. 28 

Since ON is perpendicular to I, its slope is — ~ ^ and its 
equation is 


Solving this simultaneously with y = 7nx -f* we find that 
the coordinates of N are 

— hn b 


Substituting these in the distance formula, we have 


1 


where the sign of the radical is +, since ON always has the 
same sign as b. 
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The equation of the line V is 

or y = mx + 

The y-intercept of this line is = 3/^ — mx^. 
Hence equation (2) tells us that 


Vm^ 4“ 1 

Substituting the values of ON and ON' in equation (1) gives 
the required formula. 

Note. If is on the line, Formula X gives = 0, as should be 
the case. Since the proof has been based upon the idea of directed 
lines (equation (1)), it follows that NN' will be positive if it is 
directed upward, and negative if directed downward. Hence the 
value of d, as given by Formula X, will be positive if lies above 
the line, and negative if lies below the line. 


Example 1. Find the distance from the line whose equa- 
tion isScc— ■42/ = 8to the point (7, 2). 

Solution, To apply Formula X, first write the equation of 
the line in the slope-intercept form, 

2/ = 3 X — 2 

or 2/ — I a? -f 2 = 0. 

Then the distance from the line to any point (x^, is 

7 Vi - -I «•! + 2 

Substituting 7 for and 2 for y^, we have 
2 -i -1 + 2 
+ 1 

_ I 

I 

To check the result draw the figure. 



44 


INTEODUCTION TO THE CALCULUS 


Example 2. Find the distance between tlie parallel lines 
whose equations are 2a: + 32/+5==0 and 2a: + 3?/ — 7 = 0. 

Solution. The distance between two parallel lines is the 
distance from one of the lines to any 
point on the other. A point on the first 
line is j8(0, — |). 

To find the distance of B from the 
second line, we write its equation in the 
slope-intercept form, 

Then, by Formula X, 



-j-(-i)(Q)-a) -12 

■ V-fTi Vi3 


12V13 

13 


= - 3.328. 


Hence the distance between the lines is 3.328. 


Example 3. Find the area of the triangle wliose vertic-es 
are A (- 1, 1), JS(6, - 2), C(3, 6). 

Solution. The equation of AB is easily found to l)e 

The distance from AB to C is 

"^4®^ H” 1 "n/SS 

that is, the length of the altitude CD is a 
47 

V58 

The length of the base AE is given by 
the distance formula 

AB = V(- 1- 6y -h (1 -h 2)2 = V^. 

Hence the area is ^AB ^ CD = ^ -VbS tL = 23 5 

2 2 V58 

The above method should be compared with that suggested in 
Problem 13, p. 36. The result obtained above can be roughly 
checked by counting the number of squares inside the triangle. 
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PROBLEMS 

1. Find the distance from the given line to the given point. 
Draw the figure in each case. 

a. cc + y — 5 = 0, (— 2; 1). a? + 2 y — 10 = 0, (7, 2). 

X - 2 y + 4 = 0, (6, 2). /. 2 ir - 5 y + 10 = 0, (6, 4). 

c. 12a: 4- 5 y - 2 = 0, (5, 7). 3a; 8y - 24 = 0, (3, - 4). 

3a;-4y-5 = 0, (10, 4). 

2. Eind the distance between each pair of parallel lines : 

a. 3a; — 4y + 7=0, 3a; — 4y— 8 = 0. 

h. a; — y + 12 = 0, a; — y + 2 = 0. 

c. 5 a; + 12 y — 30 = 0, 5 a; 4- 12 y + 20 = 0. 

3. Eind the lengths of the three altitudes in each of the 
following triangles. Draw the figure in each case. 

a. (- 5, 0), (- 1, 6), (5, 2). c. (10, 0), (14, 6), (5, 10). 

&. (_2, 3),(-4,-5),(8,6). d, (1,7), (6,3), (-4,-4). 

4. Eind the areas of the triangles in Problem 3. 

5. Eind the area of the quadrilateral whose vertices are 

(-3, -4), (6, -5), y, 

(8, 4), (- 7, 10). 

6. Eind the equations 
of the bisectors of the 
angles between the lines 
whose equations are 
y = a;— 1 and y = 2 a; — 3. 

Solution. We recall 
from plane geometry 
that any point on the 
bisector of an angle is 
equidistant from the sides. Thus, if allowance is made for 
difference in sign, 
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By Formula X this becomes 

y — 2 ic + 3 _ y — X -{-I 

Vs ~ V 2 ’ 

which, upon simplification, reduces to 

(2 V2 + Vs)* -( V2 + V5)y - (3 V2 + V5)= 0. 

Similarly, CP' = DP', 

whence 

( 2 V 2 - V5)*+(V5- V 2 )y + (V5-3V2)=0. 

7 . Find the equations of the bisectors of the angles 
between the lines whose equations are 3 cc + 4 ?/ — 10 = 0 
and 3a: — 4y+2 = 0. 

8. Find the equations of the bisectors of the interior angles 

of the triangle defined by the equations 3 a; — 4 y — 9 = 0, 
4aj + 32/ — 16 = 0, 12 a: — 5 y + 24 = 0. 

9. Find the equations of the bisectors of the exterior angles 
of the triangle in Problem 8. 

10 . Find the equations of the bisectors of the interior angles 
of the triangle defined by the equations cc — 10 = 0, y — 3 = 0, 
and X — y = 0. 

11. Find the equations of the bisectors of the exterior angles 
of the triangle in Problem 10. 

12. Find the equations of the bisectors of the interior angles 
of the triangle whose vertices are (10, 0), (—2, 6), and 
(-10,-10). 

13. Find the equation of the locus of all points that are 
twice as far from the line whose equation is 3x — 42 ^— 3 = 0 
as from the x-axis. 

14. Find the center and the radius of the circle inscribed in 
the triangle whose vertices are (0, 10), (12, 4), and (- 8, - 6). 
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MISCELLANEOUS PROBLEMS 

1 . The vertices of a triangle are ^(8, 0), E(6, 4), and 

3). Eind 

a. The equation of AB. 

b. The length of the altitude from C. 

c. The area of the triangle. 

d. The center of gravity. 

e. The angles of the triangle. 

/. The length of the median from C. 

g. The equation of the perpendicular bisector of AB, 

h. The center and the radius of the circumscribed circle. 

2. Find the information called for in Problem 1 for the trr 
angle whose vertices are A (— 5, 13), B (7, 5), and C (— 10, — 12). 

3. Find the information called for in Problem 1 for the 
triangle whose vertices are A (9, 0), B(S, 3), and C(— 1, — 5). 

4 . The vertices of a triangle are A (9, 3), E(3, 6), and 
C(-l, - 2). Find 

a. The equations of the sides. 

b. The lengths of the three altitudes. 

c. The area. 

d. The angles of the triangle. 

e. The equations of the bisectors of the angles. 

/. The center and the radius of the inscribed circle. 

g. The equations of the perpendiculars from the center of 
the inscribed circle to the sides of the triangle. 

h. The coordinates of the point of contact of the inscribed 
circle with each side of the triangle. 

5. Find the information that is called for in Problem 4 for 
the triangle whose vertices are A (5, 10), E(ll, —2), and 
C(-5, --10). 

6. Find the information called for in Problem 4 for the 
triangle whose vertices are A(0, 0), E(0, 12), and C(4.5, 6). 
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7. The equations of the sides of a triangle are 4 a; — 3 y + 9=0, 
3a: + 4y — 17=0, and 5 a; — 12 ?/ — 19 = 0. Find 

a. The angles of the triangle. 

b. The equations of the bisectors of the angles. 

c. The center and the radius of the inscribed circle. 

d. The equations of the lines passing through the center of the 
inscribed circle and perpendicular to the sides of the triangle. 

e. The coordinates of the point of contact of the inscribed 
circle with each side of the triangle. 

8 . Find the information called for in Problem 7 for the 

triangle whose sides have the equations 3 a; -h 2 — 4 = 0, 

3a; — 2^4- 22 = 0, and 2 x — ^ y — 7 = 0. 

9. Find the information called for in Problem 7 for the 
triangle whose sides have the equations 3 a; — 4 2 / + 32 = 0, 
4CC + 32/ + 26 = 0, and a; — 4 = 0. 

10. The vertices of a parallelogram are A (1, — 2), B(7, 3), 
C (6, 9), Z>(0, 4). Find the altitude, regarding AB as the base. 
Find the altitude, regarding as the base. Check the results 
by finding the area in both cases. 

11. The equations of the sides of a parallelogram are 
5a; + 32/ — 30 = 0, 5a; + 32/ — 1 = 0, 3a; — 4?/~18 = 0, 
3a; — 4?/4-ll = 0. Find the point of intersection of the 
diagonals. 

12. Find the area of the circumscribed circle of the triangle 
2a; + 2/-20=0, a; + 32^-10 = 0, a;-72/ + 50 = 0. 

13. Find the area of the inscribed circle of the triangle 
(2, 2), (- 4 , 6), (-8, -3). 

14. The equations of the sides of a triangle are the following: 
24x + 7y-48 = 0, 4x-3y-l=0, 5x + 12y-Q0 = (). 
On each side of the triangle find the point that is equidis- 
tant from the other two sides. 

15. The vertex of an isosceles triangle is (5, 7), and its base 
angles are 45°i. The equation of the base line isx-(-2y— 4=0. 
Find the equations of the other two sides. 
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EQUATIONS OF CURVES 

24. Equation of a Curve, or Locus. We have seen in the 
first chapter that the coordinates of every point on any given 
straight line satisfy a certain equation of the first degree 
and, conversely, that the locus of any given equation of 
the first degree is a certain straight line. In general it 
will be found that to every equation not of the first degree 
there corresponds a curve and that every curve has a defi- 
nite equation. As a foundation for future work we have 
the following definitions, which must be thoroughly under- 
stood and memorized. 

The equation of a curve, or locus, is the equation satisfied 
ly the codrdinates of every point on the curve and hy those 
of no other point 

Conversely, the graph, or locus, of an equation is a curve 
containing all points whose codrdinates satisfy the equation, 
and no other points. 

These two definitions are really equivalent. From them 
we see that, in order to show that a particular point 
lies on a curve, we must substitute its coordinates in 
the equation of the curve and show that they verify the 
equation. 

Example 1. It will be shown later that the graph of 

4- 2/2 _ 20 a; = G is a circle whose center is (10, 0) and whose 
radius is 10. In the figure the points (4, 8) and (17, — 7) both 

49 
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appear to lie on this circle. If we substitute 4 for x and 8 for 
y in the equation, we have 
16 4-64 - 80 = 0; 
if we substitute 17 for x and — 7 for 
?/, we have 

289 + 49 -340 = - 2 ^ 0. 

Hence the first point is on the 
circle, but the second is not. 

Example 2. Does the graph of 
a;^ + 4a;2/ + 2 /^— 4r» — 2 / — 12=0 pass 
through the origin ? Where does it 
cut the ic-axis ? 



Fig. 32 


Solution, Substituting a; = 0 and ?/ = 0 in the equation, we 
get — 12 = 0, which is false. Hence the graph does not pass 
through the origin. 

If it crosses the ic-axis, y = 0 at the point of intersection. 
Substituting this in the equation, we get 
a;2-.4x-12 = 0. 


(aj-6)(a5 + 2)=0; 
whence a: = 6 or — 2. 


Therefore the curve cuts the x-axis at the points (6, 0) and 

(- 2 , 0 ). 

25. General Problems related to a Curve and its Equation. 

As implied by the definitions in the preceding section, the 
study of curves by means of their equations involves two 
distinct, but closely related, problems. When the equation 
is known, the problem is to construct its graph and to 
study the properties of the curve by means of its equation. 
When a curve is known, or is defined by given properties, 
the problem is to find its equation. 

The straight line has been treated in this manner in the 
first chapter, where it was shown that the graph of every 
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equation of the first degree is a straight line, which can be 
drawn by finding two points on the line, and that the equa- 
tion of any straight line can be found by appropriate 
methods. 

The construction of the graphs of equations of degree 
higher than the first is explained in §§26 and 27. The 
study of the properties of a curve by means of its equa- 
tion is treated briefly in §§28 and 29 and more fully in 
Chapter VIII. The general method of finding the equa- 
tion of a curve defined by given properties is illustrated 
in § 30. 

26. Plotting Graphs of Equations. A few curves used in 
analysis are defined by geometric means, as is the circle in 
plane geometry, but usually a curve is defined by its equa- 
tion. Since an equation in two unknowns is in general 
satisfied by an infinite number of pairs of values, we can- 
not plot all the points of a curve defined by an equation. 
But we can approximate the graph by finding a number of 
points whose coordinates satisfy the equation and by joining 
them with a smooth curve. This process is known as plot- 
ting the graph of the equation. In order to systematize the 
work it is customary to proceed in the following manner : 

I. Solve the equation for y in terms of x. (Sometimes it 
is easier to solve for x in terms of y. If this is the case, 
interchange x and y in the following directions.) 

II. (1) Substitute convenient positive and negative values 
(usually integraV) for x^ and calculate the corresponding values 
of y. Each pair of values of x and y satisfy the equation, 
and are therefore the coordinates of a point on the graph. 

(2) Arrange these pairs of values in a tahle^ with the values 
of X increasing algebraically. 

III. Plot each pointy and join the points in the order of the 
table by a smooth curve. 
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Example. Plot the graph of the equation — 2 x — y = 0. 



Fig. 33 


Solving for y in terms of cc, we have 

7j = x^ — 2 a?. 

Substituting ic = - 2, - 1, 0, 1, 2, 3, 4, we get y = 8, 3, 0, 1, 

0, 3, 8, respectively."] 

The points thus determined are tabulated at the left. If the 
table is extended by taking values of x greater than 4, it is 
apparent that the corresponding values of y will increase. The 
curve extends indefinitely to the right and upward. Similarly, 
by taking values of a; less than — 2, it can be seen that the curve 
extends indefinitely to the left and upward. 

27. Further Remarks on Plotting. When the solution 
for y in terms of x involves a square root, both signs 
must be used before the radical and each value assigned 
to X will give two values of y and hence two points to 
be plotted. 

The table of values should extend far enough to give a 
good idea of the shape of the graph. 

The points where the curve crosses the axes, if there 
are any, should be found. This may be done as in the 
second example in § 24. 
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If the curve appears to change its direction abruptly 
at any point, look for an error in the table of values. If 
there is no such error, take intermediate fractional values 
of X (or and plot the corresponding points. This should 
also be done if the points plotted do not show clearly the 
form of the curve. 

Applications of the above remarks are given in the solu- 
tions of the following illustrative examples : 

Example 1. Plot the graph of 4 -f- = 24. 



Fig. 34 


X 

y 

- 3 

imag. 

— 2 

± 2.8 

- 1 

±4.5 

0 

± 4.9 

1 

±4.5 

2 

± 2.8 

3 

imag. 


Solving for y in terms of 

2/ = ± V24 — 4 x^ 

= ± 2 V 6 — 

A table of square roots or a slide rule will be found con- 
venient in calculating the various values of this radical. As y 
is imaginary for x > 3, but real for a? = 2, the curve must cross 
the cc-axis between. a; = 2 and x — 3. These points are readily 
found by setting 2 / = 0, whence 

4 x? = 24, or a; = ± Vg = ± 2.4.+ 

Adding the points (2.4, 0) and (— 2.4, 0) to the list, we can 
draw the entire curve. 
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Example 2. Plot the graph of = o (? — x . 
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X 

y 

-3 

-24 

- 2 

- 6 


0 

0 

0 

1 

0 

2 

6 

3 

24 

.5 

-.375 

- .5 

+ .375 


There are no complications in finding the table of values. 
But when the points (- 1, 0), (0, 0), and (1, 0) are plotted, it 
is seen that the general rules for plotting appear to make the 
curve coincide with the cc-axis in this region. By substituting 
± J for z, we find two more points, which show that the curve 
rises above the cc-axis between — 1 and 0 and falls below it 
between 0 and 1. 

Example 3. Plot the graph of = — 16. 

16 

Solving for y, we obtain y Two things sliould be 

noticed. First, as y decreases slowly after x becomes greater 
than 5, it is not advisable to space these values of a: closely. 
Second, there is no point for which a: = 0. For if 0 is substi- 
tuted for X in the equation, we have 0 • y = 0, not — 16. Taking 
fractional values of a, we have the supplementary table. This 
indicates that the curve recedes indefinitely along the y-axis 
as well as along the *-axis. Since y increases indefinitely as x 
approaches 0, it is customary to say that for a: = 0, y = ± oo. 
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This abbreviation, however, should not be allowed to obscure 
the fact that for a? = 0 there is no point on the curve. 



Fig. 36 


PROBLEMS 

1. Plot the graphs of the following equations : 


a. X = — 3. 

h, 5x — 2y+6 = 0. 

c. ?/ = — 6 a: -f- 8. 

d. 4 y = 8 — 2 a; — 

e. -f y2 _ 32. 

/. 

g. — if = 4. 

h. + 4 y2 = 36. 

i. x^-A if = 16. 

y. 2x^4-^== 2. 

/f. if = x^. 

2. Find one of the curves 
through 


/. if = x^, 

m, y = x^. 

n, if = X. 

0. 2 xy = 9. 
p, x^y = 16. 
g. xf = 16. 

r. £c^ + 1 y = 0. 

5. a;2_y2 + i6==0. 

+ 4 y = 8. 

I/, x^y 4- 2/ == 

V. x^y — 4 y = X. 

in Problem 1 which passes 


a. (0, 0). 


h. (4, 0). 




66 


INTRODUCTION TO THE CALCULUS 


3. Plot the graphs of the following equations for the range 
of values indicated in each case : 


Equation 

B-ange of 1 

'^allies 

a. y® - 4 y = 35 - 3, 

y = -2 

to 

y = 6. 

6. 3; = y + 5y-|-4, 

y=- 7 

to 

y = 2. 

c. 4x2-9y®=36, 

.T = - 12 

to 

X = 12. 

d. — y® -f- 4 35 = 0, 

X = —10 

to 

x = 0. 

1 

II 

X = — 3 

to 

X = 3. 

/. 2y = x^-2x\ 

X = — 2 

to 

X = 4. 

y. sjy = 3 y — 1, 

X = —l 

to 

X = 7. 

h. xy~x^ = 12, 

X = — S 

to 

X = 8. 

i. 5 y = (x — 1) (x + 4)% 

X = — 6 

to 

x = S. 

j. 4 y® = — 35® -P 4 35®, 

x=-S 

to 

x = 4. 

ft. y = a;® — 9 35 — 5, 

X = — S 

to 

X = 4. 

/. 10 y = — 9 X®, 

X = — 4: 

to 

X = 4. 

m. y = (x-l)(x-f l)(x-2). 

X = — 3 

to 

X = 4. 


4. Pind one of the curves in Problem 3 which passes 
through 

(0, 0). 6. (4, 0). 

5. Choose convenient values (other than 0) for the arbi- 
trary constants-in each of the following equations, and plot the 
respective graphs. 

i^OTE. If there are two arbitrary constants, do not use the same 
value for both. 

а. 2/ = 'fnx + h, 

б. 4- 2/2 == 

c. -t- ay = (ellipse). 

d. bh? — ay = aW (hyperbola). 

fi. y* = 2px (parabola). 

/. = 2jpy (parabola). 

g. 2xy — a? (equilateral hyperbola). 

h. y= aa® (cubical, parabola). 

i. y^=a3? (semicubical parabola). 

j. y =• a bx + ca? (parabola). 
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6. Find the points where the graph of Problem 3, m, crosses 
the aj-axis. Write the equation of a curve crossing the cc-axis 
at (4, 0), (0, 0), and (—• 2, 0) and draw its graph. 

7. Plot the graph of 2 / = 4 + C for two values of C, using 

the same coordinate axes. What is the effect upon the graph 
of changing the value of C ? 

23 , Discussion of Equations. An effective study of the 
properties of most curves requires a knowledge of differen- 
tiation, and so this topic will be reserved for a later chapter. 
A cursory examination of the equation, however, will often 
yield considerable information about the curve and facili- 
tate the labor of plotting. The properties most readily 
found by this means are the intercepts and the symmetry 
of the curve with respect to the coordinate axes. 

Intercepts, The intercepts are the distances from the 
origin to the points of intersection of the curve and the 
coordinate axes. That is, the :c-intercepts are the abscissas 
of those points on the curve for which y = 0 ; similarly, the 
^/-intercepts are the ordinates of those points on the curve 
for which rr = 0. To find the intercepts on the a::-axis, sub- 
stitute 0 for y and solve the resulting equation for x. To 
find the intercepts on the ^-axis, substitute 0 for x and 
solve the resulting equation for y, (See § 24.) 

Symmetry, If there are only even powers of x in the 
equation, it is evident that negative values substituted 
for X will give the same values of y as the corresponding 
positive values of x. Thus the points of the curve may be 
arranged in pairs, each pair symmetrical with respect to 
the ^/-axis, since the ordinate is the same and the abscissas 
differ only in sign (see also §4). Such a curve is said to 
be symncietrical with respect to the y-axis. In this case the 
values of y when x is negative may be obtained at once 
from the values of y when x is positive. 
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Similarly, if there are only even powers of y in the equa- 
tion, the curve is symmetrical with respect to the a;-axis. 

If the equation of a curve is unchanged when —x is 
substituted for x and — y for y^ the points of the curve 
may be arranged in pairs, each pair symmetrical with re- 
spect to the origin. Such a curve is symmetrical with 
respect to the origin. 

If a curve is symmetrical with respect to both axes, it 
is symmetrical also with respect to the origin; but a curve 
symmetrical with respect to the origin is not necessarily 
symmetrical with respect to both axes. 

Example 1. Investigate the intercepts and the symmetry 
of the graph of 4 = 24. 

Solution, When ?/ = 0, a; = ± V6 = ± 2.4 ; when x = 0 , 
2 / = ± = ± 4.9. Hence four points of the curve are 

(± 2.4, 0) and ( 0 , ± 4.9). As both x and y occur only with 
even exponents, the curve is symmetrical with respect to 
both axes and the origin, and a table of values for the first 
quadrant will suf&ce for the whole curve. This curve is 
plotted in the first illustrative example of § 27. 

Example 2. Investigate the intercepts and the symmetry 
of the graph of 3 / = x® — x. 

Solution, When y=0, x = 0 or ±1; when cc = 0, ?/ = 0 . 
Hence the curve cuts the a>-axis at three points : (— 1, 0), 
(0, 0 ), and (1, 0). The curve cuts the y-axis only at the origin. 
As both X and y occur with odd exponents, the curve is sym- 
metrical with respect to neither axis. When — a; is substituted 
for X, and — y for y, the equation becomes — y = (— a;)® — (— x). 
When the parentheses are removed, we have — y = — x^ + x, 
which, by changing signs, is the same as the original equa- 
tion. Hence the curve is symmetrical with respect to the 
origin. This curve is plotted in the second illustrative example 
of § 27. 
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Variation of the Coordinates. It is also frequently possible 
by inspection of the equation to determine whether y in- 
creases or decreases as x increases. Let us take as an 
illustration the equation discussed in Example 1. When 
we solve this for y in terms of a;, in order to compute the 
table of values, we obtain y = ± 2 V6 - From this we 
see at once that as a; increases numerically, y decreases 
numerically ; also that can never be greater than 6, and 
hence that the largest possible value of |a;|* is V6. Simi- 
larly, the largest possible value of |^| is 2V6. 

♦ 29. Plotting by Factoring. It sometimes happens that 
when we transpose all the terms of an equation to one 
side, we can factor this expression. If so, the locus of the 
equation is the group of lines or curves obtained by set- 
ting each factor equal to zero and by plotting the loci of 
the equations thus obtained on the same coordinate axes. 

Example. Plot the locus of cc® — 3 xy = — 2 

Solution. Transposing 2 and factoring the expression, we 
have (x — 2y) (a; — y) = 0. Setting each factor equal to zero, 
we have x—2y = 0 and a; «- y = 0. 

The graphs of these equations are 
straight lines through the origin, 
with slopes J and 1 respectively. 

Observe the curious result that, 
although the locus of an equation 
of degree higher than the first is 
never a straight line, it may some- 
times be a pair of straight lines. 

The validity of the process just 
described follows at once from 
the definition of the locus of an equation. For if a point 
lies on either of the lines thus obtained, its coordinates 
* 1 X I means the value of x without regard to sign. Thus, |- 6 1 = 1 6 1 = + 6. 
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must satisfy one of the equations or^: — y=0. 

But if either a;—2 yora;— -^/is zero for a certain pair of 
values of x and y, their product, 8x^ + 2 equals 
zero for the same values. Hence the point lies on the locus 
of the given equation. No other points have coordinates 
satisfying the given equation; for x^— ?> xy-{- 2‘^'^ cannot 
equal zero for any values of x and y unless one of its 
factors equals zero, in which case the point would be on 
one of the lines. 

PROBLEMS 


1. Investigate the intercepts and the symmetry of the graph 
of each of the following equations : 
a, 2/ = 8 — x^. 
b» 05^ + 4 2/^ = 16. 

c. 2 -h 2 /^ = 1. 

d. x^ — 9 'If' = 36. 

2/^ + 8 = cc. 


y* 2 

g, x“y = 36 . 

h. + 4 ?/ = 12 . 

Z. y = 9 X — X^. 
j . y = _ 9 ;^.2 


2 . Each of the following questions refers to the correspond- 
ing equation in Problem 1. Answer the question, giving the 
reason for the statement made. 

a. What is the largest value of 2/? 
h. What are the largest numerical values of x and y ? 
c. What are the largest numerical values of x and y ? 
d* What is the' smallest numerical value of x ? 

€. What is the smallest value of cc ? 

/. In which quadrants does this curve lie ? 
g* How does y change as x increases ? 
h. What is the largest value of 2/ ? Is 2/ ever negative ? 
u Eor what values of x is 3/ positive ? 

/. Eor what values of x is 3/ positive ? 

3. Using the results obtained in Problem 1, and such other 
information as the equation may yield, endeavor to sketch each 
of the curves without obtaining a table of values. 
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4. Which of the curves in Problem p. 55, have symmetry 

a. With respect to the x-axis? 

b. With respect, to the y-axis? 

c. With respect to both axes ? 

d. With respect to the origin only ? 

5. In the equation 4 ?/ =. - 10 ic + 24 substitute --xiovx 

and plot the graphs of both the new equation and the original 
equation on the same axes. In what way. are the curves related ? 

6. Plot on the same axes the loci of 2 y = — 16 and 

2 y = 16 — How are these loci related ? 

7. Plot on the same axes the loci of y =z and x — ]f. 
How are these loci related ? 

8. For what value of y will the graph of y^= 2jpx pass 
through the point (16, 4)? Plot the graph. 

9. For what values of the constants a and h will the graph 

of P^ss through (1, 3) and (4, - 2) ? Plot 

the graph. 

10. For what values of a, h, and c will the graph of 
y = a. 4- hx + cx^ pass through the points (— 1, 1), (1, 7), and 
(3, 5) ? Plot the graph. 

11. What is the locus of 

а. 4- y^ = 0 ? 

б. (a;--2)2 4-(y-f-3f =0? 

12. Show that 4- y^ 4 6 — 0 has no real locus. 

13. Plot by factoring the loci of 

a. xy = 0. 

5. y2 + 5 y - 6 = 0. 
c. 4 — y^ = 0. 

d 4 — y^ — 8 cr 4- 4 y = 0. 

e. — y^ 4- 10 a; — 2 y + 24 = 0. 

/. (3.T4-2y)2 4- (3aj + 2y) = 2. 

2 — 3 cry 4 4 03 = 6 y. 

fi, (x^ 4 f ~ 25) (cc2 4 y2 16)= 0 



62 


INTEODUCTIOK TO THE CALCULUS 


14. What is the locus of (x — k) (y — ^) = 0 if 7c is allowed 
to take on all positive and negative integral values ? 

15. Write a single equation whose locus is the pair of lines 

a. Whose equations are x — y=: 0 and x^—y. 

b. Whose equations are cc — 2 y = 6 and 2x y= 4c. 

c. Which are parallel to the y-axis and which have the 
a;4ntercepts 2 and — 2. 

d. Which pass through the point (1, 2) and have slopes 
— 1 and -f 1. 

16. Find the equations of the bisectors of the angles between 

the lines defined by 2 •— 5 ccy — 3 y^ + 12 a; + 6 y = 0. 

30. Derivation of Equations. In order to find the equa- 
tion of a given curve or of the locus of a point satisfying 
certain given conditions, it is customary to draw a figure 
showing the data of the problem, to take a general point 
P (x^ y) satisfying the given conditions, and to express 
these conditions in the form of an equation containing 
X and y and no other variables. The following examples 
illustrate the method: 


Example 1. Find the equation of the circle with the center 
at (10, 0) and with the radius 10. 

Solution. Let P(cc, y) be any point on the circle of radius 10 
with center at C (10, 0). Then CP = 10, by the definition of 


a circle. 

But CP = V(a:-10)“+j^ 
by the distance formula. 

Hence V(a:-10)“+^ = 10. 

After squaring and simplifying 
we obtain 

^2 4. y2 20 cc = 0, 

which is the required equation of 
the circle. 
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Example 2. Find the equation of the locus of a point 
equidistant from the line 2/ = -8 and the point (6, 2). 

Solution. In the figure the given point is A and the given line 
is £C. Let P (ar, y) be a gen- 
eral point which seems to 
fulfill the condition of the 
problem. Since P is to be 
equidistant from ^ and PC, 
we draw^ P and the line PP 
perpendicular to PC, By 
the statement of the prob- 
lem these lines are equal ; 
that is, 

AP^EP. 



We can replace AP by V(a: - 6)" + (y - 2)\ using the dis- 
tance formula. 


Moreover, PP = PP -{- PP = 8 -j- y. 

Therefore V(a; — 6/ + (y — 2)^ == 8 -f- y. 

Squaring and simplifying, we have 

20 y = — 12 ic — 24. 

The graph should now be plotted on the original figure, so 
as to show its shape and relation to the given point and line. 

Example 3. The ends of a line of variable length are on 
two fixed perpendicular lines. Find the locus of the mid-point 
of this line if the area of the triangle thus formed is 24, 

Solution. The perpendicular lines should be taken as the 
coordinate axes. Let AB be one of the positions of the variable 
line and take P{x, y) as its mid-point. The conditions of the 
problem are 

AP = PB and area of ^4 CP = 24. 

The latter equation gives at once 

OA- OB ^ , 
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We must now express OA and OB in terms of cc and y. Draw 
tLe coordinates of P, EP = x and FP = y. The figure suggests 
the theorem of plane geometry, that a straight line parallel 
to the base of a tri- 
angle and bisecting one 
side bisects the other. 

Hence 

OA = 2 0F = -2x 
and 0B — 2y. 

Substituting above, 
we get 

2a:7y = 24, 
or xy~\2y 

which is the equation of the locus. The curve can now be 
drawn in the usual manner. 

Note. In none of the above examples is it shown that the equa- 
tion obtained is satisfied by the coordinates of no point not on the 
locus, or, what amounts to the same thing, that every point whose 
coordinates satisfy the equation lies on the locus. This can be done 
by simply retracing the steps in the derivation of the equation in 
reverse order. This, however, is seldom necessary. 

PROBLEMS 

1. Eind the equation of the locus of points equidistant from 

(— 3^ 6) and (10, -- 2). c. (9, 6) and (15, — 6). 

A (1, 4) and (4, 1). . d. (0, 6) .and (4, 2). 

2. Eiiii the equation of the locus of points equidistant from 

а. The point (— 6, 0) and the line x = 16. 

б. The point (0, 8) and the line y = 5. 

c. The point (1, 4) and the line y=0. 

d. The point (8, 6) and the line ic = 12. 
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3 . Find the locus in each case of Problem 2 if the distance 
from the point is always two units greater than the distance 
from the line. 

4. The base of an isosceles triangle is OB^ where 0 = (0, 0) 
and E is a variable point on the a;-axis. Find the locus of the 
third vertex P if the area of OBP is 16. 

5. Find the equation of the circle whose center and radius 
are as follows : 

a. Center (4, — 5), radius = 10. 

h. Center (— 6, 0), radius = 6. 

c. Center (0, — 5), radius = 5. 

d. Center (0, 0), radius = r. 

e. Center (A, A), radius = r, 

6. Find the locus of a point if its distance from the point 
(— 4, 0) is always twice its distance from the point (2, 0). 

7. Find the locus of a point if it is always three times as 
far from the origin as from the point (4, 4). 

8 . The base of a triangle is AB^ where A is (— 3, 0) and 
B is (3, 0). Find the locus of the vertex P if the slope of BP 
is 1 unit greater than the slope of AP. 

9. Find the locus of a point whose distance from the origin 
is a mean proportional between its distances from the points 
(2, 0) and (- 2, 0). 

10. The ends of the hypotenuse of a right triangle are (2, 2) 
and (4, — 2). Find the equation of the locus of the vertex of 
the right angle. 

11 . The base of a triangle is AB, where A is (— 5, 0) and B 
is (5, 0). Find the locus of the third vertex P if 

a. (APy — (BPyi^ a constant, k, 
h, (APy + (EP)^is a constant, h. 

The slope of BP is k times the slope of AP. 
d. The sum of the slopes is a constant, k. 
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Example. What are the points of intersection of the 
curves whose equations are + = and x‘ = 5y? 

Solution. The successive 
steps in solving the equa- 
tions simultaneously are 

+ 5 y — 36 = 0 ; 

(y+9)(2/-4) = 0 ; 
y = — 9 or 4. 

Substituting these values 
in the equation = 5 ?/ , we 
have for y = 4 , 

x — ± V 20 = ± 4.47 ; 
for y = — 9, a; = V— 45. 41 

Thus there are two common points (447, 4 ) and (— 4 . 47 , 4 ). 
The graphs furnish a convenient check. 

PROBLEMS 

Find the points common to the loci of the following equa- 
tions and plot the loci. If the solutions are fractional or irra- 
tional, express the results to the nearest tenth. 

1.4a;~y=4, 6 . y = a; 2 _ 0 11. y= — 

f^Sx = 0. y=3aj-9. 

Z.x^ + f = 41, 7. a:^ + jr* = 16, * — 4 y. 

4 a; — 5 y = 41. xy-7. 12. y = x‘, 

3 . 4a:“+ 9y'*=36, 8 . a:“— y^=64, y=a:“+ 2 a:. 

4 a;= + 3 y = 30. a: - 2 y = 0 . 

4 . a^+y = 7, 9.a;^-y^=64, ^3. x^y+y-x=0, 

y^-81 = 0. 2x-y=:0. 4y = a;. 

5. a;^ + y^ = 64, 10 . = y, 

a; -f- 2 y = 2 . z=z 2 x. 



14. 3 y = a;® — 6 cc, 
a; -h y = 0. 
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15. Find the points on the line whose equation is a: — 7 y = 34 
which are 5 units distant from the point (2, — 1). 

Hint. First find the equation of the circle whose radius is 5 and 
whose center is (2, — 1). 

16. Find the length of the chord of the circle x^ + f= 64 
cut off on the line x + ^ = 2. 

17. Find the distance, measured along the line y — 2x, from 
the origin to the ellipse 4 a:^ + 9 y'* = 36. 

18. Find the coordinates of the points 4 units distant from 
(1, 5) and 5 units distant from (— 3, 4). 

19. For what values of m, will the line y = m.x fail to meet the 

curve 2/ = + 5 ? 

MISCELLANEOUS PROBLEMS 

1 . The equation of an ellipse 160 yards long and 80 yards 

wide is ,,2 

L _JL_=: 1. 

6400 1600 

Plot this curve, taking values of x at 20-yard intervals, and find 
by a proper drawing whether or not this field will contain a 
rectangle 100 yards long and 50 yards wide. 

2. For what values of m will the line y = mx cut the locus 

of the equation 3. 

in three points? Plot the curve and the line for the case 
that m — 

3. Plot carefully on the same axes the graphs of = 8 
and 2/ = 2 + 6 £c — Prom the graphs estimate, correct to 
tenths, the coordinates of the points of intersection. What 
difficulty is met with if it is attempted to find these by solving 
the equations simultaneously ? 

4. Treat in the same way as in Problem 3 the equations 

X® 3 

x-y=B and 
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5. The radii of two circles are 6 and 8, and their centers 
are 10 nnits apart. Take the centers in a convenient position, 
find the equations of the circles and their points of intersec- 
tion, and get the length of the common chord. 

6. Prove that the equation of a circle whose center is (A, h) 
and whose radius is r is (x — Jif + (y — ky — 

7. Plot the system of curves whose equation is -[-ly = 7^. 

8. A point moves in such a way that the sum of its dis- 
tances from the two points (3, 0) and (— 3, 0) is always 10. 
Find the equation of its locus and plot it. 

9. A point moves in such a way that the difference of its 
distances from the points (5, 0) and (— 5, 0) is always 8. 
Find the equation of its locus and plot it. 

10. Plot on the same axes three curves of the system whose 
equation is = kx. 

11. The base of a triangle is AB, where ^=(5, 0) and 
J5 = (— 5, 0). Find the equation of the locus of the vertex if 
the vertical angle is 45°. 

Hint. Use the formula for tan By § 14. 

12. Plot the graph of = ax^ — x^. 

13. Plot on a large scale y == a:® — — 4 cc +• 3 for x ranging 

from — 2 to 3, and estimate from the graph the values of x 
which make y zero. 

14. Plot carefully the graph of y = cc^and draw the straight 
line y = 2 x -1- 5. Estimate the abscissas of the points of inter- 
section and show that these are the roots of the equation 

— 2 X — 5 Q. Hence state a method of solving any quad- 
ratic graphically. 

15. Using the method developed in Problem 14, solve graph- 
ically the quadratics 

^ a. - 12 a; - 43 = 0. 

6. 2 — 6 a? -f 1 = 0. 

16. If the parabola and the straight line in Problem 14 did 
not meet, what could be said of the roots of the quadratic ? 



CHAPTER III 
SLOPE AND DERIVATIVE 

32. Functions. Let us consider the coordinates of a point 
moving along a curve, as in the adjoining figure. As the 
point P moves, the values of the coordinates x and y are 
variahle and are mutually de- 
pendent. For each value of 
X there are one or more defi- 
nite values of and likewise 
for each value of y there are 
one or more definite values 
of X. In this case we say 
that ^ is.a function of x and 
vice versa. More precisely, 
we have the definition: 

If one of two variables has one or more definite values corre- 
sponding to each value given to the other variahle, the 'first 
variahle is a function of the second. 

Although for the present we shall confine our discussion 
chiefly to the case in which the variables are the coordi- 
nates of a point on a curve, there are many other instances 
of functional dependence. The volume of an expanding 
sphere is a function of the radius. The velocity of a fall- 
ing body is a function of the distance through which it has 
fallen. The premium paid on a |1000 life-insurance policy 
is a function of the age of the insured. 

70 
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When the conditions of the definition are realized, the first 
variable is called the dependent variable or functioni and 
the second variable is called the independent variable or the 
argument. If, in the case of a moving point on a curve, we are 
considering the ordinate as depending upon the abscissa, y 
is the dependent variable and x is the independent variable. 

33, Functional, Notation. To indicate that 3 / is a function 
of we write y.^f ^x ), . This is read as '' 3/ equals / of Xy\ 
or " y equals a function of rc,” and must not be confused 
with y^f*x. Similarly, y=f(x^t') denotes that 3 / is a 
function of the two variables x and t. 

Furthermore, the notation y =f(x) may be used to rep- 
resent the particular way in which y is related to x. For 
example, if 3 /= a?®— 5 a? — 6, we may represent this 
equation by y^fQc)^ in which case /(a;) stands for the 
expression a?®-— 5 a; — 6 throughout the discussion. In 
short, the symbol /(a;) may be used to represent any mathe- 
matical expression involving a; as a variable, or any quantity 
which is a function of x. To denote several different func- 
tions of a;, we use various letters, as /(a;), g(x)^ 4> (a;), etc. 

If /(a;) represents a certain expression, /(O) is used to 
denote the value of that expression when 0 is substituted 
for X ; /(— 6) is used to denote the value of the expression 
when — 6 is substituted for x ; etc. 

For example, let 

f (x) = 1 + 2 a; — a;^. 

Then /(0) = 1+ 0 - 0 =1, 

/(3) = l+2.3-3^ = ~2, 

6) = 1 + 2 6) ^ (- 6)^ = - 47, 

/(0 = l+2^-^^, 

/(2 a;) = 1 + 2 (2 a;) — (2 a;)^ = 1 + 4 a; — 4 a;^, etc. 
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To write an equation containing x and y in the form 
y=zf(x) means simply to solve the equation for y in 
terms of x. If, for example, we wish to write x^-{-y=Qx 
in the form y=: /(a;), we obtain y^^x — x^. Similarly, 
^ = ^( 2 /)= - 2 /- 

34, Increments. If a variable changes from one numerical 
value to another^ the difFerenee found hy subtracting the -first 
value from the second is called the of the variable. 

Thus, if X is first taken as 4 and then as 7, the increment 
of X is 3. The term increment is used even when the vari- 
able decreases ; thus, if a: is first 4 and then 3, we say that 
the increment of a; is 3 — 4 = — 1. 


It is customary to denote an increment by the letter 
A (delta') prefixed to the letter designating the variable ; 
thus, Aa; denotes an increment of x, Ay an increment of y, 
Af(x) an increment of f(x), etc. It should be noted that 
the symbol Ax is a composite symbol, not to be treated as 
A times x. For example, x • Ax means x times Ax and may 
not be written A-x^; and Ax Ay cannot be combined as 
b^xy. Furthermore, if Ax is negative, it is not written 
— Ax, but is treated like any other algebraic quantity. 

If ?/ is a function of x, and x takes on an increment Ax, 
then will take on a corresponding increment Ay, In order 
to calculate the increment Ay we proceed as follows : 

Suppose that y=f(x). If x is given a new value, x + Ax, 
y will acquire a new value, y-f Ay =f(x + Ax) . The incre- 
ment Ay is obtained by subtracting the old value from the 


new; hence 
Example 



% =/(^ + Ax) —/(x). 

If y = ~ 6 X, compute Ay when x = 2 and 


Ax == 0.3. 


Solution, When x = 2, 


y =/(x) = 22 - 6. 2 = 4- 12= - 8. 
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Since Ax = 0.3, 

cc + Asr = 2.3 

and ?/ + Ay == f(x + Ax) = (2.3)^ ~ 6 (2.3) = — 8.51. 

Subtracting y from y + Ay, we have 

Ay = ^ 8.51 - 8) = - 0.51. 

Example >2. If y ~ x^ — Q find Ay for any x and Ax. 

Solution. When x = x, 

y=f(x) — x^—%x. (1) 

W hen X = X + Ax, 

y 4- Ay =f{x + Ax) = (x + Ax)^ — 6 (x 4- Ax) 

= x^ 4" 2 X Ax 4- (Ax)'’* — 6 X — 6 Ax. (2) 

Subtracting equation (1) from equation (2), we have 
Ay = 2 X Ax 4- (Ax)^ — 6 Ax, 
which is the result desired. 

The value of Ay for particular values of x and Ax may 
be obtained by substitution in the result just obtained. 
For example, if we set x = 2 and Ax = 0.3, we obtain 

Ay = 2 (2) (0.3) 4- (0.3)"- 6 (0.3) 

= -0.51, 
as in Example 1. 

Note. In these examples and the preceding paragraphs we have 
merely clothed a familiar problem in new language. To speak of the 
increment Ay corresponding to the increment Ax is another way of 
speaking of the change in y due to a change in x. Thus Example 1 
can be worded in more familiar language as follows : If ?/ = — 6 x, 

how much will y change when x changes from 2 to 2.3 ? 

By the introduction of the symbols Ax and Ay we are able to deal 
more precisely with changes in functions, as will be shown later. 
We have already seen in Example 2 how we can generalize the sim- 
ple problem of Example 1 by the aid of these symbols. 
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PROBLEMS 

1. Write in the forms y —f{x) and x = g{y) the following 
equations : 

a. + 2 2 /^ = 4. c. ?/.== Sx^xl 

b. x^--9/=::16. )4:y^ = x* - 2x\ 


2. If 2 / =/(x) is the equation of a curve, show that the ordi- 
nate of the point whose abscissa is — 2 is /(— 2). 

3. If ?/ = ^(x) is the equation of a curve, show that the 
2 /“intercepts of the curve are the values of ^(0). 

4. If 2 / =^f{x) is the equation of a certain curve, what is the 
graph of the equation i/ == 2 +/(£c) ? 

5. Find , 

a. /(O) aiid/(- 1) \tf(x) = VTT^ - X. 

h. /( V2) and/(- 6) if /(#) =&-ZA 

c. g(Q) and if g (0) = sin 2 0. 

d. ^(a) and <#>(— x) if <l>(x) = — x. 

6. If f(x) = since, prove that 

a. /(7r- x)=f(x), 

b, f(2 X) = 2 f{x) Vi ^ 


7. If <#> (cc) = a®, prove that ( 2 /) = <^(a; + y). 


8. Find the increments of the following functions for the 
indicated values of the independent variable and of the incre- 
ment of the in(^pendent variable : 


2 / = 2 -f3cc — X® ; x = 2, Ax = 0.1. 
6. ^ = V25 — x^ ; X = 3, Ax = 0.2. 

p z=z — j v = 5, Av = 0.4. 


7 


d/(0 = l.- 2i»; 

= X + Vx ; X = 


« = 4 M • 


If ; u - 


= — 4, Ai = 0.3. 
6, Ax = 0.26. 

2, Am = — 0.2. 
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9. For the following equations find in terms of a: and A*: 

^4^-5x. e.y = a?+5x-&. 

l^.y = o?. f.y=ax- + lx + e. 

35. Direction along a Curve. The most striking charac- 
teristic of a curve is, of course, that it is not straight; in 
other words, a point moving along a curve is constantly 
changing its direction of motion. The direction of motion 
at a point is considered to be along the tangent to the curve 
at that point. This axiom is based upon experience, for 
bodies moving in a curve always tend to move along the 
tangent, or, as we sometimes say, " to fly off at a tangent,” 
unless kept in the curved path by some force. 

In order to make our work general, we must give a 
deflnition of tangent which is different from that used in 
elementary plane geometry. The deflnition which we shall 
use is as follows i 


tangent to a curve at th e point P is the limiting position 
oljLmant through F ana a second point 0 on the cur,,e. 

Q ayproaches P as a limit 

In the figure, Q, 
are several successive 
positions of point Q as it 
approaches F. Evidently 
the secant FQ rotates about 
P and approaches a limit- 
ing position FT where it 
just touches the curve atP. 

The definition of tan- 
gent used in elementary 
geometry— namely, as *'a line touching the circle at one 
and only one point must be modified for other curves, 
as the following figures show. 
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In figure (a) the line TFM is tangent to the curve at 
the point P. The tangent " touches ” the curve at P, but 
also " cuts ” it again at M. 

In figure (2>) the line TP is tangent to the curve at P. 
The tangent " cuts ” the curve at the point of tangency 
instead of " touching ” it. 


(a) ^ (6) 

Fig. 44 

In the case of the circle both definitions give the same 
line, as may be seen intuitively, and as will be proved 
later (§94). 

36. Slope of a Curve. The slope of a curve at a point is 
defined as the slope of the tangent at the point. Simi- 
larly, the inclination of a curve is the inclination of tire 
tangent. The slope of a curve, unlike that of a straight 
line, changes from point to point. 

W e can approximate the slope of a curve at any point P 
by taking a point Q on the curve near P and getting the 
slope of the secant PQ, Let us take as an example the 
curve whose equation is y—f(x) — ^x — x^ and try to find 
its slope at the point P(x^, = 3). Taking 

as the point whose abscissa is 1.1, we find that 
y2=/(l.l) = 4.4-1.21= 3.19; 
that is, Q is (1.1, 3.19). By the slope formula, the slope of 

^ 3.19 - 3 .19 „ 

1 . 1-1 “ .1 
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The figure shows that the slope of the tangent cannot be 
very much diiBferent from this number. 

If a;j^ = 1.01, y^-=z 3.0199. For this position of Q the slope 
of the secant is 1.99, If Q is taken as (.99, 2.9799), 
we find that the slope of the secant is 2.01. It appears 
probable, then, that as Q 
approaches F the slope 
oi FQ approaches 2, 
which we assume is the 
slope of the tangent 
FT. In other words, at 
F the point tracing the 
curve is rising twice as 
fast as it is moving to 
the right. 

The method just em- 
ployed is open to two 
objections: first, it is 
tedious ; secondly, we 
have not really proved that the slope at (1, 3) is 2 (it 
may be 1.99998). Both these objections are met by the 
use of increments, as will be shown in the following 
sections. 

37. Exact Slope of a Curve at a Given Point. With the 
aid of increments we are able to find the exact slope of a 
curve at any given point. To make the problem definite, 
let the equation of the curve be and let the point be 
^ another point on the curve, its abscissa is 
(1-4 - aS) where is the horizontal distance from P to 
and its ordinate is (L^+ A^, where is the vertical distance 

from P to Q. The slope of the secant P^? is easily seen to be 

Ay 

— 9 either by use of the slope formula or from the figure. 
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Now the tangent at P is defined as the limiting position of 
the secant P§ as Q moves along the curve and approaches P as 
a limit. But as 0 P,^ Ax 0. (Does Ay — 0 ?) Hence, 

Slope of tangent = limit of slope of secant 


= limit of ^ as Ax 0. 

Ax 

Hence, if we can find an expression for ^ aiid calculate 

Ax 


its limit as Ax — 0, we can find the slope of the tangent to 
the curve at the given point. 



In order to do this we make use of the fact that the 
coordinates of Q must satisfy the equation of the curve. 

Then 1 -f Ay = (1 -f Aa;)^, 

whence Ay = 2 Aa; + (Aa;)^ 

Dividing by Aa;, ^ = 2 + Aa;, 

Ax 

which is the slope of the secant FQ. 

* The symbols and = are used for the word approaches. The former 
is preferable, as it is not easily confused with the sign of equality. 
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From this equation it is apparent that ^^2 when 

If we consider the above work as a whole, we see that 

Xt;" mlm^ 


i jThe slope of any secant through P . 
— I, Aa; , 


as"Ai^V^°^^ tangent at P is tfeAlimit of ^ 

In order to show the essentials of the work in condensed 
form, another,.example will be given. 

K„d the slope aid inelmelion of the tangent 
to tte eurve whose equation is p . 4 a - „ the point !¥%. 

Solution. Let m denote the ^ 
on the curve, with coordi- 
nates (1 + Ar, 3 -f- Ay). 

Then 

3 -h Ay = 4(1 + Aa;) 

— (1 -\-Axy^ 

= 4 + 4Aic-l 

— 2 Ax — (Axy^ 

== 3 -j- 2 Ax — (Axy-^. 

Hence 

Ay= 2 Ax -(Axy, 

^-2-Aa, 


and 


Ax 



Fig. 47 


Letting Aaj approach 0, we have 

m = 2. 

(Compare this result with § 36.) 

The inclination is found from the tables to be 63.43° (63° 26'). 
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In drawing a tangent always use the method of § 12. 
That is, since the slope is 2, the tangent rises at the rate of 
2 vertical units per horizontal unit, or 10 vertical units for 
every 5 horizontal units, etc. 

38. Slope of a Curve at any Point. Let us now consider 
the problem of finding the values of the slope at several 
points on a given curve. The method explained in § 37 
permits us to find the slope for each point, but we must work 
the problem as many times as we have points, This may be 
avoided by finding a general formula for the slope at any 
point. How this is done is shown in the .following illustra- 
tive examples, which should be compared with that of § 37. 

Example 1. Find the slope of the curve wl]tose equation is 
2 / = 4 X — (a) at any point ; (h) at each of the points whose 

abscissas are 1, 2, and 3. 

Solution. Let P (x^ y) be 
fixed point on the curve 
and let Q(cc4-Acc, y+Ay) 
be a point on the curve 
near P. 

Then, from the equation, 
y = 4 cc — 

and 

y-fAy = 4(x +Ax) 

— (a3 + Axfi 

= 4 £c 4- 4:Aa: — x^ 

— 2xAx—{Ax)‘^. 

Subtracting, Ay = 4: Ax — 2 x Ax — (Axji 

Dividing by Aa;, we have, . 

^=4 — 2x—Ax, 

Ax ’ 

which is the slope of the secant PQ. 
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But, by § 37, the slope of the tangent is the limit of ^ 

as Ax approaohes 0. In this case the limit is obviously 4 - 2 x 
Hence, if m represents the slope at any point P (x, y), 

m = 4 — 2 X. 

To find the slopes at the particular points mentioned in (&), 

For x = l, m = 4 — 2 = 2. 

For X = 2, m = 4 _ 4 = 0 
For* = 3, m = 4 — 6 = - 2 . 

These results may be checked by drawing the tangents at these 
points in the above figure. 

_ Example 2. Find the slope of the curve whose equation 
IS xy 4 . (a) at any point ; (5) at each of the points whose 
abscissas are 1, 2, 3, 4, 

6 , 8, 12. 

Solution. Proceeding as 
in the previous example, 

24 


24 


y 4 - Ay = • 

X -j~ Aa;* 

Subtracting, 

Ay = 


24 


a: +Aa; 

— 24 Aa: 


U 

X 


Y 

1 

1 





Fig. 49 


a; (a; 4- Aa.*) 

Dividing by Aa;, 

Letting Aa;—>0, 

a:- 

which is the slope of the tangent at any point. 


Ay _ 24 

Ax X (x 4- Ax) 
---24 



82 


IKTEODUCTION TO THE CALCULUS 


Th^ values of tlie slope at the points specified in (5) may be 
obtained by simply substituting in the expression for m. They 
are tabulated below : 


X 

1 

2 

3 

4 

6 

8 

12 

m 

- 24 

- 6 

8 

-1 

-§ 

1 



The figure shows the tangent at (6, 4). 


PROBLEMS 


1. Let y = J cc® — + 1.‘ Eind the values of y corresponding 

to cc = 2 and x = 2.5. If x is first 2 and then 2.5, what are the 
values of Ax and Ay? Plot a small arc of the graph of the 
equation on a large scale and mark the segments correspond- 
ing to Ax and Ay. 

2. In Problem 1 find the slope of the secant through the points 
whose abscissas are 2 and 2.5. Is this greater or less than the 
slope of the tangent at the point whose abscissa is 2 ? Is it a 
good approximation ? How can a better one be obtained ? 

3. The equation of a curve is y=5 + 4:x — x\ Find the 
slope of the secant through the points whose abscissas are 4 
and 4.2. Plot a small arc of the curve on a large scale, draw 
the secant, and mark the segments corresponding to Ax and Ay. 

4. If cry = — 6, a; = 3, and Ax = 0.2, calculate the values of 
y + Ay and Ay. Illustrate by a graph. 

5. Show that the distance formula of § 7 may be written in 


the form 


\Axf -f (Ay)2. 


6. Find the slope of the tangent to the given curve at the 
given point for each of the following equations. Find also 
the slope of the secant line for Ax = 0.5. In each case draw 


the curve, the tangent, and the secant line. 

= ic®, at (— 2, 4). 1 ^ = 2,a; — cc®, at (1, 1). 

=z ^ 3 X, Bt (Sj 0 d. y = at (1, 1). 




SLOPE AND DERIVATIVE 


83 


7. Find the exact slope of each of the following cnrTes at 
the point indicated. In each case check the result by drawing a 
figure, showing the curve and the tangeut with the proper slope. 

a, y— 2x^ — e, x^y = 24, x = 4. 

y = ^ 7 ic 4- 3, a; = 4. /. y = ~ a; — 2, a? = 2. 

c. y =; a?®, X = 0. g. xy = 12, a; = 4. 

aj 2 

tf. y =: — 5 X = 4. /r. 2/ =: 4 ~ x^, X = 1. 

8. Find the inclination of the tangent to the curve at the 
given point in each case in Problem 7. 

9. Find the slope of each of the following curves at any 
point P(x, y). From this expression find the slope at the given 
points. In each case draw the curve and the tangents. 

^^y = x^ — 3 X ; X = 0, 3. 

x=:-l, 0, +1. 
c. y = 2 X — x^ ; x = 0, 1, 2. 

(f. y = X® + 5 X 4- 4 ; X == — 4, — 1. 

€. xy = — 12 ; X = 2, 3, 4, 6. 

/. y = ^ x^ 4” 3 X j X = 0, — 6, — 12. 
y. y = 4 x^ ; X = - 1, 0, -h 1. 

A. y = 4 4- 3 X ~ x^ ; X = 0, I, 3. 

0 

i. 2 / = - a: = - 3, - 2, - 1. 

X 

y. 2/ = a;’ - + 4 ; x = 0, f . 

/. y =: x^ ; X = — 2, — 1, 0, 1, 2. 

772. y = 8-2x^ x=-2, -1, 0, 1, 2. 
n. y = x^ — 9 ; x = ~ 3, ~ 1, 0, 1, 3. 

0. y = x^ 4- 4 X ; x == — 3, — 1, 0, 1, 3. 
jf>. y = X® — 3 X ; x == — 2, — 1, 0, 1, 2. 

* = -2, -1,-1, 1.1.3, 
r.y.i; » — 2, -1,-1, 1.1, 2. 
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39. Limits. In the previous section we obtained the slope 
of a tangent by regarding it as the limiting position of a 
secant. The idea of a variable approaching a constant as 
a limit occurs in elementary geometry, where the area of a 
circle is defined as the limit approached by the area of a 
regular circumscribed (or inscribed) polygon as the num- 
ber of sides is increased indefinitely. Another example is 
found in the sum of the geometrical progression 




where the sum /S^ is a function of n, the number of terms 
taken. As the number of terms is increased indefinitely 
the sum approaches 2 as a limit. 

In order to make definite the idea of a limiting value 
of a variable, we give the following definition : 

The variable v is said to approach the constant I as a limit 
when the numerical value of the difference v — l becomes a7id 
remains less than any fixed po^tive number^ however small. 

In applications of the preceding definition two variables 
are usually involved: (1) an independent variable which 
may be made arbitrarily to approach some constant as a 
limit, and (2) a dependent variable whose behavior is to 
be examined. If we call the independent variable z and 
the dependent variable which is a function of the ques- 
tion is to determine what constant value, if any, will be 
approached by v when z approaches some particular value a. 
If V approaches I when z approaches a, this fact is expressed 
by the notation 

lim v = l^ 

z -* a 

read " The limit of as z approaches a, is ir For example, 
if t? = cos 25, lim V = lim cos z =1, 
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40. Theorems on Limits. In finding the limits of func- 
tions, it is convenient to use the following theorems, which 
are here stated without proofs. In each theorem the vari- 
ables mentioned are supposed to be functions of a single 
independent variable. 

Theorem L The limit of an algehraie ^m of any number 
of variables is equal to the same algebraic sum of their respec- 
tive limits. 

Thus, if w, and w are functions of 2 , and if A, 
and w C z-^ a, then 

lim (u-h v — w') = lim.w -h lim v — lim w 
=:J-hB-a. 

It should also be noted that the theorem applies if one 
or more of the variables are replaced by constants. Thus, 
if ^ and ^ is a function of z for which lim v=B^ then 
lim (i -h = ^ + 

X -* a 

Theorem II. The limit of the product of any number of 
variables is equal to the product of their respective limits. 

Thus, with the notation above, 

lim uvw = (lim u^ (Hni z;) (lim ut) =^ABC. 

Also, if h denotes a constant, 

lim hv^zh (lim v") = kB. 

S'rom this theorem we may deduce also the following 
corollary : The limit of the n^^' power of a variable is the 
rH'^ power of the limit. 

Theorem in. The limit of the quotient of two variables is 
equal to the quotient of their respective limits^ provided the 
limit of the denominator is not zero. 

Thus, with the notation used above, lim - = , if J5 =# 0. 

If ^ = 0 and the quotient has no limit, but becomes 
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infinite as If both A and B are zero, the iimit is 

indeterminate, and can be evaluated only by some suitable 
transformation of the quotient (see example 2 below). 

^ ^ Evaluation of Limits. In applying the above theo- 
rems to the evaluation of the limit of a function, we meet 
with problems of varying degrees of difficulty. Let us 
consider some examples. 

1. If the determination of the limit approached 

by V when z approaches any constant value a presents no 
difficulty, and we may write at once 

lim V = By Theorem II, § 40 

2, If V = - — 2 ’ determination of the limit approached 

by V when z approaches 2 cannot be made by direct applica- 
tion of Theorem III, because we should get -g-, a meaningless 
expression. The limit is best determined by transforming 
the expression as follows: 


V 


z —2 ^—2 


2 . 


It is now obvious that lim v = 4. By Theorem I 

z -*2 

If there is difficulty in understanding how the limit of 
a fraction can be definite, although both numerator and 
denominator approach zero, consider 
the adjoining figure. In this figure 
PB is tangent to the curve at P, and 
AC is perpendicular to PS at A s ^ 

approaches P, B moves along PP, and 
0 moves along the curve. Evidently 
both PA and AB approach zero, but Fio. 50 

AB 

their quotient, , is a constant, being equal to tan PP>S. 

AB 

Hence lim — = tan EPS. 
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3. If V = 2 ’ determination of the limit approached 

by t? when j^ 2 presents another type of diJBS.- 

culty. Suppose that z starts with the value 3 and is made 
to decrease toward the value 2 . 

Corresponding .values of i; are 
shown Jn the .table. As 55 ap- 
proaches nearer and nearer to 
the value 2, v becomes larger and 
larger and approaches no fixed 
number as a limit. Although 
in this case v approaches no 
limit) it is convenient to use the limit notation to express 
the fact that v increases indefinitely as z approaches 2 as a 
limit. This is done by writing 


z 

V 

3. 

13. 

2.5 

20.5 

2.1 

84.1 

2.01 

804.01 

2.001 

8004.001 


lim t; = 00 . 

Z 2 


This expressicfn is often read '' v becomes infinite when z 
approaches 2 as a liniit.” It should be clearly understood 
that V does hot approach a limit and that the symbol 00 , 
called infinity^ does not represent a number. 


It is in this same sense that the expression ~ = 00 is to 


be understood. It is impossible to divide a number by 
zero. But it is possible to divide a constant by successive 
values of a variable which approaches zero as a limit, in 
which case (if a ¥= 0) we write 


lim-=: 00 , 

3 -* 0 <3 


for which - = 


00 is merely an abbreviation frequently used. 


The common expression " any number divided by zero is 
infinity” is used to mean "the quotient of any number 
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(different from zero) divided by a variable a; becomes 
infinite when z approaches zero as a limit.” 

A similar meaning is to be attached to the phrase 
" tan 90° = oo” ; namely that tan z increases indefinitely as 
z approaches 90° as a limit. 

4. Examples in which the dependent variable approaches 
a limit when the independent variable approaches no limit, 
but increases indefinitely, are furnished by the definition 
of the area of a circle and by the sum 

W=l+^ + 2 + |+ •••+!; 

already cited. In the latter case, to express the fact that 
5(n) approaches 2 as a limit when n increases indefinitely,, 
the notation used is 

lim /S'(n)= 2. 

n -» 00 

42. The Derivative. A study of the process of finding 
the slope of a curve at any point, as developed in § 38, 
will show that it may be regarded as a purely algebraic 
process, without reference to the geometrical problem which 
it is used to solve. As we shall see later, the limit of 

^ has many other uses, and for this reason it has been 

Di.X 

given a special name. We have, therefore, the following 
definition : 

If one variahle is a function of a second and if the mere- 
ment of the first is divided hy that of the second^ the limit of 
the quotient^ as the second increment approaches zero^ is called 
the derivative of the first variahle with respect to the , second. 

Thus, if y^ fOfi)-, the limit of as Acc approaches 0., 

is the derivative of with i:espe,ct: to a?. 
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Notation; If y — /(a;), the derivativ.e of y with respect to 
^ various symbols, the most common of 

which are 

^ or dyjdx, read '"dy over dx”-, 

■yV read "y prime ”-; 
fix'), read "/ prime of 

.^/(a;), read " d dx of /(a:).” 


Similarly, if s — yit), the derivative of 8 with respect to t iS: 
denoted by^, s', fit), or-£y(i). 


Using this notation, we may write the above definition 

briefly as , 

y' =f ix) =■ = lim ^ 

dx ,ax->oAx 


Or, since Ay =/(a; +Aa:) —fix), 

y' =f (x) = ^ 

dx Aa: 0 Ax 

The symbol ^ should not be regarded as a. fraction ; it 

is to be used as a single symbol, just as Aa; is a single symbol. 

43. Calculation of Derivatives.. The process of finding 
the derivative is called differentiation. To differentiate one, 
variable with respect to another we merely carry out the 
steps suggested by the definition. 

I. Let y—f(x). Give X an increment Ax and, hy, substi- 
tuting x~\-Ax in the equation defining y, calculate y + Ay, the 
n&w value of y, 

II. Subtract y from y;+Ay, thus obtaining Ay in terms 
of X and Ax, 
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thus obtaining the value of~ » 

. ' Aa;- 

IV. Find the limit of this expression as Ax — > 0, this being' 


the value of 


§y. 

dx 


Note that this is precisely the method used in § 38 to 
find the slope of a curve at any point. Furthermore, it 
should be clearly understood that during the process of 
differentiation x and y are regarded as having fixed values, 
while Ax and Ay vary and approach 0 as a limit. (Com- 
pare: Ex^ple § 38ii) 

Example 1. Find ^ j if y = x® — 2 x 4- 4. 

CtQj 

tSoLution. Substituting x + Ax for x, we have 

y 4 Ay == (x -h Ax)® T“ 2(x 4- Ax) 4* 4 

= X® 4 3 X® Ax 4* S X (Ax)® 4 (Ax)® — 2 x — 2 Ax 4 4. 

Subtracting y from y 4 Ay, 

4 3 ir (Ax)® 4 (Ax)® — 2 Ax. 

Dividing by Ax, 


% 
•Ax " 


3 X® 4 3 X Ax 4 (Ax)® — 2. 


Ay 


Let Ax — 0. The second and third terms of — will evi- 
dently approach 0. ® ' 

f^=3.= -2. 

dx 

Example 2. If/(!5)='^> find'/'(«). 

/(^)4A/(^) = /(^4A^) 

2 


Solution, 
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A /(0 = 


t -f- bkt 


2 

1 


_ -2M 
t (t -f- 

A /(0 - 2 

Alt !t(«; + A<)‘ 

Let Ai approach 0, and we have 

|/(0 . or /'(0 ,=-|. 
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dy 


1« Find ^ for eacli of the following : 


dx 


4 


b. y, == 2 — 


y =: ic ® — a ;. 


^ 8 
l ^ y =-. 


e. y = 2 a;® — 3 a;l 

1 

y. y = a; H 

a; 


2. If ^ = F(«), write four symbols for the derivative of u 
with respect to z, 

j 

3. Show that — - a;^ = 4 a;* 

dx 

4. Findf^if s = -^. 

dt t — a 

^ if s = -• 
dt t 

6. Find 5 ' if s == a^® — hf. 

7. Find /' (a;) if f(x) = ax? + + c. 

'8. Find P'(«) if' 

9. Find y'(«) if g (z)=ii az — 2 z^. 
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jfi. Find if ary = 12. 

11. Find if ^(0- 

12. Find I if y=^-^- 


13. Find ^ if,y = 
dz 




+ (l^ 


44. The Derivative as a Slope. Using the notion of deriv- 
ative, we can recast the method given in § 38 in the fol- 
lowing theorem: 

Theorem, The slope of a cur'oe at any point is the deriv- 
ative of y with respect to x. 

Proof Let P {x, y) be any point on the curve and let Q be a 
neighboring point on the curve. The coor- 
dinates of Q are x + Acr, y + Ay . Hence 

the slope of the secant PQ 

By the definition of a tangent, the tan- ^ 
gent line PT is the limiting position of PQ 
as Q — > P or as Ax 0. 

Therefore the slope of the tangent = 

But, by definition of derivative, 

Ax-oAa; dx 

Hence the slope of the tangent 



Example, jd mu me siope of the curve whose equation is 
+ 2 y = 8 at the point where-a5 := :2 ; also; it^ inclination at 
that point. 

Solution, Solving the equation for y in terms of x, 
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Differentiating with respect to x, 

y+Ay = 4-r^ + 2a;Aa; +(Aa;y^ 
2 

Ay _ — 2 X — J^x 
Aic 2 ^ 

2 a; 

t3?5C 2 



Thus — .T is the slope at a??.y point. 

At the given point, x = 2; hence m = — 2. 

Since m = tan a, the inclination is the angle whose tangent 
is — 2, or 116.57° (116° 34'). A carefully drawn figure verifies 
the result. 

45. Differential Calculus. The student should not be mis* 
led by the theorem of § 44 into thinking that derivative is 
merely another name for slope. The use of the derivative 
in finding the slope of a curve is only one of many appli- 
cations, of which others will be studied in later chapters. 
In fact, the study of the properties of derivatives and the 
solution of problems with their aid form a large part of 
that branch of mathematics known as differential calculus. 
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PROBLEMS 

1. Find tLe slopes of the following curves at the points indi- 
cated, and in each case draw the curve and the tangent (or tan- 
gents) with the proper slope : 


CC®; X=:ly — 1. 

?/ = — 5 a? + 4 ; y = 0. 

c. 3/ = £c®— 4a;; a;==l. 

d. ajy = 12 ; a; = — 3. 


e. y = 3 + 2 a; — a; == 0. 
/. y = (a? ~ 2)®; a; = 3. 

2^ = ^^5 a; = 0, ± 1. 


2. By setting ^ = 0, find the points at which the tangents 

to the following curves are parallel to the cc-axis, and illustrate 
by a figure. 


fl. 4 y = 16 4- 12 a; — a;^ c. 6 y = 2 a;® — 3 a;^ — 12 a; + 6. 
6, 6 y = cc® — 12 03. d. ojy — a;® = 4. 


3. Write the equations of the tangents at the points given 
in Problem 1. 

4. In Problem 1, c, find the slope of the secant through the 
points whose abscissas are 1 and 1.05, and compare your result 
with the one obtained by differentiating. 

5. For the following equations tabulate the values of a:, y, 
and m (the slope) corresponding to the values of x given ; draw 
the tangents at the points indicated and then draw the curve. 

a. y = ~ 5 CC + 4 ; a; = 0, 1, 2, 2.5, 3, 4, 5. 

ft. y = 3a; + a; 4, - 3, ~ 2, - 1.5, - 1, 0, 1. 

c. XT/ = — 6 ; a; = 0, ±1, ±2, i ib 4, i 

d. 8 y = a;® ; x = 0, ±1, ±2, ±3. 

Differentiate y == Vac. 

Hint. Rationalize the numerator of — • 

Ax 



CHAPTER IV 


DIFFERENTIATION OF ALGEBRAIC FUNCTIONS 

46 . The general method used in the previous chapter for 
finding a derivative is applicable in theory to any function ; 
but m practice the calculation of a derivative by this means 
involves a large amount of labor, unless the function is of 
the simplest type. Fortunately it is possible to obtaih for- 
mulas which may be used for differentiating all the func- 
tion's ordinarily met in elementary mathematics. 

In this chapter we shall derive formulas for the differ- 
entiation of algebraic functions ; that is, functions involving 
sums, products, and powers of the independent variable x. 
Formulas for the differentiation of trigonometric, ' loga- 
rithmic, and exponential functions will be found in Chap- 
ters XIV and XV. 

47 . Derivative of a Power of ;r. Application of the gen- 
eral rule shows that 


A 

dx 


x^=2x, 


^ x^=Bx\ ^ = 4 x\ etc. 


dx 


Now let y = x”, where n is any positive integer. Applying 
the general rule of § 43, we have 

I. y-l-Ay = (2:-f-A2:)”. 

The second member may be expanded by the binomial 
theorem, giving 

y,+Ay = ar+naf‘-'^Ax + - ^ of " ^ (Aic)^ +■ . . . 4-(Aa:)". 

06 



96 


INTRODUCTION TO THE CALCULUS 


II. A?/ = + . . . + (Axy. 


+ — a;’* -(Aa:) + 

1l • Z 


■ (Axy-\ 


When Ax approaches zero as a limit, the limit of the first 
term, on the right is nx'^“‘\ and the limit of each of the 
other terms is zero. Hence, by Theorem I, § 40, 

ax 

Hence 


Corollary, If y 
we have 


§1- 


1. For in this case n =1, and 


^x = lx^ by Formula I 

dx ^ 

= 1. Since by algebra 

This result we write as a separate formula 

(la) I— jir = l., 

^ ^ "-.dir 


Note. This result could have been foreseen by considering the 
graph ol y ^ X, which is a straight line of slope 1. 

Formula I has been proved only for the case when n 
is a positive integer ; but it is valid also when n has any 
constant value, positive or negative. For example, as may 
be verified by the general rule, 

d r d I 1-1. 1 

— \^x = — x^=:-x ^ = — p 
dx dx z 2 Vo; 

, d/l\ d . .3 2 

The proof of the formula when n is not a positive integer 
will be found in Chapter XIV. 
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48. Derivative of a Constant times a Power. The deriv- 
ative of lex , where A is a constant, is h times the derivative 
of a:’*. That this is true may be seen by reference to the 
proof in § 47. If we there replace y = a” by y — ia:", we find 
that the effect is to multiply the right-hand side of each of 
the following equations by h. Hence step IV will become 

^ \ or Imed' ” \ 

dx dx 

E’or example, ~ (6 x*) = 6 • 4 24 a:^ 

dx 

£(- 6 ^)— 5 . 

49. Derivative of a Constant. Suppose that y = c, where 
c is a constant. Applying tlie general rule, we get 


I. 

y+i^y^c. 

II. 

o 

11 

<1 

III. 

^ = 0. 

IV. 

?=»• 

dx 

Hence 


(11) 

II 

\ ? 


In words, the derivative of a constant ivith respect to any 
variable is zero. 

This result could have been foretold by referring to the 
geometric interpretation of the derivative. The graph of 
yz=c is a straight line parallel to the a^-axis, and the slope 
of this line is zero. 
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50, Derivative of a Sum of Functions. Let 

where u and v are functions of x. Applying the general 
rule, we get 

1. y + == w + Aw 4* 'y + 

IL Ay=Aw4-Av. 

Ill 

Aa; Aa; Aa; 


WhenAa; approaches zero as a limit, the limit of the 

du • • 

first term on the right is — , and the limit of the second 

7 QjUC 

(lAi 

term is — . Hence, by Theorem I, § 40, 
dx 


IV. 


dx Aa; 

= lim^ + lini 
Aa; 

^du ^dv 
dx dx 


Lv 

Lx 


Therefore 

(III) 


dx 


(u + i;)=: 


du dv" 
dx^'^‘ 


It is apparent that this proof can be extended to the case 
where y is an algebraic sum of any number of variables, 
and the formula may be stated in words as follows : 

The derivative of an algebraic sum of any number offunc’ 
tions is equal to the same algebraic sum of their respective 
derivatives* 


51. Summary and Examples. The methods and formulas 
of §§47-50 enable us to differentiate at sight any poly- 
nomial. W e can also differentiate products of polynomials 
and fractions whose denominators consist of a single term, 
by first reducing them to the form of a polynomial. 
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We may therefore easily find the slope of any curve 
which has an equation that can be reduced to the fol- 
lowing form : y equals a polynomial in x. 

Example 1. If y = 5 a* — 3 a:^ -|- 6 -|- 2 x~^, find 

Solutwn. f = ^(5 *0 - £(3 + £(6) + £(2 

= 20 — 6 cc “ 2 By Formula III 

The derivatives of the first, second, and fourth terms were 
found by means of Formula I and § 48. The derivative of 6 
is zero, by Formula II. 

Example 2. liy ^{2 x + Z) {x^ — 2), find ^ • 

Solution. Multiplying the two polynomials, we have 
2/=2aj®+3a;^— 4cc — 6. 

Differentiating, as in Example 1, we find that 

^ = 6*^-1- 6a: -4. 
dx 

In a later section we shall obtain a method of differentiating 
a product without multiplying the factors. 

Example 3. Find the slope of the tangents to the curve 
2 

whose equation is y = £c -t- - at the points (2, 3) and (-2,-3). 

X 

Draw a figure, showing the 
curve and the tangents. 

Solution. Since the slope of 
the tangent to a curve at any 

point is ^ > we must differen- 

OjOC 

2 

tiate 2/ = a; + - • This may be 
written in. the form 
y = a; 4- 2 



Fig. 53 
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Differentiating, we have 


dx 



Substituting a; = 2 in the derivative, we find that the slope at 
(2, 3) is 1 — I = Similarly, the slope at (— 2, — 3) is also 
In drawing the tangent the method of § 12 should be used. 
Since the slope is this means that the tangent rises at the 
rate of J vertical unit per horizontal unit, or 2 vertical units for 
each 4 horizontal units. Hence a second point on the tangent 
at (2, 3) is (6, 5). 

PROBLEMS 


1. Write the following functions in a column, and opposite 
each one write its derivative with respect to the independent 
variable : 5 x\ 2 4 6 x’~^j — 7 7rr^, tt/, 3 z^. 


2. Find ^ for each of the following functions : 



d. ?/ = 6 — |a;®. 

y = 5 £c'^ — 3 + 6 x~b 

= 3 x^^ — 7 X® + 11. 

jji^y = 3 — 5 X. 

f.y=: ax^ -h 5x + c. 

3. Find 



c.fit), ilfit) = %t^+l- 

^ dx X 



e, <^'(ic),if <j>(x) — — 4cc”®+ GVcc. 


4. Differentiate each of the following functions (in each case 
first reduce to the form of a polynomial by multiplication or 


division) : 

]/y = 




C. fit) = 


d. <i,it) = ii-iy. 

e. y = a? (a + cc) (a — x). 

f. s; = (w 4* 2) (2 — 1). 

6 -- 4 
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5 Differentiate tlie following functions, and in each case 
ciMpute the value of the derivative for the given value of x : 

1 4 _3 ^ 

^""2* c.y=x^ + x ^a; = 9. 

b. y = -y/x H — ^ ? a; = 4. d. 3/ = x® — 2 + ~ ? a; = 3. 
Va; x^ 

6. Bind ^ from each of the following equations. 

Hint. First solve for y . 


a. + 2 xy = 6. 

b. xy = 18. 

c. xy — 2 X — 5. 


d. Vx + = 1. 

e, xhj = — 10. 

/. xy^ = 4. 


7. Find the slope of each of the following curves at the 
point indicated and draw an illustrative figure : 


a, y = — — 3 X] X — 4. 

&. 3 2/ = 25 X — ; X = 10. 

c, y = ~x^ — 2 X ; x = 2. 

d. x^ + 2 x?/ = 12 ; X = 2. 


e. x‘'^y = 16 ; x = 3. 

/. 8 y = x'^ — 4 x^ ; X = 3. 
5^. xy = 12 ; X = 2, 3, 4, 6. 
h, if' — ^ X] x = 


8 . Differentiate y = x“^ = ^ by the A-process. By the same 
method show that the derivative of x“" is 


x^” 

9. Show by the A-process that if y = x, = 1. 


10. Find a point on the graph of y^ = 8 x where the inclina- 
tion of the tangent is 45° 

11. Sketch the graph of y = x^. Then, find the slope of this 
curve at the origin and correct your graph accordingly. 

12. Show by differentiation that the slope of the line whose 
equation is y = mx + 6 is m. 
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52. Derivative of the Product of Two Functions, Let 

y == w, where u and v are functions of x. When we give 
X an increment Arc, u and v will have increments and Av, 
since u and v are functions of x ; hence y will have an in- 
crement, since it is the product of u and v. Therefore, 
when we apply the general rule, we have 


1 . 

II. 


HI. 


y +b.u) (y + Av) 

=zuv + uAv 4- vAu 4“ AuAv, 

Ay = uAv 4- vAu +AuAv. 

Ay Av , Au , . Av 

= u— 4- V— +Au— • 

Ax Ax Ax Ax 


During the process of differentiating, the independent 
variable is supposed to have a definite fixed value x^. 
Consequently the functions v, and y have corresponding 
definite fixed values. The quantities which vary during 
this process are the increments Ax^ Aw, Av^ and Ay, 

Consider separately the three terms of the second mem- 
ber. The first term consists of a product whose first fac- 
tor does not vary when Ax approaches zero as a limit. 

The second factor approaches ~ as a limit. Hence, by 

Theorem II, § 40, the first term approaches m as a limit. 

- (XX 


Similarly, the second term approaches v — as a limit. 

ax 


The first factor of the third term approaches zero as a 

limit, while the second factor approaches — . Hence, by 

ax 

Theorem II, § 40, the limit of the third term is zero. The 

third term might also have been written ^At^, from which 
the same result follows. ^ 



ALGEBEAIC FUNCTION'S 


103 


Finally, by Theorem I, § 40, we have 


IV. 


dy dv du 

Tx-^Tx'^'^Tx 


Hence 

(IV) 




„dv , du 
u — hr — . 
dx dx 


In words, the derivative of the product of two functions is 
equal to the first function times the derivative of the second 
plus the second function times the derivative of the first. 


Example. Differentiate y = (2 a: + 3) (ai“ — 2). 

J 

Solution, Here = 2 a; +• 3 and t) = — 2. Hence — = 2 

dv ^ 

and ^ 2 Applyiiig Formula IV, we have 

^=i2x + Z)(2x) + (x^-2)i2) 

= 4a;^+3cc + 2cc^— 4 
= 6 a;^ -f- 6 cc — 4. 

Compare this result with that obtained in Example 2, § 51. 


53. Derivative of the Product of a Constant and a Function. 

An important special case of Formula IV occurs when one 
• du 

factor is a constant. If w = <?,—= 0, by Formula II, and 
Formula lY becomes 


(IV a) 




In words this may be stated thus : The derivative of a 
constant times a function is the comtant times the derivative 
of the function. 

Note that the work of § 48 is a special case of For- 
mula IV a. 
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54, Derivative of the Product of Several Functions. If y 
is the product of more than two functions, the derivative 
may be obtained by repeated application of Formula IV. 
Thus, if 2/ = ww, we may write 


Hence 


Hence 

(IV&) 


y =Z u(yw). 

dy d ^ ^ , du 

^=zu — (yiv) -{-vw — 
dx dx dx 


dw dv 

c v—-^zo— ■ 
dx dx^ 


' vw 


du 

dx 


dw 


du 


dv 


dx^ ^ dx dx dx 


A convenient form is obtained by dividing both sides of 
this formula by uvw. The result is 


(IVc) 


uvw 


du du dw 
dx dx dx 

— j j 

uvw 


These results can be extended to the product of ai\y 
number of functions. In actual differentiating, however, 
neither of the Formulas IV 6 and IVc? is often used. It is 
usually better to reduce the given product to the form of 
the product of two functions only. For example, if the 
function is y = a;(a +a;) (a ~ 3 a;), we transform this into 
y = {ax + (a — 3 a;) before differentiating. 

55, Derivative of the Quotient of Two Functions. Let 

^ = vrhere u and v are functions of x. Applying the 


general rule, we have 


2/4-A2/ = 


u ”f Aw 


I. 


V -fAv 



ALGEBEAIC EUNCTIOISrS 


105 


IL 


III. 



11 +Aw 
V + Av 


u 

V 


uv -f- v^u — uv^ u/^v 


V Aw — wAv 
-\-vAv 


Au Av 

v~ u— 

Ay Ax Ax 

Ax + vAv 


By Theorems I and II, § 40, the limit of the numerator as 
Ax approaches zero is 


""dx '^dx 


and the limit of the denominator is v^. 
Hence, by Theorem III, § 40, 


IV. 


du dv 

V u — 

dy dx dx 

dx 1? 


Hence 


(V) 


du dv 
V - — u — 
d (u\_ dx dx 

dx\v/ 


In words, the derivative of the quotient of two functiom is 
equal to the denominator times the derivative of the numerator 
minus the numerator times the derivative of the denominator^ 
all divided hy the square of the denominator. 

Special Case : the Denominator a Constant If v = k a 
constant, Formula V becomes 


A. 

dx 
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whicli is the same as Formula IV a, where c is replaced 
by — • Hence, to differentiate where A: is a constant, 

iC iC 

%t 1 

write 7 in the form j («) and use Formula IV a. 

fC fc 


Example 1. Differentiate ^ — 


Solution. d d 

dx (£C® — 3aj)^ 

_ (aj8~.3cc) (2 x)-(x^ + l)(Sx^--3) 
(x^--3xy 

_ — — 6 4* 3 

(x^--^3xy 

Example 2. Differentiate y = — . 

Solution. This may be written as 

y = J(4 x^—1 x’^). 

Hence^ by Formula IV a, we have 

^ i /A ^8 T 


x^-{-l 
x^ — 3 x 


dx 5 dx 


(4 —1 a?") 


= -J- (12 — 14 x) 

12 ic® — 14 cc 


, byV 


Example 3. Differentiate y = 


4 x® — 7 £c^ 


d:y (4a:®~-7x2)(0)^5(12x2-14a;) 

(4 x®~- 7 x^)^ ' 

_ -10(6 a; ~ 7) 

“ x\4tx-iy 


Solution. 
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PROBLEMS 


1 . Differentiate each of the following functions by means of 
Formula IV, and check your answers by obtaining the derivative 
according to the method of Example 2, § 51 : 

= (2 a? — 1) (3 cc -h 2). d. (u^ — 2 (^1 + 

h, y (cc® — 4) (2 35^ — 3). e, f(x) = a; (1 — cc) (1 + a;), 

c. s = — 3 t) (f + 4 f). /. 2/ == — ic -f- 1) (aj^ + a; + 1). 

2. Differentiate each of the following functions: 


a. y—\x' 






k.y = 


X -rr VaJ 

a: -h Vaj 


c,y- 


— 2x 


d. y = {3 x^+l){2x^ +l). 

e. /(») = (35^+2 a5){^, + ^)- 

f 1-^+^ 

® 1 + t + f' 

g. u=(t — 1) (i + 1) (t + 2). 

.• . (l-x)(l + 2x) 


2 + x^ 

, - f 

L s = r> * 

Tfl* U — o . 2 * 

z^ + or 

n. X -\- y ~ 2 xy = 0, 

^ 8(t“ 

x2 + 4a2' 

-8 

9-y = -, — U- 


x^ + 


3. Differentiate each of the following functions, and compute 
the value of the derivative for the indicated value of the independ- 
a. y = (x + 4)(3-^j>x = 4. d.y= ^_^ ,x=3. 

6 . s = ^^>!5 = 2 . e. xy=y+2, x=0. 

t + 2 y 

c.u= / z = 2. |^= X = 7. 

V« + 2 ^ ^-1 


c. = — jz J 9. 

+ 2 


a; = 7. 
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whicli is the same as Formula IV a, where c is replaced 
by — • Hence, to differentiate where A: is a constant, 

iC iC 

%t 1 

write 7 in the form j («) and use Formula IV a. 

fC fc 


Example 1. 


Differentiate y = 


cc® — 3 ic 


Solution. 

dx 


(x® — dx) 




dx) 


(x^ - d xf 


(x^ - d x) {2 x)- (x^ + 1) (3 ~ 3) 

(x®-3x)2 

— — 6 4* 3 

(x®-3x)2 


Example 2. Differentiate y = ^ 

Solution. This may be written as 

y = J(4 X®— 7 x^). 


byV 


Hence^ by Formula IV a, we have 


dx 


1 

5 dx 


(4 X® — 7 x^) 


= -J- (12 x^ — 14 x) 

_ 12 X® — 14 X 
_ _ 

5 

Example 3. Differentiate y = ^ • 

^ 4 X® — 7 x^ 

rfaj (4a:»-7a;y 

-10 (6 a: -7) 

“ a:®(4!C-7)“ 


by? 
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y is said to be a function of a function. W e now proceed 

to derive a formula for obtaining ^ in cases like this. 

ax 

Let y ^f(u^ and u = In general, if x takes on an 

increment Arr, u will have an increment At<, since w is a 
function of x. The increment Au will cause y to have an 
increment Ay, since y is a function of u. 

By elementary algebra, ^ — , 

Ax Au Ax 


If Ax approaches zero, Au also approaches zero ; hence 
we may apply Theorem II, § 40, and the definition of a 
derivative, getting 

(VI) 

dx du dx 

Examplpi Let y = 4: x ~ S x^. We may write this as 

y =2 where u =: A x -- S Hence Formula VI applies, 

__ 1 _2 1 

du 
dx 
dy 


and we have 


and 


Hence, by Formula VI, 


= 1 
1 


6 X. 

6 X 


dx 


A result in terms of x only may be obtained by substituting 
for u its value in terms of x. 


57. Derivative of a Power of a Function. An important 
special case of F ormula VI occurs when y = where n 
is a constant. Then, by Formulas I and VI, 


(VII) 


dx 




L^. 

dx 


This formula will be used constantly, and care must be 

du 

taken to avoid the common error of forgetting the factor — • 
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Example 1. Differentiate y = VS .'r. 

Solution. If this is written as y = (Sx) ^, we see that y is 
of the form where 

u = SXf n = and ^ = 8. 

2 dx 


Hence, by Formula VII, 

|-|(8«)-*(8) 


22. 

ViC 


■Vsx 2V2a; 

If we write the given expression as y = we can differ^ 
entiate by means of Formulas I and IV a, and we obtain 

2 2Vic 2 Vcc Va; 

as above. Note that neither method gives as a result ^ (8a;)“^, 
the result of the error alluded to above. 


Example 2. Differentiate y == ‘\/a^ — x\ 

Solution. Here u — — x^^n — ^y and ^ = — 2 x. Hence, 

by Formula VII, ^ 


Example 3. Differentiate y = • 


(2x2 -3)2 

Solution. This can be differentiated by the rule for a frac- 
tion j but when the denominator is a power and the numerator 
is a constant, it is better to use the power formula, as follows : 
y = 7(2x2-3)-2. 

I — 14(2a=--3)->(4*) 


56 s 


(2a?-zy 
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^^8. The Derivative as an Aid in Curve-Sketching. The 

fact that the slope of a curve at any point is given by the 
value of the derivative at that point is of considerable 
assistance in quickly obtaining a fair sketch of a curve. 
Usually, if the points where the tangents are parallel 
to the aj-axis are found, a very good idea of the general 
shape of the curve can be obtained by finding two or three 
more points. This is because the points where the tan- 
gents are horizontal are usually (not always) the highest 
or lowest points of the curve in that neighborhood. The 
slope at points of intersection with the a;-axis is some- 
times a help. 


Example 1. Find the points where the tangent to the curve 
whose equation is y = |_|_2a: + 2 is parallel to the 


a>axis, and sketch the curve. 

Solution. Since the tangent is to be 
parallel to the oj-axis, we must find the 
points where the slope is zero. Differ- 
entiating, we have 


dx 


2 , 


Setting this equal to 0, we obtain 
x^ — X 2 = 0) 
whence {x — 2) (a; + 1) = 0, 

or a: = — 1 and cc = 2. 



Fig. 54 


Substituting these values in the given equation, y = 
and y = — Hence the required points are (—1, and 
(2, ^ I). Three other points easily obtained are (0, 2), (3, ^), 
and (— 3, — Since there are but two points where the 
tangent is horizontal, the curve must rise continuously at the 
right of the point (3, and fall at the left of the point 
(- 3 , ~ 
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Example 2. Eind tLe points where the tangents to the 
curve whose equation is y = a;V2 — are parallel to the 
cc-axisj and sketch the curve. 

Solution. Writing this in the form y = x(2 — and dif- 
ferentiating, we have 

^ = |(2 - 2 *) + (2 - (1) 


2(1-*^) y- 

(2-x^i ■ 

Setting the derivative / \ 

equal to 0, we obtain j n 

^ . 

a; = — 1 and -f 1. The 1 * / 

\ } X 

corresponding values of y \ / 

\ 

are — 1 and +1. V 

\ J 

From the given equation 


we find that the cc-inter- 



cepts are 0 and ± V2. For Fig. 55 

the latter values, ^ ; hence at these points the slope 

is infinite and the tangents are perpendicular to the cc-axis. 
In the figure the dotted line shows the graph of 
y=z — x V 2 — x‘^. 


PROBLEMS 


1 . Find ^ for each of the following functions : 


2/ = w®, w = 2 4 * 


c. y=^i^—u^,u=2x^--x-\-l. 
^ u 2x — S 


6. yz=‘\/Z — UjU=zx^+2x. d. y— u = - 

u — 2 2x + S 

2. Differentiate each of the following functions : 
a. 2/=:V4 + 3a;. d. y = ^7 — 2 x x^. 


b.y=, (5 -2 xy. 


e. y = * 

— x^ 

f. y = (2 — 3a:) ^ 
fg) y = Vl + as®. 
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^ ^ V a;^ + 4 x4-10 ’ 

vx 4- 4 X 4- lu *. s = (4 — uy. 
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3. Differentiate each, of the following functions in two ways 
and show that the answers thus obtained ai-e identical : 

a.y=(Z + 4x)“. b. y = V27 -f (2 t)K 

4. Find ^ in each of the following equations : 

a. £c^ + 2/2 = 9. c. = 2;px. 

b. + a^2/^ = d. -f- 2 ^^ = a^. 

5. Find the points where the following curves have horizon- 
tal tangents, and sketch the curve in each case : 

a, 2/ = 3 £C — x^. d* y = (x — 3)®. 

b, y^x\x-2)\ e.y^ = x\ 

c, y = J - 2 x® - 1. /. y = (a; _ 1) (a, 4- 1) (a; - 2). 


6. Show that the graph of any equation which has the form 
i/ = a bx + cx^ has one point where the tangent is parallel 
to the ic-axis. 

7. Find the inclination of the tangent to the circle whose 
equation is x^ y^ = 20 at the point (2, 4). 

8. Find the slope of the curve whose equation is a;^~42/^=20 
at the point (6, 2) and write the equation of the tangent, 

1^9. Inverse Functions. From the definition of a function 
it follows that if y-=f(x), then is a function of y, and 
this may be written x=g(jjy In simple cases the second 
relation may be obtained by solving the equation connect- 
ing the variables for x in terms of y. For example, if 
, 0:2-2/ -1=0, 
then 2/=/(^) = ^-l, 

while ^ = .^(y)=±V2^ + l. 

Such functional relations are called inverse. 
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When it is easier to get a: as a function of y than to 

get y as a function of x, ^ may be found by using the 
formula 

dx dx 
dy 

To prove this relation observe that, by algebra, 

^ = J_. 

Ax Ax 

Ay 

As Ax approaches zero, Ay in general approaches zero 
also. Hence, if we pass to the limit, we obtain 

(VIII) ^=JL. 

dx ^ 

dy 

Also 

(Villa) 

dy ^ 
dx 

That is, the derivative of a function is the reciprocal of 
the derivative of the inverse function. 

This may be verified, for example, in the case of the 
functions mentioned above. If 




then 

^-^x- 

dx 

and if 

a: = Vy 4-1, 

then 

dx 1 

d-y ‘2rJy -f- 1 


It is obvious that 2 x and — are reciprocals. 

2Vy+l ^ 
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60 . Formulas for the Differentiation of Algebraic Func- 
tions. With the formulas derived in the previous sections 
any algebraic function may be differentiated. The most 
important ones are collected here for convenience. 


(I) 

dx 

(la) 

dx 

(11) 

o 

II 

(III) 

dx^ ^ dx dx 

(IV) 

d f ■. do du 

(IV a) 

/ N dv 

(V) 

^ do 

dx ^ dx 
dx\v) i>» 

(VI) 

dy _ dy du 
dx du dx' 

(VII) 

dx dx 

(VIII) 

dy _ 1 
dx dx 


dy 

The following examples illustrate the differentiation of 
several types of functions relatively more complicated 
than those given before. 
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Example 1. Find the derivative of ?/ = V 3 + 4 V.x. 
Solution. This may he written in the form 
2/ = (3 + 4-v^)^. 

^ i (3 + 4 (4 Vx) by Formula VII 

CLOC Jj CuOC 

= - (3 + 1 Vic) ^2 a; by Formulas I and IV a 


(3 + 4 Vic)^ + 4 £c^ 

Example 2. Differentiate y — x V2 — 3 x. 
Solution. y = x(2 — 3 x)^. 


^ = X ~ (2 3 x)^ + (2 - 3 x)^^x by Formula IV 


c?x 


= a:h2 - 3a;)-i(- 3)4-(2 - 3x)i 

^ r -m 


— 3x 


2V2-3a: 
4 — 9x 


+ V23^ 


2 V2-3x 

Example 3. Differentiate y = 


by Formulas VII and IV a 


By simplification 


Vx^ + 


Vx^+ — x^-^ Vx^+ 

, dy dx dx 

Solution. " """ ' g"" by Formula V 

OjX X “p" CL' 

Vx^ +, • 2 X — ' x^ i (x^ + (x^ + a'"^) 

x^ + 

by Formulas I and VII 


2 X Vx^ + a? ■ 


= .2c 


2Vx2+a^ 


X® + 2 a^x 
(x^+a^)^ 


x^ + a^ 


by Formula I 
By simplification 
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1 . Differentiate the following functions ; 
a. s = 4t^-4V't. g.y=\ 


c. 2/ = Vs ~ cc. 
d* u — t Vi + 
e, f{x)— x Vt — ^x. 


f.s = 


Vl + 2i 


3 -f- 

i. y =: - ■ . 

V4 

y. y=:(3-.a:«)i(2+a;")i 


2. In the following problems find the value of ^ for the 


given value of x ; 


a. y = j cc = 2. 


^•y = o ^x = 2, 

3 — X 

C. y = V7x -^7 Va; 4-“^ x = 7. 

^ Via? Va‘ 


e. y = V<x* — X = a. 

3. In the following equations find 

ax 

a. X = Vy 4- -Vy\ 6. X = V4 4- 2/2 — 2/^. 

c, X = 3 V4 — 2 /^. 


4. Draw the graphs in a, c?, and e of Problem 2, showing 
the tangent at the point indicated. In each case check the 
graph by finding the slope at two other points. 

5. Show that the slope at any point of the curve whose 

P 

equation is y‘^=2px is — • Illustrate by a graph. 
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6. Show that the slope at any point of the curve whose 


equation is aj = ay^ is 


1 

3 a/ 


Illustrate by a graph. 


7. Eind the point at which the tangent to the curve whose 
equation is x^a + hy-{-cy^ is perpendicular to the a:-axis. 
Take a = $ == c = 1 and draw a figure. 


61. Implicit Functions. Let a relation between x and y 
be expressed by the equation 

0 . ( 1 ) 

Th is equ ation may be solved for y^ in which case 
y a?* is called an explicit function of a?, or it may 

be solved for x^ in which case is called an 

explicit function of y. If the equation is not solved but 
stands in the original form (1), it is said that y is an 
implicit function of x, or x is an implicit function of y, 

A derivative may be calculated from either the implicit 
or explicit form of the function. Suppose that, in the 
example above, it is desired to find the derivative of y 
with respect to x. 

If the explicit form is used, y = 

whence ^ — — Z-£ 

If the implicit form is used, it is necessary only to 
differentiate the terms of equation (1) as they stand 
with respect to x. The result is 

2* + 2y|_0, 

^ X^ 

dx y 


whence, by solving, 


( 3 ) 
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The results in (2) and (3) are easily seen to be identical. 
In the example above there is little choice between the 
explicit and implicit forms of the function. In some cases 
the implicit form is more convenient. 

Consider, for example, 

a:" + 3 - 4 a; + 8 y - 1 2 = 0 . 

It is possible to solve this equation and to get an explicit 
expression for y as a function of x. It is far more con- 
venient, however, to calculate ^ from the implicit form. 
Thus, differentiating the terms as they stand, we have 

2.. + (3a;| + 3^,)+2^|-4 + 8g = 0. 

Solving this equation for the derivative gives 
_ 4 - 2 rg - 3 y 
djX 8 -f- 3 a? 4" 2 y 

In still other cases it is impossible to solve the equation 
for either y or x, and the implicit form must be used to 
calculate the derivative. For example, 

a:® 4- a;y 4- y® — 3 = 0 

cannot be solved algebraically. The derivative of y with 
respect to x can be calculated, however, by differentiating 
the terms as they stand. 

Th„. 6^ + (.|h.,) + 6/|.0. 

whence, solving for the derivative, 

dy _ 6 4- y 

dx a:4-6y® 

Note that when the derivative is found by the implicit 
method, it is usually a function of y as well as of x. 
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Example. Eind the slope of the tangent to the ellipse 
whose equation is + 2 i/* = 24 at the points where x = 4. 

Solution, Differentiating im- 
plicitly, we have 

2x+Ay^^Q, 


whence 



Fig. 56 


dy_ X 
dx 2y 

Since the derivative involves 
both X and y^ we must find the 
value of y from the given equa- 
tion. When 33 = 4, 2 / = ± 2. 

Substituting in tbe expression for ^ , we find that the slope 
at (4, 2) is — 1 and the slope at (4, — 2) is + 1. 

lea,. Successive Differentiation. If y is a function of x, 
(tMt is, if y —fQc)') the derivative is also a function of x. 

I =/./'(»). 

This new function of x can be diflFerentiated with re- 

dyf 

spect to X, giving > which is called the second derivative 
dx 

of y with respect to x. This process can be continued, 
and by successive differentiation we obtain the third deriv- 
ative, /ourtA derivative, etc. 

Notation- If y=f(x)^ the following notations are used 
for the derivatives: 

% = y'=f'(x'). 


First derivative, 
Second derivative. 
Third derivative, 


dx 

dx^' 


y"'=f”(x). Etc. 
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Example 1. Find the successive derivatives of 
f(x) = x^ — 2a? + &. 

Solution. f{x) = 3 — 4 a:. 

f"(x)=&x-L 

f^ix) = 0. 

Evidently all the derivatives from this point on are zero. 

Example 2. Find the second derivative of y = Va'-' — a:* 
Solution. The first derivative is 


dx 




■ 


Differentiating again, we have 


— X 


Va ^- x \- l)4-u , 

(Pt/ _ Va* — 

^^2 ^2 __ ^2 




PROBLEMS 


dtf 

1. Find in the following equations : 


a. x? 4- — 2/^=0. 

— xpif + y® — 9 = 0. 

c. qf Ar xy X y — 0. 

d. + 3 xy = 31. 


X? -f -f- == 1. 

/. a: + Vxy + y = 6. 
g. (2x)T + (9y)i = 13. 
/z. ic® + y® — 3 axy = 0. 


2. Show that the slope at any point of the ellipse whose 

equation is + aV = a%^ is 5- • 

ahj 

3. Show that the slope at any point of the hyperbola whose 

/a/2 7j2/y» 

equation is = 1 is 4 • 

a?y 
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4. Show that the slope at any point of the circle whose 
equation is 4- 2 /* is — -• 


5. The locus of the equation is a parabola 

whose axis of symmetry is the line a; = t/. Show that the slope 

at any point is — -yj-- Plot the locus for a = 9, taking values 
^ aj 

of X which are perfect squares and using the double sign before 
Va;. Check the graph by noting the slope at various points. 

6. The locus of the equation a;^ -f- is called a hypo- 


cycloid of four cusps. Show that its slope at any point is — 

Sketch the graph by finding the intercepts and the points 
where x = ±y, and the slope at each of these points. 

7. Pind the intercepts of the curve whose equation is 

2 /^ + — ^2 gy differentiating implicitly, show that the slope 

at each of the corresponding points is 0, and sketch the curve. 

8. Pind the slope of the tangent to the curve whose equation 

is a;® 4- 2/* 3 a;y = 0 at the point where x — y. Draw the tan- 

gent at this point and a small arc of the curve. 



9. Find the second derivatives of the following functions : 


y = 4 ic® — 2 £c® — 12. 

&, 2/ = 3 X® — 5 X. 

c. f(x) = 3 — 2 0 ?”^ 

d. f (f) = 8 15' + 1 — ^ • 

e. (cc) = — 4 + 3 V®. 

_ 1 

/• y = 


a:" 


h, y ^ x(a x)(a — x). 
f. ^=:(w-h2)(2w2-l). 

1^1 1 

J. y =: f T- 

X x^ 

k, y=x^ + X^^. 

Ls = f-2 + ^. 


63. Applications of the Derivative in Geometry. It has 
been shown that the slope or direction of a curve at any 

point can be found by getting the value of the derivative ^ 

ax 
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at that point. Other problems which are based upon this 
fundamental idea are the following: 

1. To find the^ points on a curve where the tangent is 
horizontal ; that is, parallel to the a;-axis. 

2. To find the points where a curve has a given direc- 
tion, or where the tangent is parallel to a given line. 

3. To find the angle of intersection between two curves. 
Sy the angle of intersection between two curves is meant the 
angle between their tangents at a point of intersection. 

4. To find the equation of the tangent and the equation 
of the normal to a curve at a given point. The normal at 
any point on a curve is the line perpendicular to the tangent, 
at that point. 

The first of these problems was illustrated in § 58 ; the 
following examples illustrate the others: 


Example 1. Find the points on the circle whose equation 
IS + 'if = 20, where the tangents are parallel to the line whose 
equation is 2 a; + ?/ = 0. 

Solution. Differentiating the 
equation of the circle, we get 




whence 


^ . 
dx 


y 


Since the slope of the given line is 
— 2, we set ^ 

y 

whence a; = 2 y. 



(- 4 .. 2 ) 


Fig. 57 


Substituting a: = 2 y in the equation of the circle, we find 
that y = ± 2. The corresponding values of x are ± 4. The 
proper pairing of these values is determined from the value of 
the derivative to be (4, 2) and (— 4, — 2). 
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Example 2. Eind the. angles of intersection between the 
curves whose equations are y and y ■=2x. 

Solution, Solving the equations simultaneously, the points 
of intersection are found to be (0, 0) and (2, 4). The slope of 
the first curve at any point is given 

by ^ = 2 x, The second curve is a 
r dx 

straight line, and its slope at every 
point is 2. 

A ngle at (0, 0). The inclination of 
the straight line is 63.43° (63® 26'). 

The inclination of the curve at (0, 0) 
is 0. Hence, by subtraction, the angle 
of intersection at the origin is 63.43°. 

Angle at (^, 4). For x — 2 the Fig. 58 

slope of the curve is 4 and its in- 
clination is 75.96° (75° 58'). The inclination of the straight 
line is 63.43° (63°26'). Hence, by subtraction, the angle of inter- 
section at (2, 4) is 12.53° (12° 32'). 



Example 3. Find the equations of the tangent and of the 
normal to the ellipse whose equation is -f- 4 = 8 at the 


point (2, 1). 

Solution. We first 
make sure that the point 
(2, 1) lies on the curve. 
Differentiating the equa- 
tion of the curve, we have 


2a: + 82/^=0, 


whence 


cZy ___ X 

dx , Ay 



The value of the derivative at (2, 1) is — Hence the slope 
of the tangent is — J and the slope of the normal is 2. 
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Using the point-slope form, the equation of the tangent 
PT is 

y — 1=— — 2), or a;-f2y— 4 = 0, 
and the equation of the normal PN is 

2/ — 1 = 2 (a3 — 2), or 2 cc — ?/ — 3 = 0. 

If the equation of a tangent with a given slope is required, 
we first determine the point or points of tangency, as in 
Example 1. 

PROBLEMS 

1 . Find the points on the following curves where the tan- 
gent is horizontal. Draw the figure in each case. 

а. y — d X + x^. d. 2/ = 2 05^ — 

б. 2/ = 4 — cc — e. 2/ = cc® + 1. 

c. 2/ = 3 ic — cc®. f, y = x^ -\-x. 

2 . Find the points on the curve 2/^ = a; where the tangent is 

parallel to the line a; — 42/--4 = 0. 

3 . Find the points on the curve 4cy = x^ where the inclina- 
tion is 45°; 135°; 60°. 

4 . Find the points on the curve y=Sx^-{-x^ where the 
tangent is perpendicular to the line 4:X — 9y — 1S = 0. 

5. Find the equations of the tangent and of the normal to 
the following curves at the points indicated : 

a.y = x^~-2x, ?it (0, 0). d. -h 4 1 / = 20, at (2, - 2). 

2/ = 0?^ — 4, at (1, — 3). e. x^ — 2/^ = 7, at (4, 3). 

c. x^ -f 2/^ = 10, at (— 1, 3). /. x^— 2 2/^4- 4 = 0, at (— 2, 2). 

6. Find the length of the tangent to the curve y—'jp— 6 x 
at (2, — 8) from the point of tangency to the point where it 
cuts the x-axis. 

7 . In Problem 6 find the length of the normal between the 
curve and the 2/-a,xis. 

8. In Problem 5, d, find the length of the segment of the 
tangent intercepted by the coordinate axes. 
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9. Find tlie angles of intersection of the following pairs of 
v^es : 

а. = 2 cc, X — 2 / ^ 

б. 2 2/ = — 4, 8 y == x^ — 4. 

c. + f = 17, 3x- By -j-17 = 0. 

d. x2 + 9y2 = 36, x + 3y = 6. 

e. x^ 4- 2 /^ = 36j x^ = By, 


f-^-^y,y = 


8 


g.o^+'i^ = 25, xy = 12. 


10. Show that the curves whose equations are xy = k and 
it? — y^^k intersect at right angles. 

11. Show that the curve whose equation is ?/ = Aa? + Bx^ + 
Cx + D has not more than two points at which its tangent is 
horizontal. Show that the tangent is horizontal at no point if 
B^^KZAC. 

12. Show that the tangents to the parabola •if = 2px at the 
points where aj = -^ are perpendicular to each other. 



CHAPTER V 

FUNCTIONS — MAXIMUM AND MINIMUM VALUES 

64. The work of the previous chapters has been mainly 
geometrical. We have learned to represent curves and 
straight lines by equations and to solve certain geomet- 
rical problems by means of these equations. In particular, 
the introduction of derivatives has made it possible to find 
the slope of a curve at any point, to find where the tan- 
gent to a curve has any given direction, and to find the 
angle between two curves at a point of intersection — 
problems not solvable by other means. We now turn 
to the study of certain problems which furnish a wider 
scope for the employment of the methods developed in 
Chapters I-IV, but which are not primarily geometrical. 

65. Functions in General. Many of the problems of mathe- 
matics involve the study of quantities of varying magni- 
tude. We shall confine ourselves for the present to the 
case where there are two variables of which one is a func- 
tion of the other. 

In Chapter III the function defined as follows: 
If one of two variables has one or more definite values cor- 
responding to each value given to the other variable^ the first 
variable is a function of the second. We there used the nota- 
tion '' g=f(x) ” to represent an equation connecting x and g ; 
and when x and g had concrete meanings, they were coordi- 
nates of a point tracing the graph of the equation g z=f(x). 

It is clear, however, that the definition is capable of 
much wider applications. The variables may represent any 

127 
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quantities, and we may know that one variable is a func- 
tion of another (in the sense of the definition) without 
thinking of the equation connecting them, or, indeed, 
without even knowing any such equation. For example, 
the velocity of a falling body is a function of the distance 
through which it has fallen; the premium paid on a |1000 
lifednsurance policy is a function of the age of the insured; 
the normal rate of coal consumption of a locomotive is a 
function of the speed. 

In examples like those just stated the functional law is 
sometimes given merely by a table of values of the two 
variables. For example, it is found by 
experiment that the temperature 6° of 
a vessel of cooling water t minutes after 
the beginning of the observation is as 
given in the adjoining table. Evidently 
0 is a function of t, and decreases when 
t increases. The limitations of this 
method of stating a functional relation 
are equally evident: for values of t not 
given in the table we can only approxi- 
mate values of ^ by interpolation if ^ is 
less than 20, and we cannot do even this if t is greater 
than 20. 

66. Derivation of Equations of Functions. For mathemat- 
ical purposes it is desirable, when possible, to express the 
functional relation by an equation or formula connecting the 
variables. The advantages of the equation are (1) that for 
each value of one variable we can calculate the value of the 
other as accurately as we please ; (2) that we can memorize 
the equation, if we have occasion to use the law frequently ; 
(8) that from the equation, as we shall see presently, we 
can deduce many properties of the law of variation. 
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To find the equation connecting two variables, we must 
know the way in which they are related, and translate this 
relation into algebraic language. In many cases this can 
be done by means of the rules of algebra and geometry, as 
in the derivation of the mensuration formulas of geometry 
and trigonometry. The examples below illustrate methods 
available at this point ; more difficult problems are reserved 
for more advanced processes of calculus. 

Example 1. The parcel-post regulations prescribe that the 
sum of the length and the girth of a package must not exceed 
84 in. Eectangular boxes with square ends which come just 
within the rule are to be constructed. Express the volume of 
such a box as a function of the side of the square end. 

Solution. Let x be the length of the side of the square, I the 
length of the box, and V the volume. By geometry, 

V = lx\ 

But the regulations prescribe that 
Z 4- 4 a- = 84. 

Hence we may substitute 84 — 4 for 1. This gives 
V=x\M ~ 4.x), 

or V == 84 XT — 4 

which is the desired solution. 

Example 2. Experiments in an artesian well showed that 
the temperature increased with the depth at the rate of 4°(7 
per hundred meters. If the average temperature at the sur- 
face was 12° C, express the temperature below the surface as 
a function of the depth. 

Solution. Let T be the temperature in degrees and d the 
depth in meters. Since T increased at the rate of 4® per hun- 
dred meters, it increased at the rate of 0.04° per meter. Hence 
at a depth of d meters T had increased 0.04 d degrees. But at 
the surface, T = 12. Thus we have the formula 
T = 12 + 0.04d:. 
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67. Variation. In scientific books we sometimes find laws 
connecting two variables stated like the following; ''The 
extension (i?) of a coiled spring varieB as the weight (W) 
supported.” The phrase "y varies as z” means simply 
that y = hx^ where k is some constant. For example, the 
statement above means that B == kW^ where 4 is a con- 
stant. In like manner the area of a circle varies as the 
square of the radius, for 

One quantity is said to " vary inversely ” f as another 
when the first is equal to a constant times the reciprocal 

k 

of the second. Thus, if y varies inversely as y=z~^ or 
xy == k^ where is a constant. ^ 

In either case the value of the constant can be found 
from a knowledge of a pair of corresponding values of the 
variables. It obviously depends not only on the nature of 
the variables but also on the units of measurement employed. 

Example. By Boyle’s law the pressure of a gas at constant 
temperature varies inversely as the volume. It is found that 
a certain quantity of gas of volume 24 cu. in. exerts a pressure 
of 301b. per square inch. Find the equation connecting the 
pressure and the volume. 

Solution. Let p be the pressure and v the volume. Since p 
varies inversely as v, the desired equation will be of the form 
k 

^ ~ oxpv = k. To find k^ substitute the given values of p and v. 

This gives 24. 30 = A, or A = 720. 

Therefore the required equation is 
pv = 720. 

*The phrase varies as” must be distinguished from the more gen- 
eral phrase ” varies with.” If y is any function of cc, y varies with a, but 
it varies as x only ii y — lex. Thus the area of a circle varies with the 
radius, but varies as the square of the radius. 

t ” Inversely ” because as x increases, y decreases, and vice versa. 
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PROBLEMS 

1 . Express the area of a square as a function of its diagonal. 

2. Express the radius of a sphere as a function of (a) its 
volume, (b) its surface. 

3. A rectangle is inscribed in a circle of radius 10. Express 
the area of the rectangle as a function of (a) one side, (b) the 
angle between a side and a diagonal. 

4. In a circle of radius 10 express the length of a chord as 
a function of its distance from the center. Tabulate the various 
lengths of the chord for integral values of its distance from 
the center. 

5. Express the volume of a cylindrical parcel just satisfy- 
ing the parcel-post regulation as a function of its radius. Cal- 
culate the values of the volumes corresponding to radii 6 in., 
8 in., and 10 in. 

6. The cost of setting the type for a pamphlet is $500, and 
the charge for paper and printing is 50^ per copy. Express 
the cost per copy ($C) as a function of the number (n) of 
copies printed. 

7. A closed cylindrical can is to hold 58cu. in. Express 
the amount of material required to make it as a function 
of the radius (r). Calculate this amount for radii 1.5 in., 2 in., 
and 2.5 in. 

8. A road rises with a slope m. If y is the increase in 
altitude per thousand feet measured along the road, express 
y as a function of m. 

9. The boiling-point of water is 212® E. at sea level and 
decreases at the rate of 2® per thousand feet of increase in 
altitude. Express the boiling-point as a function of the height 
in feet. 

10. The pressure of wind on a vertical plane surface varies 
as the square of its velocity. If the pressure per square foot is 
1 lb. when the velocity is 15 mi. per hour, express the pressure 
as a function of the velocity. 
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11. In t seconds a body falls a distance of s feet, where 
s = 1 Its velocity v after t seconds is gt. Express v 
as a function of s. (Here y is a constant, approximately equal 
to 32.) 

12. A rectangle with sides parallel to the axes is inscribed 

in the curve whose equation is 4 -f- 9 2 /^ = 36. Express the 

area of this rectangle as a function of x. 

13. A ball is thrown upward with an initial velocity of 
100 ft. per second. This velocity decreases at the rate of 32 ft. 
per second per second. Express the velocity (v) as a func- 
tion of the time the ball is in motion (f). When does the ball 
reach its highest point ? 

14. Show that if y varies as cc, any two values of y are 
proportional to the corresponding values of x. 

15. Above the surface of the earth the weight of a body 
varies inversely as the square of its distance from the center 
of the earth. If an object weighs 100 lb. at the surface of the 
earth, express its weight as a function of its distance from 
the center of the earth, and find its weight when it is 100 mi. 
above the surface of the earth. (Take the radius of the earth 
as 4000 mi.) 

16. The time required for one swing of a pendulum varies 
as the square root of its length. If the time required for one 
swing of a pendulum whose length is 3.25 ft. is 1 sec., express 
the time as a function of the length. Also find the length of 
a pendulum which makes one swing in 0.5 sec. 

68. Graphs of Functions. Some of the properties of a 
function can be studied by means of the graph of the 
equation giTing the functional relation. This graph is 
plotted like the graphs of equations of loci. 

It is customary to take the horizontal axis as the axis 
of the independent variable, and the vertical axis as that of 
the dependent variable. If the values of one variable are 
so much larger than those of the other that it is difficult 
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to draw a smooth curve through the plotted points, use 
different scales for the variables. In every case the scales 
used must be indicated on the axes. 

It should be noted that when the functional relation is 
given merely by a table of values, we are saved the labor 
of calculating this table. But it is impossible to improve 
our graph by calculating intermediate values, as we can 
do when the equation is given. 

Example 1. It is found that when weights are suspended 
from a certain coiled spring, the length of the spring increases 
at the rate of 0.12 in. per pound ; when no weight is suspended, 
its length is 4 in. Express the length {I inches) of the spring 
as a function of the weight (w pounds) suspended, and plot 
the graph of this function. 

Solution. Since I increases at the rate of 0.12 in. per pound, 
the original length of 4 in. will be increased by 0.12 vj inches 
when tv pounds are suspended. Hence the desired equation is 

Z = 4 + 0.12 tv. 

Since this equation is of the first degree, its graph is a 
straight line, and two pairs of values are sufficient. 


Fig. 60 

An interpretation of the graph is interesting and important. 
First of all, we note that the part of the graph at the left 
of the Z-axis is dotted, since negative values of w have no 
meaning. Second, if we compare the above equation with the 
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slope-intercept form of the straight-line equation, y = mx 4- 
we see that the coefficient of w, which is 0.12, is the slope of 
the line. But 0.12 is the rate at which the length of the spring 
increases with respect to the weight suspended. Hence the rate 
of change of I with respect to w is merely the slope of the graph. 

Example 2. Plot the graph of F = 84 — 4 

Solution. This is the function obtained in Example 1, § 66. 
The table of values should not extend beyond the points where 
X and V cease to have a meaning. In this case neither variable 
can be negative, and the last pair of values serves only to de- 
termine the point at which the curve crosses the £c-axis. The 
large values of V make it necessary to use different scales for 
X and F, in order to get the curve on the paper. 



O 2 4 6 8 10 12 14 16 18 20 22 X 
Fig. 61 


Inspection of the graph reveals several things. First, F 
increases slowly at the beginning, and then rapidly until cc = 12 ; 
then it decreases rapidly for £c>16. The graph appears to 
cross the a:-axis at a; = 21, a fact easily verified by substitution 
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in the equation. Second, the largest value of V appears to be 
that for X = 14, but the student must not make the mistake 
of thinking that the largest plotted value is the largest pos- 
sible value. Perhaps V is still larger for some value of x near 
14, like 14.01. Third, from the figure vp’e may read off values 
of V corresponding to any values of x, or vice versa. Eor 
example, when V = 3000, a; = 7,5 or 19, nearly. 

69. The Graph as a Computing Diagram. One of the 
most elementary uses of the graph of a function is read- 
ing off from the graph approximate values of one variable 
corresponding to those of the other. Since these are usually 
between the calculated values by means of which the curve 
has been plotted, this process is frequently called graphic 
cal interpolation. For example, we may read off from the 
figure of Example 2 of the previous section the following 
approximate results : when rr = 11, F = 4800 ; when 2 ; = 1 3, 
F= 5400 ; when x = 11.5, V = 5000 ; when F= 1000, 2 : = 3.8 
or 20.4; when F=2000, 2 ; =5.7 or 19.7; etc. 

In order that a graph may be used effectively for this 
purpose, it should be fairly large, and the scales on the 
horizontal and vertical axes must be properly chosen. 
The scale along either axis should be one of the follow- 
ing: 1 space =1 unit, 2 units, or 5 units; 10 units, 20 units, 
or 50 units; 0.1 unit, 0.2 unit, or 0.5 unit; etc. The pur- 
pose in choosing one of these is to facilitate the estima- 
tion of an additional decimal place. Furthermore, the 
scales should be such that the curvature of the graph is 
plainly shown ; that is, no part of the graph should be a 
straight line (unless, of course, the equation is linear). 
As remarked in the previous section, the scales used must 
be marked on the axes. 

* For 6ach problem on pages 137-140 a sheet of paper measuring about 
6 in. by 8 in. should be used. 
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Example. In tlie last figure the plotting-paper used meas- 
ured 24 spaces by 29 spaces. Since the interval of varia- 
tion of X V5^as from 0 to 21, the scale used on the ic-axis was 
1 space = 1 unit of x. The interval of variation of V was from 

0 to 5500. This made the largest possible scale on the F-axis 

1 space = 200 units, requiring 28 spaces. With this diagram 
only two-figure accuracy is possible; but with a somewhat 
larger figure and careful estimation three-figure accuracy is 
possible. 

The graph is most useful as a computing diagram when it is 
necessary to approximate a large number of values of one of 
the variables, and it is used chiefly for this purpose. When 
only one value is desired it is easier to calculate it directly 
than to plot the graph. 

70. Graphical Interpolation compared with Interpolation 
by Proportional Parts. Let us plot the graph of y = 

X ranging from 0 to 2. From the graph we see that the 
value of y for a? = 1.6 is very nearly 4. By computation 
we find that it is exactly 4.096. 

If we try to find the value of (1.6)® by interpolating 
in the table of values by proportional parts, we obtain 
the very erroneous result 5.2. The process of interpola- 
tion by proportional parts is as follows. We have given 
the table 



X 

y — x^ 

1 

1 

1.6 

9 

2 

8 


Fig. 62 




MAXIMUM AXD MINIMUM VALUES 


137 


In this we are to find the missing value of y. If we use 
the increment notation, we have the following equations : 

When 2-1 = 1, Ay = 8-1 = 7. 

When Aa: = 1.6 —1 = 0.6, find Ay. 

We assume that corresponding values of and Ay are 
proportional ; 

that is, ^ whence Ay = 0.6(7) = 4.2, 

and y = l4- 4.2 = 5.2. 

Referring to the figure, we see that this requires that the 
slope- of AB be the same as that of AC, This is true in 
general only if the graph is a straight line. Hence we 
conclude that 

Interpolation ly proportional parts is accurate only if the 
segment of the graph between the adjacent values of the vari- 
able is nearly a straight line, 

PROBLEMS 

1. In 1906 the intercollegiate track records were as follows : 

d 100 yd. 220 yd. 440 yd. 880 yd. 

t 9.8 sec. 21.2 sec. 48.8 sec. 1 min. 56 sec. 
d 1 mi. 2 mi. 

t 4 min. 17.8 sec. 9 min. 27.6 sec. 

Exhibit this information graphically, plotting ^ as a function 
of d. Do the parts of the curve between the plotted points 
have any meaning ? Explain. 

2. A body is thrown vertically up with an initial velocity of 
100 ft. per second. Its distance from the ground after t sec- 
onds is 5 feet, where s — 100 1 — Plot the graph of this 
function and estimate from the graph when the body reaches 
its greatest height. 
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3 . A rectangle has an area of 320 sq. rd. Express the perim- 
eter as a function of the length of one side and plot the graph. 
From the graph estimate the smallest value of the perimeter. 

4. The radius of a circle is 6, and a tangent is drawn to it 
from a point x units distant from the center of the circle. 
Express the length of the tangent as a function of x and plot 
this function. From the graph estimate the values of x for 
which the length of the tangent is 12 ; 18. 

5. The sag of a trolley wire is given by the formula 

where s = the sag, I = the length of the wire, and d = the dis- 
tance between poles, li d — 80, plot the graph of this func- 
tion, letting I vary from 80 to 160. 

6. In a class numbering 50 the grades were distributed as 
follows : 

Grade 95 90 85 80 75 70 65 60 55 50 

Number 12695 10 6443 

Exhibit this information graphically. 

7. Out of 100,000 children of age 10, mortality tables show 
that the following numbers live to the age specified : 

Age (x) 10 20 30 40 50 

Number (ti) 100,000 92,637 85,441 78,106 69,804 

Age(£c) 60 70 80 

Number {n) 57,917 38,569 14,474 

Plot 72, as a function of x. Estimate from the graph how many 
live to be 52 years old ; to what age a child 10 years old has 
an even chance of living. 

8. The observed temperatures (0°) of a vessel of cooling 
water at times t, minutes from the first observation were 

t 1 2 3 5 7 10 15 20 

e 92.0 85.3 79.5 74.5 67 60.5 53.5 45 39.5 
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Plot ^ as a function of t Estimate from the graph at what 
time the temperature became 50° ; what the temperature was 
18 min. after the beginning of the observations. 

9. A rectangle is inscribed in a circle of diameter 5. Express 
the area of the rectangle as a function of one side, plot the 
graph of this function, and determine from the graph what 
value of the side makes the area greatest. 

10. The answer to' Problem 5 on page 131 is P"= 84 tt?^— 

== 2647*^ — 19.7 r®. Plot the graph of this function, taking r = 0, 
2, 4, 6, 8, 10, 12, and 14. From the graph determine the max- 
imum volume possible, and also the radii giving volumes of 
3000, 4000, 5000, and 6000 cubic inches. 

11. The monthly charge for gas in a certain city is |0.50 in 
addition to $1.20 per thousand cubic feet actually consumed. 
Express the cost per thousand cubic feet as a function of the 
number of thousand cubic feet consumed, and plot the graph 
of this function. 

12. The relation between Fahrenheit temperatures (F) 
and centigrade temperatures (C) is linear. When F = 212°, 
C = 100° ; and when F = 32°, C = 0°. Express F as a func- 
tion of C and plot the graph. At what rate does F increase 
per degree centigrade ? From the graph read off the values of 
C corresponding to F = — 20, 0, 20, 40, 60, 80, and 100. 

13 . It is desired to construct an open-topped rectangular 
box, with a square base, which will hold just 6 cu. ft. Express 
the amount of material required as a function of the side 
of the base. Plot the graph of this function and estimate 
from the graph the dimensions which will require the least 
material. 

14 . The dimensions of a rectangular block are 2 in., 4 in., and 
8 in. If each dimension is decreased by x inches, what is the 
volume remaining ? Plot the graph of this function and deter- 
mine from the graph what value of x will make the remain- 
ing volume just one half the given volume. 
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15. With a certain crane it is found that the force F (meas- 
ured in pounds) which will just overcome a weight w is given 
by the formula F = 4.21 + 0.043 w. Plot the graph of this func- 
tion. What meanings can be attached to the constants 4.21 
and 0.043 ? 

16. A box is to be made from a piece of cardboard 10 in. by 
15 in. by cutting a square of side x from each corner and turning 
up the sides. Express the volume in terms of x. Plot the graph 
of this function and from the graph find the values of x which 
correspond to 7 = 60, 70, 80, 90, 100, 110, 120, and 130 cu. in. 

17. Express the area of a rectangle inscribed in a semicircle 
of radius 8 as a function of the base. Plot the graph of this 
function and find from the graph for what value of the base 
the area is greatest. 

18. Express the perimeter of the rectangle of Problem 17 
as a function of the base and determine from the graph of the 
function the value of the base which makes the perimeter a 
maximum. 

19. The range (R) in thousands of yards of a projectile fired 
with a certain muzzle velocity at an angle of elevation (9) 
expressed in mils* is given by the formula ^ = 5E(3 +7^). 
Plot ^ as a function of R, letting R vary from 0 to 6 and using 
a large scale for R. From the graph tabulate the ranges corre- 
sponding to elevations 0, 50, 100, etc., up to 300 mils. 

71. Increasing and Decreasing Functions. Definition, A 

function y=f(x) is said to he an increasing function if y 
increases (algehraically') when x increases. The function is 
decreasing if y decreases when x increases. Obviously a function 
may he increasing for some values of x and decreasing for others. 

This characteristic of a function appears in its graph. 
Let the figure be the graph of y.^fQc), The graph shows 
that the function decreases when x increases from x = a 

* A mil is a unit of angular measurement used in artillery problems ; 
1600 mils = 90®. 
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to a; =5, and from x=^c to and that the function 

increases when a; increases from = 6 to ic = c. The graph 
shows also that the 
slope of the tangent 
is positive when the 
function is increas- 
ing, and negative 
when the function 
is decreasing. Since 
the slope of the tan- 
gent is equal to the 
value of the derivative, we have the following criterion : 

A function is increasing when its derivative is positive^ and 
decreasing tvhen its derivative is negative. 

Example 1. For what values of the variable x is the function 
Y = increasing, and for what values is it decreasing? 



Solution. This is the function considered in some detail in 
Example 2, § 68. Differentiating, 

^ = 168 X — 12x^=12x (14 — x). 

The derivative is written in factor form so that we may find 
its sign by considering the sign of each factor, The derivative 
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is zero wLen a? == 0 and when ac = 14. We now test, in succes- 
sion, values less than 0, between 0 and 14, and greater than 14. 

When £c< 0, 12a3 is — and 14 — ac is +. Hence which 

dx 

is the product of these factors, is and V is decreasing. 
When £c>0 and at the same time <14 (usually written 

dV 

0<ac<14), 12ac is + and 14— a; is +. Hence — is +, and 
V is increasing. 

When a; >14, 12 a; is -f- and 14 — a; is Hence is — , 
and V is decreasing. 

These results are shown on the graph. 

Example, 2. For what values of x is the function y = 3a; ■— a;^ 
increasing, and for what values is it decreasing ? 

Solution. The solution, which is similar to that in Example 1, 
may be condensed as follows : 

Differentiating, y' = 3 — 3 

= 3(1 + (1 — x). 

Hence y^ = 0 when x — ~ 1 and when x = -f 1. 

Testing the sign of y', we have the following results : 

Forx<-l, 2^^==3(-)(+) = -. 

For-l<x<4-l, y^=3(H-)(+) = + . 

Forx>-fl, y'= 3(+) (_) = _-. 

Hence the function is increasing for all values of x between 
— 1 and + 1 ; for values of x less than — 1 or greater than H- 1 
it is decreasing. 

PROBLEMS 

1. Is the given function increasing or decreasing for the given 
values of X ? ^ 

y =: a; Vx^ + 1, X = 0, 2. 

c. y = x^ 4- “ 5 = — 1, + 1. 

d. y=z -^x^ + 2, X = — ' 1, 0, + 1. 
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2. For what values of x are the following functions increas- 
ing? In each case illustrate your answer by a sketch of 
the graph. 

a. y = x^-2. c.y=.x+-- 

b. y = x~a?. d.y = 2x?-Z7?-V2x. 

3. Can a function be neither increasing nor decreasing for a 
single value of a; ? Give an illustration. 

4.1s the function y = 4.x-a? increasing or decreasing 
when a: < 2 ? when a: > 2 ? when a: = 2 ? Explain the meaning 
of your last answer. 

5. Is the function = a:‘ + 1 increasing or decreasing when 
a; = 0 ? Explain your answer. 

6. In each of the following equations determine the values 
of the independent variable for which the function is increas- 
ing and those for which it is decreasing ; 

a. s = 100<-16tl d.A = x^ + ~- 

b. s:== VaO {I - 80). g. = 4.21 + 0.043 tv. 

c. V= 264 - 19.7/-1 /. f/ = 4 a:« - 60 a:^ -f 160 a;.* 

EXTREME VALUES 

A Problem. Suppose that it is required to construct 
a rectangular bin, with a square base, to have a capacity 
of 100 cu. ft. How many square feet of lumber will be 
required ? Obviously there is no definite answer to this 
question, because a bin with a square base and capacity 
of 100 cu. ft. can be constructed in many different ways. 

If the base is made 10 ft. square, the depth would have 
to be 1 ft. This would require 100 sq. ft. for the base and 
10 sq. ft. for each side, making a total of 140 sq. ft. 

• These functions are taken from Problems 2, 5, 10, 18, 15, and 16 
respectively, on pages 137-140. ’ 
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If the base is made 5 ft. square, the depth would have to be 
4 ft. This would require 25 sq. ft. for the base and 20 sq. ft. 
for each side, making a total of 105 sq. ft. 

If the base is made 2 ft. square, the 
depth would have to be 25 ft. This 
would require 4 sq. ft. for the base and 
50 sq. ft. for each side, making a total 
of 204 sq. ft. 

The amount of material required de- 
pends on the size of the base, which can 
be chosen arbitrarily. If A represents the 
amount of material required and x is the 
edge of the base, then ^ is a function of x. To find a mathe- 
matical expression for this function we proceed as follows : 

If y is the depth of the bin, then 

^ 4- 4 xy. 


/ 

/ 




\ 

\ 

1 



X 


Fig. 65 


This is the surface of any rectangular bin. But the vol- 
ume of this one was to be 100 cu. ft.; hence 
x^y — 

The latter equation shows that y = and, by sub- 
stituting this value in the former equation, we get 


^ 2 , 400 

A ==x^-\ 

X 


This functional relation enables us to calculate easily 
the amount of material required when the size of the base 
has been selected. Some results are shown in the table. 
Beginning at the top, the table shows that as the values 
oi X increase, the values of A decrease until x reaches the 
value 6, after which the values of A increase. 

Some of the bins require much less material than others. 
What is the least amount from which the bin. can he huilt f 
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The table indicates that the least amount of material 
is 102|- sq. ft. It is unlikely, however, that this result is 
exact. The values of x were 
selected at random, and there 
is no reason why they should 
all be integers. It is quite 
probable that A will be less 
than 102| when x has some 
value between 5 and 6 or 
between 6 and 7, But to at- 
tempt to find by experiment 
the exact value of x for which 
A will have its least value is 
a hopeless task. (Compare 
the discussion of Example 2, 

§68.) In order to find the exact value of x for which A 
will have its least value, the methods of the calculus 
are employed, as explained in the following paragraphs. 

If we draw the graph of the 

function A = 2 :^ + ? it be- 

X 

comes evident that at the point 
on the graph corresponding to 
the smallest value of A the tan- 
gent will be horizontal. Hence 
we have merely to find the value 
of X for which the slope of the 
curve is zero. The slope at 
any point, however, is the value of the derivative. There- 
fore the value of x for which A is least is that for which 
the derivative is zero, or 
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Solving this equation for a?, we obtain in succession 
400 = 0, 
a;® = 200, 

and X = ^200 = 5.85 (approximately). 

Substituting this value in the expression for A, we obtain 
A = 34.22 + 68.38 =102.60 sq. ft. 

73. Maxima and Minima. Critical Values. Definitions. A 
maximum value of a function is one that is greater than any 
value just preceding or following. A minimum value of a func- 
tion is one that is less than any value just preceding or follow- 
ing. Maximum and minimum values are called collectively 
extreme values. 

More precisely, if y =^f(xf the value of ^ for a; = a is a 
maximum if it is larger than the values of y corresponding 
to values of a; a little 
smaller and also a little 
larger than a. Simi- 
larly, the value of y 
for a: = a is a minimum 
if it is smaller than the 
values of y correspond- 
ing to values of a: a 
little smaller and also 
a little larger than a. 

Example. Consider 
the function y = 3 cc — x®. 

(See also Example 2, 

§ 71.) This function has 
a maximum value, 2 / =2, 

for X = 1; and a minimum value, y = — 2, for x = ■— 1. These 
are shown in the adjoining graph, which indicates that the 
values of y for all values of x a little different from 1 are less 
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than 2, while the values of y for all values of re a little differ- 
ent from — 1 are greater than — 2. It should be noticed that 
the point corresponding to a maximum value is not necessarily 
the highest point on the graph of the function, but that it is 
higher than any point very near it on the graph. A similar 
statement holds for a minimum value. 

The principle involved in finding maxima and minima 
may be explained in two. ways, both of which must be 
understood. 

1. The definition shows that when a function reaches 
a maximum value, it ceases to increase and begins to de- 
crease. That is, if y =f(x') has a maximum value for x = 



y is increasing for x<a and decreasing for x > a. But in 
§ 71 we learned that if a function is increasing, its deriv- 
ative is positive, and if it is decreasing, its derivative is 

negative. Hence ^ is + when x<a and — when x> a, 
ax 

Therefore, at a; = a, ^ changes from + to — , and therefore 
j ax 

^ = 0 at a; == a. The analagous explanation for the case 
ax 

when y has a minimum value for a; = is left to the student. 

2. Referring to the above figure, it is apparent that at 
either a maximum (as at a; = a) or at a minimum (as at 
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a; = c) the tangent to the graph is parallel to the a;-axis. 

Hence the slope is zero and ^ = 0 for both these values. 

dx 


From both explanations we conclude that, in general,^ 

^ = 0 for values of x which make y =f(x) a maximum or a 
dx 

minimum. Values of x for which ^==0 are called critical 
j dx 

values. 


74. Tests for Maxima and Minima. The conclusion we 
reached at the end of the previous section is not sufficient for 
our purposes for two reasons : (1) there is nothing to show 
whether the value of y =zf(x') 
corresponding to a critical value 
rr = a is a maximum or a mini- 
mum; (2) sometimes, as the 
adjoining figure shows, there 
are critical values for which 
the function has neither a maxi- 
mum nor a minimum value. 



Let us now consider an example. Let y — x^ — 12x^ 

whence ^ = 3 — 12. Since the derivative must vanish at 

dx 

either a maximum or a minimum pouit, we shall find all such 

points by setting ^ = 0 and solving for x. If 3 ~ 12 = 0, 

ax 

then X — ±2, and these are the only values of x for which 
y can have either a maximum or a minimum value. Each 


* There are some examples for which neither explanation is valid. 
Tor example, y = xs has a minimum value 
for ic = 0. There is a sharp point (cusp) on 
the curve at x = 0, and the tangent is per- 
pendicular to the x-axis. The derivative does 
not exist when x = 0. Functions of such ex- 
ceptional character are not included in our 
consideration. Fig. 70 
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of these two values of x must be tested separately, to see 
whether the corresponding value of y is a maximum or a 
minimum. Two tests will be given, either of which will 
serve as a criterion for maxima and minima. 

First Test: hy Computing Values of the Function. When 
x-=^% y = — 16, For a value of a; a little less than 2, say 

1.5, ^ — — 14.625; for a value of a; a little greater than 2, 
say 2.5, ^ — 14,375. Since the value of y for 2 : = 2 is less 

than either of the last two, we conclude that x—^ gives a 
minimum value = — 16. 

Second Test: ly Investigating the Sign of Write the 
derivative in factor form : 

g = 3(^+2)(a.-2). 

For a value of 2 : a little less than 2, 3(4-)(— ) = — , 

which shows that y is decreasing. For a value of a: a little 

greater than 2, ^ = 3 (4-) (4-) = 4- , which shows that y is 

increasing. Hence a; = 2 gives a minimum value, since y 
stops decreasing and begins to increase. (See also the 
illustrative examples in § 71.) 

By either of these methods it may be shown that 2 ; = — 2 
gives a maximum value y = 16. 

Summarizing, we have the following method : 


Geneeal Method foe Deteemining Maximum and 
Minimum Values of a Function y=f(x) 

I. Find ^ =zffx) in terms of x. 

dx 

II. Set /'(2;)=0 and solve the equation. This gives all 
the critical values of x. 

III. Fxamine each critical value hy one of the tests on the 
following page. 
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First Test Let c he a critical value. Find the three 


values of y corresponding (1) to x=^ some value slightly less 
than c ; (2) to x = c ; (3) to some value slightly greater 
than c. If the value of y corresponding to x=^c is algebraically 
greater (Jess') than those on either side of Cy then y =^f(c) is 


a maximum (minimum). 

Second Test Let x=^che a critical value. 


If ^ is posi- 


tive (negative) for a value of x a little less than c and neg- 
ative (^positive) for a value of x a little greater than c^ then 
y =/(e) is a maximum (minimum). 


■ 75 ^. Examples. The general directions given at the close 
of the previous section suffice for problems in which the 
equation of the function is given. Sometimes, however, 
the equation is not given, and we are required to deter- 
mine a maximum or minimum value of a quantity which 
satisfies certain specified conditions. In this kind of prob- 
lem we must first express the quantity as a function of 
some one variable, and then proceed as above. (See Ex- 
amples 3 and 4 below.). Furthermore, in many problems 
it is evident from the nature of the problem whether the 
critical value gives a maximum or a minimum, and in these 
cases the testing may be dispensed with. 

Example 1. Examine y = for maxi- 
mum and minimum values. 

Solution, Since ^ ^ <^^^7 criti- 

cal value is a; = 0. For both negative 
and positive values of a;, ^ is positive. 

Hence the function is always increasing 

(except at a; = 0), and there is neither a maximum nor a 

minimum value. 



Pig. 71 
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Example 2. Examine y = x -f- — for maximum and minimum 
values. 

Solution. Differentiating, 

-i. 

dx 

Setting ^ ^ solving 

for X, we get X = ± 1. 


Applying the first test, we 
calculate the values shown in 
the tables. The first table 
shows that x = — 1 gives a 
maximum value y = — 2. The second table shows that x = 1 
gives a minimum value y = 2. For x = 0, y becomes infinite. 

If the second test is preferred, the derivative should be 
written as a fraction and then factored: 

dy __ X? - 1 _ (x + l)(x- 1) 
dx x^ 



Fig. 72 


X 

y 

X 

y 

“1 

-H 

i 

0 1 

-1 

-2 

1 

2 


-2^ 

1 

n 



We now have the following results : 
Fora;<l, = 


For X >1, 


y~ 


(+)(+) ^ 

+ 


+. 


Hence y has a minimum for x = 1. 


Example 3. Determine the area of the largest rectangle 
which can be cut from a circular piece of cardboard 10 in. 
in diameter. 
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A 


Obviously, the center of the largest rectangle must be at 
the center of the circle. Eor any rectangle the first cut, as 
or A^B^ or A^B^y can be 
made at any place desired. 

If it is made near the center 
the rectangle will 
have a small area. If made 
at ^ 2 ^ 2 ? 

larger. If made near the cir- 
cumference (A^B^), the area 
is again small. Apparently 
there will be one rectangle 
having a larger area than 
any of the others, and this 
fact is assumed. 

Solution, The first step is to express the area ^ as a func- 
tion of some one independent variable. Let x and y represent 
the lengths of the two sides of the rectangle. Then 

A—xy (1) 

and ic2+-/ = 100. (2) 

Substituting in the first equation the value of y from the 
second, we have 

A = X Vioo ■ 

Differentiating, 

dA — X? 

dx 



+ VlOO - 


VlOO - 

Setting the derivative equal to zero, we 


get 


■ VlOO -- = 0; 



Fig. 71 


:0 


VlOO- 

whence — + 100 — : 

and X = V^. 

From equation (2), y = VBo. 

Hence the largest rectangle is a square of area 50 sq. in. 
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Example 4. Eind tlie altitude of the largest right circular 
cone which can be inscribed in a sphere of radius r. 

Solution. The adjoining figure represents a vertical section. 
Let X be the radius of the cone and let y be its height. The 
volume V is to be a maximum. 

By geometry, 

But V must be expressed as a 
function of one variable only. From 
the figure we see that 

— Olf = — ( 3 / — rY = 2 7 * 3 / — 7 /. 

Substituting this above, we have 

V = 1^(2 ry^ - f). 

Differentiating, and setting the derivative equal to 0, 

^ = 3 , 0 = 0 . 

^ 47* 

Solving, y = 0 or 

It is obvious from the conditions of the problem that there 
must be a maximum value of V and that the value 3 / = 0 is 
meaningless. Hence we have the maximum cone when y ==^^| r. 

PROBLEMS 



1 . Examine the following functions for maxima and minima. 
Draw the graph in each case. 


a. 3 / = — 5 cr -f- 3. 

h . 3/ = 1 + 7x- 

c. y \ — 2 X 2. 

d . 3/-1-x®4-12cc^4-45x + 52 = 0. 

e. 6 3 / = 2 a?® — 3 — 36 a?. 

/. 3 / = 2 as® — 3 + 6 a: — 2. 

g, y =1 — 2 x^. 

h. 153/ = 3x®»25x®-f 60x. 

z. 3 / = — 4 X® + 4 — 4. 


J- y ■■ 




km y = x*^ 

Im y = x^ + 

m, 33 = as® + 


U 

X 

1 

x^* 

3 

X 


6x 

+ 1 
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Find two numbers whose sum is 20, such that 

a. The sum of their squares is a minimum. 

h. The sum of their cubes is a minimum. 

c. Their product is a maximum. 

d. The difference between one and the reciprocal of the other 
is a maximum. 

^ A rectangular field to contain 40 A. is to be fenced off 
along the bank of a straight river. If no fence is needed along 
the river, what must be the dimensions requiring the least 
amount of fencing? (1 A. = 160 sq. rd.) 

4. Show that of all triangles inscribed in a circle of radius 
a the equilateral triangle has the greatest area. 

5. The legs of an isosceles triangle are each 20 in. long. 
Find the length of the base if the area is a maximum. 

6. A trough is to be made of a long rectangular piece of tin by 
bending up two edges so as to give a rectangular cross section. 
If the width of the piece is 14 in., how deep should the trough 
be made in order that its carrying capacity may be a maximum ? 

7. Two upright poles, AB and CD, are 40 ft. apart. AB is 
30 ft. high and CD is 20 ft. high. Find 
the distance AD if the length of the rope 
DDDAs a minimum. 

k. rectangular box is to be made from 
a sheeii of tin 16 in. by 20 in. by cutting a 
square from each corner and turning up 
the sides. Find the edge of this square 
which makes the volume a maximum. 

9. A rectangular box with a square base and a cover is to 
be built to contain 800 cu. ft. If the cost per square foot for 
the bottom is 15^, for the top 20^, and for the sides 10^, what 
are the dimensions for a minimum cost ? 

10. A sheet of paper for a poster is to contain 16 sq. ft. The 
margins at the top and the bottom are to be 6 in., and those on 
the sides 4 in. What are the dimensions if the printed area is 
to be a maximum ? 
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11. A rectangular box with, a square base and an open top 
is to be made. Eind the volume of the largest box that can be 
made from 320 sq. ft. of material. 

12. The strength of a rectangular beam varies as the product 
of the breadth and the square of the depth. Eind the dimen- 
sions of the strongest beam that can be cut from a cylindrical 
log whose diameter is a. 

13 . The stiffness of a rectangular beam varies as the product 
of the breadth and the cube of the depth. Eind the dimen- 
sions of the stiffest beam that can be cut from a cylindrical 
log whose radius is a, 

14 . Two vertices of a rectangle are on the diameter of a semi- 
circle of radius and the other two vertices are on the arc. 
Einc^he dimensions of the rectangle if its area is a maximum. 

Two roads intersect at right angles, and a spring is 
located in an adjoining field 10 rd. from one road and 5 rd. 
from the other. How should a straight path just passing the 
spring be laid out from one road to the other so as to cut off 
the least amount of land ? How much land is cut off ? 

16 . Eectangles are inscribed in a circle of radius a. Eind 
the dimensions of the rectangle whose perimeter has an extreme 
value, and show whether it is a maximum or a minimum. 

17 . One base of an isosceles trapezoid is the diameter of a 
circle of radius a, and the ends of the other base lie on the 
circumference of the circle. Eind the length of the other base 
if the area is a maximum. 

18 . Eind the length of the largest rectangular parcel with 
square ends which can be sent by parcel post (see Example 1, 
§ 66 ). 

19 . Eind the length of the largest cylindrical parcel which 
can be sent by parcel post (see Example 1, § 66). 

20. What should be. the diameter of a tin can holding 1 qt. 
(58 cu. in.) and requiring the least amount of tin (a) if the can 
is open at the top, Q>) if the can has a cover? 
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21. A vertical cylindrical water tank, open at tlie top, is to 
contain 15,000 gal. Eind the diameter if the material used is 
a minimum. (1 cu. ft. = 7.5 gal.) 

22. Eind the volume of the largest cylinder which can be 
cut from a given right circular cone whose height is h and whose 
base has the radius t. 

23 . The slant height of a right circular cone is a given con- 
stant a. Eind the altitude if the volume is a maximum. 

24 . Eind the dimensions of the right circular cylinder of 
maximum volume which can be cut from a solid wooden sphere 
of diameter 16 in. 

25 . Eind the dimensions of the largest inscribed rectangular 
parallelepiped with a square base which can be cut from a solid 
sphere of radius r. 

26 . An oil can is made in the shape of a cylinder surmounted 
by a cone. If the radius of the cone is three quarters the height 
find the most economical proportions. 

27 . If the cost per hour for fuel required to run a given 
steamer varies as the cube of its speed and is $40 per hour for 
a speed of 10 mi. per hour, and if other expenses amount to $200 
per hour, find the most economical rate to run it a distance of 
500 mi. 

28 . A railroad company agreed to run a special train for 50 
passengers at a uniform fare of $10 each. In order to secure 
more passengers, the company agreed to deduct 10^ from this 
uniform fare for each passenger in excess of the 50 (that is, 
if there were 60 passengers, the fare would be $9 each). What 
number of passengers would give the company maximum gross 
receipts ? 

29 . Eind the area of the largest rectangle which can be in- 

scribed in the ellipse whose equation is + 4 = 16. 

30. Find the dimensions of the largest rectangle which can 
be inscribed in the ellipse whose equation ^ 
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31. Find the area of the largest rectangle which can be drawn 
with its base on the .r-axis and with two vertices on the witch 

whose equation is ?/ = — — . 

32. On the circle whose equation is = 100 find the 

coordinates of the point which is nearest to the point (12, 16). 
Is there any other way of solving this problem ? 

33. What point on the curve 4 y = is nearest to the point 
(0, 4)? 

34. Show that the distance from the origin to the line whose 

X 'll ah 

equation is — h y = 1 is — - : .. by finding the point on the 
a 0 V -h 

line whose distance from the origin is a minimum. 

35. Find the shortest distance from the point (10, 11) to the 
line whose equation is 3 a; + 4 ?/ = 24 by finding the point on 
the line whose distance from (10, 11) is a minimum. 

36. The rr-axis and y-axis are joined by lines 
which are tangent to the circle whose equation 
is 4- y^ == where r is a constant. Find the 
length of the shortest of these lines, 

37. A ditch is to be dug to connect the points 
A and B of the figure. The earth at the left of 
the line 4D is soft, and the cost of digging the 
portion A C is |10 per foot. The earth at the 
right of AD is hard, and the cost of digging 
the portion CB is $20 per foot. Where should the 
turn C be made for a minimum cost ? 

38. A brick conduit, designed to accommodate 
anderground cables, is to be built with a cross 
section in the form of a rectangle surmounted 
by a semicircle. Its carrying capacity (that is, the area of the 
cross section) is to be 24 sq. ft. If the cost of construction 
is assumed to be proportional to the perimeter of the cross 
section, find the width which will involve the least cost. 


,|— 24 ^- 4 . 


D 



B 


Fig. 77 
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39 . Show that y has a minimum value if n is even, and 
that it has neither a maximum nor a minimum if n is odd. 

40 . Two towns are situated at distances of 3 mi. and 9 mi., 
respectively, from the shore of a lake, which is assumed to be 
a straight line. If the points on the shore nearest the towns 
are 5 mi. apart, at what point on the shore should a pumping- 
station, designed to supply both towns, be located so as to 
require the least amount of water mains ? How many miles of 
mains are required ? 

41 . Let P(a, I') be a point in the first quadrant of a set of 
rectangular axes. Draw a line through P cutting the positive 
ends of the axes at A and P. Calculate the intercepts of this 
line on OX and OF in the following cases : 

a. When the area OAP is a minimum. 

5 . When the length AB is minimum. 

c. When the sum of the intercepts is a minimum. 

d. When the perpendicular distance from 0 to iP is a 
maximum. 

42 . An electric current flows about a coil of radius r, and 
exerts a force P on a small magnet the axis of which is on a 
line drawn through the center of the coil and perpendicular to 

cc 

its plane. This force is given by P = r , where x is the 

(?^ + 

distance to the magnet from the center of the coil. Show that 
P is a maximum for x 
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RATES AND DIFFERENTIALS 

76. When one variable is expressed as a function of a 
second variable, the relation may be used to study the effect 
upon the function of a variation in the independent vari- 
able. We may draw the graph, taking the values of the 
independent variable as abscissas and those of the function 
as ordinates, and apply the geometric results of previous 
chapters. These show that the function is increasing when 
its derivative is positive, and is decreasing when its deriv- 
ative is negative. We also note from the graph that at 
points where the curve is steep the function is increasing 
rapidly with respect to the independent variable, and vice 
versa ; in other words, the rate of change of the function 
is measured by the slope of its graph. This is the funda- 
mental idea upon which will be based the further study 
of the variation of a function corresponding to a given 
variation of the independent variable. 

77. Constant Rates. A quantity may change at either a 
constant or a variable rate. We shall consider first the 
case of a constant rate. For this type of problem the proc- 
esses of arithmetic and algebra are sufficient. 

For example, suppose that oil is being pumped at a con- 
stant rate into a tank containing 10 gal. at 10.02 a.m. and 
50 gal. at 10.12 a.m. We find easily that the contents are 
increasing at the rate of 40 gal. in 10 min., or 4 gal. per 
minute, and conclude that in the next 5 min. 5 x 4 = 20 
more gallons will be added, in the next 10 min. 40 more, etc. 

159 
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The foregoing is an example of a time rate, but many 
other kinds occur. As a second example, if a man walks 
along a railroad track with a 1 per cent grade, his altitude 
above sea level is a function of the distance walked, and 
is increasing at the rate of 52.8 ft. per mile. 

The translation of the solution of the former example 
into the language of calculus will be instructive. The 
volume (F) of oil in the tank is evidently a function of 
the time (t), which we may conveniently measure from 
10 o’clock. When t=:2 min., F=10 gal.; when ^ = 12, 
V = 50. By subtracting the corresponding values of t and V 
we find that the respective increments are At = 10 and 
AF = 40 ; that is, as t increases 10 min. V increases 40 gal. 


_L. 40 

Hence the rate of change of F is — = -—=4-4. Thus the 
^ At 10 


arithmetical method of finding a rate of change of one variable 
with respect to another is merely to divide the increment of the 
first variable by the corresponding increment of the second, 

78. Formula for a Quantity changing at a Constant Rate. 
If a variable quantity, y, changes with respect to another 
variable, at a known constant rate, and if we know a 
pair of corresponding values of x and y, we can at once 
write down the formula for y in terms of x. 

Take as an example the oil tank considered in the pre- 
vious section. There were 10 gal. in the tank at 10.02 
o’clock, and this quantity was increasing at the constant 
rate of 4 gal. per minute. Therefore at any time t there 
will have elapsed ^~-2min. since 10.02, and the given 
value of F -will have increased by 4 — 2) gal. Hence, at 

any time, F= 10 -f 4 (^ — 2) = 2 -f 4 


♦The same result is obtained if we use the fact that F = 60 when 
t— 12. Naturally, the formula is meaningless for since then V 

would be negative. 
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As this equation is of the first degree, its graph is a 
straight line of slope 4. Thus we see that in this case the rate 
of change of V with respect to t is the slope^ of its graph. 
(See also Example 2, § 66.) 

In general, if ^ z=h +mx is 
a7i^ linear f miction of the^'ate 
of change of y with respect to 
X is the slope of its graph. For 
if we give x an increment Lx, 
we have successively 

y +Ay = 5 + mx + mLx 
and Ly = 7nLx. 

But the rate is found by dividing Ly by Lx, giving 

^ = m, the slope of the line. 

Lx 



5 Min, 


(If the rate of change is negative, the function is decreasing.) 

Conversely, if y changes ivith respect to x at a constant 
rate m, and if y — h when x — ^, then y = 5 4- mx. 

Notation. For the sake of compactness the rate unit is 
usually written as a fraction. Thus a rate of 4 gal. per 

minute is written as 4 gal. /min. or as 4-^^. Similarly, 

mm. 

a speed of 44 ft. per second is written as 44 ft./sec. or as 
ft. 

44 — L . This notation will be used in the future, 
sec. 

In all problems involving rates the units should be clearly 
stated. Thus in Problem 3 below it is insufficient to say 
that the rate of change is 0.019. The correct form is 
0.019 cm. per degree. 

^The slope is equal to the tangent of the inclination only when the 
units are the same on both axes. When the units are different, the slope 

of the line joining two points is defined as m = — — • 

— X.2 
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PROBLEMS 

1 . In experiments on the temperatures at various depths in 
an artesian well the temperature (T"") was found to be con- 
nected with the depth (d ft.) by the equation T = 52 4- 0.017 d. 
What was the rate of change in the temperature with respect 
to the depth ? Draw the graph of the equation. 

2 . In experiments with a pulley block the pull ^ (lb.) required 
to lift a weight w (lb.) was found to be = 0.03 w -f 0.5. How 
much does the pull increase per hundredweight increase inw? 

3. A metal bar increases in length at a constant rate if 
heated. Suppose that at 20° C. its length is 1000 cm. and that 
at 60° C. its length is 1000.76 cm. Eind its increase in length 
per degree increase in temperature. Express the length as a 
function of the temperature. 

4. The extension of the spring of a balance is proportional 
to the weight attached to it. The length of the spring is 
4.25 in. under a weight of 2 lb., and 5 in. under a weight of 
8 lb. Express the length of the spring as a function of the 
weight. What is the natural length of the spring ? 

5 . Fahrenheit temperature (F) is connected with centigrade 
temperature (C) by the relation F == | C -j- 32. Draw the graph 
of this function on a large enough scale to make it. possible to 
read oflc corresponding values of F and C correct to one degree. 

6. At a height of 110 m. above sea level the barometer reads 
750 mm.; at a height of 770 m. it reads 695 mm. If it is 
assumed that the barometric pressure decreases constantly as 
the height increases, find the rate at which it decreases with 
respect to the height. What will be the pressure at a height 
of 850 m.? Express the pressure as a function of the height. 

7 . The boiling-point of water decreases as the altitude above 
sea level increases. At an altitude of 500 ft. the boiling-point 
is 211° and at 2500 ft. it is 207°. Find the rate of change, 
assuming that it is constant. What will be the boiling-point 
at an altitude of 12,000 ft. ? 
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8. Water is flowing out of a cylindrical tank of radius 5 ft. 
at the constant rate of 20 gal./sec. How fast is the surface 
falling ? If the depth was 15 ft. when ^ = 0, express the depth 
as a function of t and draw its graph. (1 cu. ft. = 7.5 gal.) 

9. Oil is being pumped into a cylindrical tank of diameter 
4 ft. at the constant rate of 5gaL/min. How fast is the sur- 
face of the oil in the tank rising ? 

10. If 3 a; + 5 y = 8j at what rate does y change with respect 
to a: ? Illustrate by a graph. 

11. Show that if y = L y does not change with 

respect to cc at a constant rate. 

12. The velocity of a moving point is given by the formula 
V = 50 - 6 1, where v is measured in feet per second and t is 
measured in seconds. At what rate is v changing ? 

13. Show that the circumference of a circle changes at a 
constant rate with respect to the radius. 

14. If a variable point P moves from (2, 8) to (6, - 2) along 
a straight line, at what rate is the ordinate changing with 
respect to the abscissa ? 


79. Variable Rates. If, on the other hand, the pump 
(§ T'S) was working at a variable rate, the result just 
obtained cannot be used as before. We cannot say that 
in the next 5 min. the contents of the tank will increase 
by 20 gal., nor can we say that exactly 4 gal. were added 
in any 1 min. of the 10 under consideration. What we do 
commonly say is that the pump was working "on the aver- 
age” at the rate of 4 gal./min. between 10.02 and 10.12. 

In general we have this definition : the quotient 

Ay . 

— IS the average rate of change of y with respect to x as 

X increases from the value x to x + Ax, When the average 
rate is constant, it is of course equal to the change in y 
corresponding to each unit increment of x. 
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Example. What is the average rate at which area is added 
to a square if the length of its side increases from 5 to 9 in. ? 

Solution. Let A be the area and x the length of the side of 
the square. Erom geometry we have 
A = x^. 

Give X an increment Ax, and we have 

A + AA = + 2 X Ax + (Ax)^. 

Hence AA = 2 x Ax + (Ax)^, 

and the average rate of increase for any values of x and Ax is 

= 2x4- Ax. 

Ax 

Eor the case given, x = 5 
and Ax = 9 — 5 = 4. 

^ = 10 + 4 = 14. 

Ax 

Hence the required average rate is 14 sq. in. per inch in- 
crease in the length of the side. Note that the average rate 
is a function of both 
X and Ax. 90 

80 
70 
60 
50 
40 
30 
20 


In this case the aver- 
age rate appears in the 
graph as the slope of 
the secant (if allowance 
is made for the different scales used for A and x) joining 
the points (5, 25) and (9, 81). 


X 

A 

0 

0 

5 

25 

9 

81 

10 

100 

15 

225 

20 

400 
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Moreover, successive values of A cannot be computed by 
multiplying this rate by the increments of x and adding the 
results to the value of A for x = 5, as can be done when the 
rate is constant. Fair approximations are obtained when Acr 
does not differ much from 4 j but as Ax increases, the results 
become more useless j in fact, as is easily seen from the figure, 
such a process gives merely the ordinates of points on the 
secant line. 

80. Instantaneous Rates. In the example of the preced- 
ing section it was found that as a; increases from 5 to 9 
the area increases at the average rate of 14sq.in. per 
inch increase in the length of the side. As x increases 
from 5 to 8 we find, by substituting x=^5 and Ao: = 3 in 

the expression for ? that the average rate of increase in 

the area is 13 sq. in./in. Similarly, as x increases from 
5 to 7 (Ax = 2), the average rate of increase of the 
area is 12sq.in./in. As is taken smaller and smaller 
and made to approach zero as a limit, the average rate 
of increase of the area approaches the limiting value 
10 sq. in./in., which is the mstantaneoiis rate of change of 
the area with respect to the side at the instant when the 
latter is 5 in. 

In general we have the following definition : 

The instautaTieous rate of change of y with respect to x is 
the limit of the average rate of change in the interval Ax as 
Ax approaches zero. 

We can now prove the following important theorem: 

Theorem, If y=f(x')^ the instantaneous rate of change of 

y with respect to x for x = a is the value of ^ for x = a. 

dx 
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Proof, For any values of x and for 0 the average 
rate of change of y is 

The instantaneous rate is the limit of the average rate 
as Lx — ^ 0, by definition. Hence 

Instantaneous rate = lim ^ 

Ax-» 0 Lx 


§ 1 . 

dx 


By definition of derivative 


QoTollary, The rate of change of any function with 
respect to its variable is equal to the slope of its graph 
at the given point. 

^3 

Example 1. If y = 3 a; — 5 ’ what rate is y changing 
with respect to x when a? = 3 ? 

Solution, Differentiating, 

dx ' 2 ‘ 

When cc = 3, ^ = 3 ^ 4.5 = _ 1.5. 

dx 

Hence y is decreasing at the rate of 1.5 units per unit increase 
in X, Note that this is the same as the slope of the graph at 
the point where a; = 3. In fact, the slope may be regarded 
as merely the rate of change of the ordinate with respect to 
the abscissa. 


Example 2. At noon a ship bound north is 60 mi. south of 
another ship, which is bound east. If the first ship is sailing 
at the rate of 15 mi./hi*., and the second ship at the rate of 
lOmi./hr., how fast is the distance between them changing 
at 2 o’clock ? at 3 o’clock ? 
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Solution. Let A and B be the first positions of the ships 
and C and D their positions after t hours. Then J5D = 10 25 
and CB =60 — 15 z5. Let z be the dis- 
tance between them. Then we have 
at once 

« = -y/CB^ + BIf 

= V(60 - 16 (f + 100 f 
= V3600 - 1800 1 + 325 1\ 

To find the rate at which z is changing, 
differentiate : 


dz 


325 1 - 900 


dt V3600-1800 25 + 325 252 
At 2 o’clock j 5 = 2 and 
-250 



dt Vl300 


= -6.9; 


Fig. 80 


that is, the ships are approaching each other at the rate of 
6.9 mi./hr. When 25 = 3, ~ = V5 = 2.2 ; that is, the ships are 
separating at the rate of 2.2 mi./hr. 


81. Rectilinear Velocity and Acceleration. Several kinds 
of rates occur so often that names have been given to 
them. Among these are velocity and ^ ^ ^ 

acceleration, O ^ P 

The velocity of a point moving Fig. 81 

along a straight line is merely the 

rate at which 'its distance from some fixed point is changing 
with respect to the time. Thus, if s represents the dis- 
tance of P from the fixed point 0 at any time the velocity 
of P is given by the formula 

ds 
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Since a function is increasing (algebraically) if its de- 
rivative is positive, and decreasing if its derivative is neg- 
ative, it follows that the point is moving in the positive 
direction along the line if the velocity is positive and that 
it is moving in a negative direction if the velocity is neg- 
ative. The speed is the numerical value of the velocity. 

The acceleration of a point moving along a straight 
line is the rate at which its velocity is changing with re- 
spect to the time. Hence, if a denotes acceleration and v 
denotes velocity, we have at once 


dv 



Since v itself is the derivative of s with respect to this 
makes a the second derivative (see § 62) of s with respect 

to i ; that is, , ^ \ 72 

^ ^ 

dt dt\dt) df 


Example. A point moves in a straight line directed verti- 
cally upward according to the law 5 = 96 ^ — 16 ,Eind {a) its 
velocity and acceleration after 4 sec., (b) how high it . 
will rise, (c) how far it will move in the fifth second. 


Solution. At any time, 


P 


!; = = 96 - 32 ^ 

dt 


s 


and 

dt 

(<z) When2J=4,'y=96— 32if=96— 128=-”32ft./sec., g 2 

indicating that the point is coming down at the rate of 
32 ft./sec. Since the acceleration is negative, the velocity is 
always decreasing at the rate of 32 ft. per second per second. 
The speed is decreasing when the point is moving unward and 
is increasing when the point is moving downward. 
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(^>) The body will cease to rise when v = 0; therefore 
96 — 32 ^ = 0, or ^ = 3 sec. 

Its height will be the value of s for = 3 ; that is, 

5 = 96 . 3 - 16 . 32 = 288 - 144 = 144 ft. 

(c) To find the distance moved in the fifth second, find the 
values of s for t = 4 and t = 5; by substitution in the given 
formula these are seen to be 128 and 80 respectively. As the 
latter height is less than the former, it is seen that during the 
fifth second the body came down 128 — 80 = 48 ft. Compare 
this result with the velocity at the beginning of the fifth 
second, which was found in (a) to be — 32 ft./sec. 

Note. The acceleration of a body falling freely in a vacuum is 
called the acceleration of gravity and is denoted by y. This number 
varies slightly in different parts of the earth, but is approximately 
32 ft. per second per second (sometimes written 32 ft./sec.^). That 
is, if the positive direction is taken as downward, the velocity of a 
body moving under the given conditions increases by 32 ft./sec. each 
second. If the positive direction is taken as upward, the effect is to 
decrease the velocity, and the acceleration is — y, or ~ 32 . The same 
acceleration is frequently used in studying the motion of bodies fall- 
ing in the air, and fairly good approximations may be obtained pro- 
vided the velocities are not excessive and the falling body is heavy in 
proportion to its volume. 

PROBLEMS 

4 

1. If y = find (a) the average rate of change of y 

with respect to as x increases from 2 to 4, (b) the instanta- 
neous rate when x == 2, (c) the actual change in y when x 
changes from 2 to 2.5. 

2. If y = X® — 4 x^ + 6, find the rate at which y is changing 
with respect to x when x = 1. Using this rate, approximate 
the change in y when x changes from 1 to 1.2. Why is your 
result not exact ? 

3 . Write the equation and draw the graph of a function 
which never decreases with respect to its variable. 
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4 . If = 36, what is the rate of change of y with respect 
to X when y = 3 ? Illustrate your result by a graph. 

5. If 5 = a 4- where (i and I are constants, show that 
the acceleration is 0. 

6. If 5 — 4- where and c are constants, show 

that the acceleration is constant. 

7. A particle falls according to the law 5 = -^ Find its 
average velocity during the first 5 sec. What is the speed at 
the end of 4 sec. ? How far does it fall during the next 0.1 sec. ? 

8. If the distance s is measured in feet and t in seconds, 
find the velocity at the end of 2 sec. when {a) 5 = (1 — 

Q}) s ==: + 1* 

9. In Problem 8 find the acceleration at the end of 2 sec. 

10. How fast is the reciprocal of x changing with respect to 
X when cc = 0.1 ? when cc = 10 ? 

11. Find the rate of increase in the volume of a sphere with 
respect to the radius when the radius is 14 in. From this result 
approximate the change in the volume if the radius increases 
from 14 to 14.3 in. 

12. At a certain instant a ship bound north is 6 mi. west of 
another ship, which is bound east. If the first ship is sail- 
ing at the rate of 15 mi. /hr. and the second ship at the rate 
of 12 mi./hr., how fast are they separating at the end of 
one hour? 

13. Two railroad tracks intersect at right angles. At noon 
there is a train on each track approaching the crossing at 
40 mi./hr., one beings 100 mi. and the other 200 mi. distant. 
Find (a) how fast they are approaching each other at 1 o’clock, 
(b) when they will be nearest together, (c) what will be their 
minimum distance apart. 

14. As a man walks across a bridge at the rate of 4 ft./sec. a 
boat passes directly beneath him going downstream at 10 ft./sec. 
If the bridge is 30 ft- above the water, how fast are the man 
and the boat separating 3 sec. later ? 
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15* It is found, by oxperimont tbat the volume of water 
which at 4 C. has unit volume is given by the equation 
F = 1 + ~ 4)2, where t denotes the temperature and 

a = 0.00000838. I ind the rate at which the volume is chang- 
ing when t — and when t = 20°. 

16. The time (t seconds) of a complete oscillation of a 
pendulum of length I inches is given by the formula 
t = 0.324 V7. Find the rate of change of the time with re- 
spect to the length of the pendulum when I = 9 in. By means 
of this result approximate the change in t due to a change in 
I from 9 in. to 9.2 in. 

17. If there is no transfer of heat, the pressure and volume 
of compressed air are connected by the relation = C^, where 
C is a constant, li p = 20 Ib./sq. in. when v = 800 cu. in., find 
the rate of change in^ with respect to v when v = 800 cu. in., and 
approximate the resulting change inp if v is decreased 10 cu. in. 

82. Related Rates. Frequently the time rate of change 
of one variable is known, and it is desired to find the time 
rate of change of a second variable which is related to the 
first. Such problems are easily solved by differentiating the 
equation connecting the variables implicitly with respect to 
the time and substituting the given values of the variables. 

Example 1. A barge whose deck is 5 ft. below the level of a 
dock is drawn up to it by means of a cable running over a pulley 
at the edge of the dock, the cable being 
hauled in at the rate of 4 ft./min. How 
fast is the barge moving when it is 
12 ft. away from the dock ? 

Solution. Let z denote the length 
of the cable from the pulley to the 
barge and let x denote the distance 
of the barge from the dock at any time. We are given 

dx 

~ z= — 4 and are required to find — when x = 12. 
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The equation connecting x and z is seen from the figure to be 


-j~ 25. 

(1) 

Differentiating with respect to 



(2) 



We are given the values of -j and x ; we find by substitu- 

cue 

tion in equation (1) that z = 13. Substituting these values in 


equation (2), we obtain 

2 (13) (-4): 
dx 


2(12)g> 


That is, the barge is moving toward the dock at the rate of 
4^ ft./min. Note that a positive result would be erroneous, 
for that would indicate that x is increasing, not decreasing. 

The above problem is typical, and in general the same 
procedure should be followed. The various steps are 

I. Determine the variables involved. These always include 
those for which the rates of change are given or desired, 

II. Set up the equation connecting the variables, 

HI. Differentiate the equation implicitly xoith respect to t, 

IV . Substitute the given values of the variables in the two 
equations and solve for the unknowns. 

Example 2. The radius of the base of a right circular cone 
is decreasing at the rate of 4 in./min., and the height is in- 
creasing at the rate of 6 in./min. At what rate is the volume 
changing when the height is 12 in. and the radius is 6 in. ? 

Solution. Let V, r, and h denote the volume, radius, and height, 

respectively, of the cone. We are given ^ = — 4 and — = 6: 

dY dt dt ^ 

we are to find — when A = 12 and r = 6. 

dt o. 

The formula for the volume of a cone is F == — — • 
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Differentiating this with respect to t, we have 


dt 


= - TTr^ 


dh 2 


dt 


+ o '^rh 


dt 


Substituting the given values of the variables, we obtain 
^ = |(36)(6)+|^(6)(12)(-4) 

= 72 TT ~ 192 TT = - 120 TT = - 377, 

indicating that the volume is decreasing at the rate of about 
377 cu. in./min. 


Example 3. A point is moving along the ellipse jr® 4- 4 16. 

Find the points where x is increasing at the same rate as y is 
decreasing. 

Solution. Differentiating the given equation with respect to 
t, we have 
^ dx ^ dy . 

We are given 
dx __ dy 
dt dt 
Substituting this in 
the previous equation, 
we obtain 

_2a,^ + 82/^ = 0. 
dt dt 

Canceling ^ and solving for x, we get x = ^y. Solving this 
simultaneously with the equation of the ellipse, we obtain 

y = ±~ 7 p = ± 0.9 

V5 


Y‘ 




1 1 




> 

Fig 

. 84 



and 


x-±^-±3.6. 


Hence the required points are (3.6, 0.9) and (— 3.6, — 0.9). 
The figure confirms the pairing of the values. 
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PROBLEMS 

1. A ladder 24 ft. long leans against a vertical wall. If tlie 
lower end is being moved away from the wall at the rate of 
3 ft./sec., how fast is the top descending when the lower end 
is 8 ft. from the wall ? 

2. In Problem 1 find when the lower and the upper ends 
are moving at the same rate. 

3. A conical funnel is 14 in. across the top and 12 in. deep. 
A liquid is flowing in at the rate of 60 cu. in./sec., and flowing 
out at the rate of 40 cu. in ./sec. Find how fast the surface of 
the liquid is rising when it is 6 in. deep. 

4. A man 6 ft. tall walks away from an arc light 15 ft. high 
at the rate of 3 mi./hr, (a) How fast is the farther end of his 
shadow moving ? (h) How fast is his shadow lengthening ? 

5. A kite is 80 ft. high, with 100 ft. of cord out. If the 
kite starts moving away horizontally at the rate of 5 mi./hr., 
how fast is the cord being paid out ? 

6. A boat is fastened to a rope which is wound about a 
windlass 20 ft. above the level at which the rope is attached to 
the boat. The boat is drifting away at the rate of 8 ft./sec. 
How fast is it unwinding the rope when 30 ft. from the point 
directly under the windlass ? 

7. The volume of a sphere is increasing at the rate of 
16 cu. in./sec. How fast is the radius increasing when it is 
6 in. ? 

8. Find how fast the surface is increasing in Problem 7. 

9. Sand is being poured on the ground from an elevated 
pipe and forms a pile which has always the shape of a right 
circular cone whose height is equal to the radius of the base. 
If the sand falls at the rate of 6 cu. ft./min., how fast is the 
height of the pile increasing when the height is 5 ft. ? 

10. The radius of a cone is decreasing at 2 in./min., and the 
altitude is increasing at the rate of 3 in./min. When the radius 



EATES AND DIFFERENTIALS 


175 


is 18 in. and the altitude is 20 in., find (a) the rate at which 
the volume is changing, (5) the rate at which the curved surface 
is changing. 

11 . The diameter of a hemispherical bowl is 18 in. If the 
depth of the water in it is increasing at the rate of ^ in./sec. 
when it is 8 in. deep, how fast is the water flowing in ? (The 

volume of a segment of a sphere of radius r is — t)’ 

where A is the height of the segment.) ^ 

12. If 2 / == and x is increasing at the rate of ^ unit /min. 
when 03 = 2, find (oi) how fast y is changing, (h) how fast the 
slope of the graph is changing. 

13 . The path of a moving point is the curve cc^ — 4 = 36. 

If 05 increases steadily at the rate of 2units/mm., find how 
fast y is changing at the point (10, — 4). 

14 . The velocity of a jet of liquid issuing from an orifice is 
given by the formula = 2 yA, where A is the height of the 
liquid surface above the orifice. If A is decreasing at the rate 
of 3 in./min., find how fast the velocity of flow is changing 
when A = 100 ft. 

15 . If 2 /^= 2o5, and 05 is decreasing steadily at the rate of 
0.25 units/min., find how fast the slope of the graph is chang- 
ing at the point (8, — 4). 

16 . If 100 y = 400 ~ and y is increasing at the rate of 
0.1 unit/min. when x = 20, find (a) how fast x is changing, 
(h) how fast the slope of the graph is changing. 

17 . A point moves along the parabola whose equation is 
4 y = 05® so that the abscissa increases at the constant rate of 
2 units per second. At what rate is the distance between this 
point and the point (0, 4) changing when 05 = 2 and when 

x = V8? 

18 . The velocity of a point moving along a straight line is 

2 h 

given by = <x H j where a and h are constants. Show 

^ , h 

that the acceleration is — 5 - 
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83. Relation between the Increment of a Function and its 
Rate of Change. If y =/(0 changes at a constant rate, the 
amount of change in y during any time interval td may be 
found by multiplying the rate by At. Thus, if y is the height 
of a balloon which is rising at the constant rate of 6 ft./sec., 

(that is, ^ = 6) the height will increase by 6 Lt feet in At 

seconds, or Ay = 6 At. Similar remarks, of course, apply to 
other constant rates of change, and it is this use of rates 
which the student has most frequently met in arithmetic 
and algebra. This may be stated formally as follows : 

If the rate of change of y with respect to x is constant, 
Ay = Aa; times the rate of change of y with respect to x. 

When the rate of change is not constant, this equation 
is no longer true. But the product of the rate by h.x will 
give an approximation to Ay, which is increasingly accurate 
as Ax is made smaller. For example, consider the area of 
a square, which is given by the formula The rate 

dA 

of change of A with respect to a; is — = 2 a: for any 

value of XI and when x = 25, this becomes 50 sq. in./in. 
This would indicate that an addition of Aa: = 2 in. to the 
length of the side of the square would increase the area by 
AA= 2 X 50 = 100 sq. in. But the actual increase in the 
area is (27)^— (25)2= 104 gq^ ^ discrepancy of 4 sq. in. 
When Aa: = 0.5in. the use of the rate of change would 
make AA= 0.5 x 50 = 25 sq. in., while the true value of 
AA = (25.5)^— (25)^= 25.25 sq. in. In this case the cal- 
culation of AA by means of the rate of change is in error 
only 0.25 sq. in. In ordinary speech we explain this by 
saying that the rate may be regarded as constant if the 
change in rr is only small enough. This principle leads to 
the important notion of differentials. 
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84. Differentials Defined. The differential of a function 
of a variable is the product of its derivative with respect to 
the variable by the increment of the variable. 

The differential of a function is denoted by the letter 
d prefixed to the symbol denoting the function. The 
above definition may then be stated thus: If y—f(x), 

dy = df(x')=ffx)Ax ==^Ax. Evidently dy is a function 
both of X and of Ax. ^ 

ltf(^x')=:xff'(xy=l. Hence ia;=lA 2 :=Aa;; or the differ- 
ential of the independent variable equals the increment of 
the independent variable. On this account it is customary 
to write the relation dy ^f(x')Ax in the form dy =ff(x) dx, 
and this practice will be followed in the future. 

The student must not, however, make the mistake of 
thinking that the differential and the increment of the 
dependent variable are identical. The difference is shown 
geometrically in the following section. 

If we remember that ffCx} is the rate at which y —f(x) 
increases with respect to x^ it appears that dy is the approx- 
imation to the increment of y corresponding to Ax^ which we 
obtain by assuming that Ax is small enough to permit us to 
regard y as increasing at a constarit rate. 

85. Geometric Meaning of the Differential. In the follow- 
ing figures let P be any point on the graph of y =/(aj), 
let FS be the tangent at P, and let § be a neighboring 
point on the curve. 

Evidently Pif = Ax = dx., and MQ = Ay. Moreover, angle 
SFM= a. 

TT ^ 

Hence m = tan a = — ; 

or, since m =/'(z), MS =f’(x)dx. 

But, by definition, dy =f(x')dx. 

Therefore dy = MS. 
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Thus we have shown that if y) is a point on 
the curve y =/(^), then, for a particular value of x and 
an arbitrarily chosen value of the increment dx, Ay is the 



corresponding increment of the ordinate drawn to the curve, 
and dy is the corresponding increment of the ordinate drawn 
to the tangent at F. 

It is instructive to calculate the increment of y and 
the differential of y for a particular case. Let us take 
the curve whose equa- 
tion is 4:y and 

find the values of dy 
and Ay for a:=l and 
dx = 0.5. 

Differentiating, we find 

that ^ = and hence 

dx 2 Fig. 86 

dy = ^dx. For a; = l and dx—0.5 this gives c?y = 0.25. 

1 9 95 

When = 3 / = - = 0.25 ; when 2 ; = 1,5, 2 / = -^ = 0.56. 

Hence Ay = 0.31. Thus Ay differs from dy by 0.06. 
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It is also obvious from the figures that as Arz; becomes 
smaller, dy and A?/ become more nearly equal. To confirm 
this let us find dy and Ay when Ax = 0.1. As above, we 
obtain Ay = 0.0525, dy = 0.05, and Ay -- dy = 0.0025 only. 

86. How to find Differentials. The definition indicates 
the method of finding the differential of a given function ; 
namely, to find the derivative, and to multiply it by the 
differential of the variable. Therefore, to every formula 
giving a derivative 'there corresponds one giving the differ- 
ential. For example, dc—0\ d(u^') = nv!^~'^du ; etc. 

Example 1. Find the differential oi x {2 — 3x)^. 

Solution. d[_x(2-Zxf^=-^\x(2 - ^xfyx 

= (2-Bx){2-9x)dx. 

Example 2. Find dy and Ay if y = x\ 

Solution, dy = diyp) = ■^(x^)dx = 2xdx. 

Ay = f{x + dx) — f(x) = (x + dx)^ - a?- 
= 2xdx + dx^. 

Thus the difference between Ay and dy is dx^^ a quantity which 
is comparatively negligible if dx is small. 

When the function is implicitly expressed, it is usually 
simpler to get the differential of each term, regarding both 
variables as independent, and then to solve for dy in 
terms of dx. 

Example, Find dy, if acy = — 1. 

Solution, d (xy) = d (x^ — cZ (1). 

xdy + ydx = 2 xdx — 0. 

_ 2xdx~-ydx 2x — y, 
dy = — = -dx, 

' X X 
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PROBLEMS 


1 . Find the differentials of each of the following functions : 


a, x(l — 


d. 


b. 


Vl + > 

ix 


2 / + 1 


1 

/2' 


c. 


e. Vl + t. 

f . x-yja — bx. 


4 Trr® 


2. Find dy in terms of x^ and dx if 

< 2 . -sfx + = Va. d, xy = 6. 

d. cr® + = 3 ffi£cy. e. + 4 «/ = 4. 

c. /. icy + + 4 X = 0. 


3. Find algebraically dy and Ay if y = x^. Also find their 
difference if a; = 1 and dx = 0.1. 

4. Find algebraically ds and As if 5 = 16 ^ — 8 Also find 
their difference if = 3 and A^ = 0.5. 

5. Show geometrically that, if y is a linear function of x, dy 
and Ay are equal. 

6. In each of the following equations find dy for the values 
of X and dx given. In each case draw a small arc of the curve 
near the point named and mark dx, dy, and Ay. 

a. y = 7 — 6 £c + a; = 2, = 0.3. 

b. y = Vsc, cc == 1, = 0.4. 

c. y = £c® — 4 cc = 3, = 0.2. 

d. 4- y^ = 25, a; = 4, y = — 3, dx = 0.3. 

7. Find algebraic expressions for dy and Ay if y = x\ From 

these find the error in assuming (x + dxy + d (x^) if 

dx = 0.1. 

8. Show that (x + c?®)® is approximately equal to cc® 4- 3 x^dx 
if dx is small. Use this result to approximate (10.2)®. 

0* Show that /(a; + Aa;) =f(x) 4- df(x), approximately. 
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87. Approximation of Increments and Errors by Means of 
Differentials. The fact that for small values of dx the cor- 
responding increment of is closely approximated by 
dfQc) is of considerable utility in approximating quan- 
tities which can be expressed as increments of functions. 

For example, let it be required to find the amount of 
material needed to make a hemispherical shell of inner 
radius 10 in. and of thickness \ in. This is exactly the 
difference of two hemispheres of radii 10 in. and 10.125 in. 
respectively. If we let V be the volume of a hemisphere 
of radius J?, F = f tt^®, and the desired result is the value 
of AF when ib=10 and AjK = 0.125. To calculate this 
is troublesome, and, if an approximation only is desired, 
the more easily obtained value of dV will suffice, since 
the differential is approximately equal to the increment 
when the increment of the independent variable is small (see 
§§ 84, 85). Hence the amount required is approximately 

dV=2 irR^^dE = 2 tt (100) (0.125) = 25 tt = 78.5 cu. in. 

Note that dV=2 TrR^dB is merely the product of the inner 
surface of the shell by the thickness. 

Good judgment must be employed in using this method. 
If, in the example given above, dE were too large, the re- 
sult would be worthless. In this particular case the exact 
value, AF, is 79.5 cu. in. 

Example. Use differentials to approximate '^127 and ■\^123. 

Solution. Since the number 127 differs but little from the 
perfect cube 125, we can get a good approximation by finding 
the value of the differential of y — -^x for x = 125 and dx = 2. 
Differentiating, % = 

= ^ = 0.027. 

Vm = y + dy = & + 0.027 = 5.027. 


Hence 
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io find ■^123 observe that dx = —2 and hence dy =— 0.027. 
Therefore = 4.973. 

As dx becomes larger the method of course becomes increas- 
ingly unreliable. 

Errors, When the value of a function is obtained by 
calculation, it may happen that the value of the inde- 
pendent variable is not exactly known, as is always the 
case when it is obtained by measurement. It is then de- 
sirable to know approximately the error in the function 
due to the possible small error in the variable. This is 
equivalent to approximating the increment in the func- 
tion corresponding to a small increment in the variable. 
Hence the differential of the function is the desired error, 
approximately. 

Example. The height and diameter of a cylinder are meas- 
ured, and are found to be 6 in. and 4 in. respectively. Assuming 
that the first measurement can be found exactly, but that the 
diameter may be in error in., find the error in the calcu- 
lated volume. Also find how accurately the diameter must be 
measured in order that the error in the calculated volume shall 
not exceed 0.1 cu. in. 

Solution. Since ^ = 6 exactly, we have F = 6 The error 
in r is one half that in the diameter ; that is, drz=± 0.01 in. 
Hence the possible error in V is 

dV = 12 Trrdr = ± 12 7r(2) (0.01) = ± 0.24 tt = db 0.75 cu. in. 

To answer the second question, we have 

dV = 12 TrRdR, where R — 2 and dV = ± 0.1. 

Hence ± 0.1 = 24 TrdR and dR = = + 0.0013. 

24 TT 

Therefore the error in the measured value of the diameter 
must not exceed 0.0026 in. if the error in the calculated value 
of the volume is not to exceed 0.1 cu. in. 



EATES AOT) DIFFEREISTTIALS 


183 


PROBLEMS 


1 . Find an approximate formula for the area of a circular 
ring of radius r and width dr. What is the exact formula? 

2. If A is the area of a square of side x, find dA. Draw a 
figure showing geometrically the square, dA^ and Ai4. 

3. Find an approximate formula for the volume of a thin 
cylindrical shell with open ends if the radius is r, the length /i, 
and the thickness t 


4. The acceleration (a) due to gravity varies inversely as 
the square of the distance (s) from the center of the earth and 
is 32.2 at the surface of the earth (that is, a = 32.2 when s 
equals the radius of the earth, which is about 21,000,000 ft.). 
Find the formula for a in terms of s and the change in a pro- 
duced by going up 21,000 ft. in a balloon. 

5. A box is to be constructed in the form of a cube to hold 
8 cu. ft. How accurately must the inner edge be made so that 
the volume will be correct to within 10 cu. in.? 


6. The time of one vibration of a pendulum is given by 

the formula _ 2 / 

9 

where t is measured in seconds, g = 32.2, and Z, the length of 
the pendulum, is measured in feet. Find (a) the length of a 
pendulum vibrating once a second, {h) the change in t if the 
pendulum in {a) is lengthened 0.01 ft., (c) how much a clock 
with this error would lose or gain in a day. 

7. If y = and the possible error in measuring x is 0.2 
when £c = 16, what is the possible error in the value of y ? Use 
this result to obtain approximate values of (16.2)^ and 


8. Use differentials to find an approximate value of 

9. Show by means of differentials that 


1 


1 1 

X + X 


dx 


(approximately). 
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10. The reciprocal of 25 is 0.04. Find by differentials a 
good approximation to the reciprocal of 24.7. 

11. What is the effect upon the volnme of a cylinder if there 
is a possible error of 0.05 in. in measuring the radius and the 
altitude, which are found to be 8 in. and 12 in. respectively ? 

12. The brake horse power of an engine with m cylinders of 
diameter d in., according to the rating of the Association of 

TTid?' 

Automobile Manufacturers, is given by the formula P = • 

2.5 

Approximate the increase in horsepower of a four-cylinder 
engine obtained by increasing the diameter of each cylinder 
from to 3| in. 

13. The volume of a sphere is increasing at the rate of 
16 cu. in./see. Approximate the increment in the radius in the 
next ^ sec. after the radius becomes 6 in. 

88. Relative Error. In judging the accuracy of meas- 
ured quantities or of others dependent upon them, the 
actual value of the possible error is usually of less impor- 
tance than the relative error. The relative error is the ratio 
of the actual error to the quantity under consideration. 
For example, if a mile is measured with a possible error 
of 1 ft., the relative error is = 0.00019, and this meas- 
urement is relatively as accurate as that of a foot with a 
possible error of 0.00019 x 12 = 0.0023 in. 

The relative error in a quantity is sometimes expressed 
as a percentage, and is known as the percentage error. In 
the example just considered, the percentage error was 0.019 
per cent, — less than two hundredths of 1 per cent. 

By definition the true value of the relative error in a value 

of y may be expressed as but unless the measurements 

y 

are grossly inaccurate, Ly is nearly equal to dy, and the rela- 
tive error is therefore closely approximated by the value of 

y 
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Example 1. The radius of a sphere is measured as 3 in., 
with a possible error of 0.02 in. Find (a) the greatest possible 
error in the calculated volmne, (6) the greatest possible relative 
error in the calculated volume. 

Solution, (a) We are given r = 3 and dr = 0.02. We are 
required to find dV. Differentiating V= we obtain 
dF= 4 iri^dr. 

Substituting the values of r and dr, we obtain 
dV= (4 tt) (9) (0.02) == 0.72 tt = 2.26 cu. in. 

(h) To obtain the relative error in F, we may proceed in two 
ways. The first is to calculate the value of V for r = 3, which 
is 36 TT cu. in. The relative error is then 

dV 0.72 TT ^ 

V 36 TT ^ cent. 

T/’ 

It is usually better, however, to find in terms of r and 
dr before substituting. By formula, ^ 

4 7r7’^ 

y = __ a,nd dV — 4 iri^dr. 


Dividing dV by V, we find 


dV __ 4 TTv^^dr 
V 4 iTv^ 


3(0.02) 
~ 3 


= 0.02 = 2 


per cent. 


3 

Example 2. Show that the relative error in the product of 
two numbers may be as great as the sum of the relative errors 
of the numbers. 


Solution. Let the numbers be u and v and let y be their 

product ; that is, y = uv. We are required to investigate — • 
Differentiating, we have y 

dy = udv 4“ V du. 
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The relative error in y is obtained by dividing y = uv\ 

dy ___ udv vdu dv ^ du 
y uv V u 

But ^ and — are the relative errors in v and u respectively. 

Hence we have proved that the relative error in the product 
is the sum of the relative errors of the factors if du and dv 
are both positive or both negative. 

The result just obtained is of some importance in calculation. 
It shows that the product may be less accurate than either of 
the factors forming it. For example, if u is 2 per cent too 


large and v is 3 per cent too large ^that is, if — = 0.02 and 

~ = 0.03^? then y will be about 5 per cent too large. Only in 

the ease where one number is too large and the other too small 
will the errors tend to compensate each other. 


PROBLEMS 

1. How exactly must the diameter of a circle be measured 
in order that the area shall be correct to within 1 per cent ? 

2. Show that the relative error in the volume of a sphere, 
due to an error in measuiing the radius, is three times the 
relative error of the radius. 

3. Show that if ?/ = Vcc the relative error in y due to an 
error in x is one half the relative error in x, 

4. Show that the relative error in the ?^th power of a num- 
ber is n times the relative error in the number. 

5. Show that the relative error in the nth. root of a number 

is - times the relative error in the number. 

n 

6. When a cubical block of metal is heated, each edge in- 
creases ^ per cent per degree increase in temperature. Show 
that the surface increases per cent per degree, and that the 
volume increases per cent per degree. 
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7. The value of g may be found by timing the vibration 
of a pendulum. Find the relative error in g due to a rela- 
tive error of 1 per cent in measuring the time of vibration of 
a pendulum. 

Hint. First solve the formula, given in Problem 6 (p. 183), for g 
in terms of t and Z. 

8. The value of g is found by timing the vibrations of a 
pendulum whose length was measured as 7.34 ft., with an un- 
certainty of 0.005 ft. The time of each vibration was 1.5 sec., 
which was assumed to be exact. Find the value of g, the great- 
est possible error in this value, and the greatest possible per- 
centage error. (See hint in Problem 7.) 

9. The boiling-point of water at altitude 7f(ft.) above sea 
level is given by = 517 (212° — r) — (212° — T)^, T being 
the boiling temperature in degrees Fahrenheit. Find the un- 
certainty in the calculated value of E if the uncertainty in 
the measured value of T is 1° and T is measured as 200°. 

89. Velocity along a Curve. When a point moves along 
a curve, as in Example 3 of § 82, with a constant or vari- 
able speed, it is desirable to find the rates at which x and 
y decrease or increase. For the position of the pohit at 
any instant is given by its coordinates x and and the 
measurement of lengths along a curve is not an easy 
process. 

We must first distinguish between the terms velocity 
and speed. In mechanics the term speed is used to denote 
how fast an object is moving, while velocity denotes its 
speed and direction. Hence an object moving along a 
curve cannot have a constant velocity (since its direction 
is changing), but may have a constant speed. The speed 
of an object at a point is the magnitude of its velocity, 
while the inclination of the curve at that point gives the 
direction of the velocity. 
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Let us denote the distance measured along the curve 
from a fixed point A to the variable point F(x, y') by a. 
If V denotes the speed of P, clearly v is the time rate at 


which a changes, or 



The rate at which x changes, 
dx 

or — > is denoted by and is 
at 


called the x^component of the 
velocity. Likewise == ^ is 



Fig. 87 


called the y-eomponent of the velocity. We now proceed to 
find the equation connecting these quantities. Obviously 
and depend upon the direction as well as the magni- 
tude of V. 


Theorem. Ifv denotes the velocity of a point along a eurve^ 
and if and are its x-eomponent and y-component^ then 


Froof In the above figure let the moving point P(aj, y) de- 
scribe the distance s along the curve from the fixed point A in 
time t. According to the above definitions we must prove that 



Let Q be the position of P at time -h ; its coordinates 
may be denoted by (cc -h Ax, y -j- Ay). The arc PQ is the cor- 
responding increment of a and may be denoted by Aa. Let PQ 
always denote the chord. 

We cannot express Aa directly in terms of Ax and Ay, but it 
is obvious that 

(PQ)^=(Ax)^+(Ay)l 
Dividing both sides by (A^)^, we have 
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^ As ^ As PQ 

At PQ 'At' assume as axiomatic that as 

M, and in consequence PQ, approaches 0, lim— = 1. Hence 

PQ 


we have 


T As 
lim -- ; 


= lim|ilhn^ 

/^t-*oAt 

PQ 


= lim ■ ^ 

A<-*0 




Ax dx 


But, by the definition of derivative, lim — = — , lim ^ — : 

Ay dy a <-» o ^^ ^^^^At dt 

and lim — = . Hence this last equation gives 


A<-> 0 


dt 


ds 

dt 


I / 

NVc??^/ \dt/ 


Squaring both sides, we have equation (1), which was to 
be proved. 

Direction of Motion, We should also note the additional 
fact that if m denotes the slope of the curve at any point, 


For 


X 

_dt _ dy dt 
dx dt dx 
dt 

dx 


by § 59 
by §56 


= m. By § 44 

The applications of the relations above are far-reaching. 
We can at once find the component velocities if the ve- 
locity along the curve is known, or we can determine the 
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velocity along the curve if we know one of the component 
velocities, provided, of course, that the path of motion is 
also known. 

Example 1. A point moves along the curve whose equation is 
4 y = 8 a: — (the unit of distance being 1 ft.), with a velocity such 
that its cB-component 
is constantly equal to 
2ft./min. Find its ve- 
locity along the curve 
at the point (6, 3). 

Solution. Differen- 
tiating with respect to 
t, we have 
. dt/ ^dx dx 

Substituting the given values of x and = — j we obtain 

CLu 

4^ = 8x2-2x 6x2=-8; 



Fig. 88 


= ^ = — 2 ft. /min. 


that is, ^ ~ ” 

By the above theorem, 

+ v! ; 

hence t; = V4 + 4 = 2.828 ft./inin. 

We note also that the slope of the curve at this point is — 1, 


since ■ 


1 . 


Example 2. A point moves in a counterclockwise direction 
along the circle = 100 (the unit of distance being 1 in.), 

with a constant speed of 6 in./min. Find the components of 
its velocity at the point (6, 8). 

Solution. Differentiating the given equation with respect to t, 
dx dv 

^ I o . . A 
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Substituting the given values of x and y and solving for ^ j 
we obtain at 



Since the motion is counterclockwise, v^ = — 4.8. Substitut- 
ing this above, we find that Vj, = -f 3.6 in./min. 


90. Parametric Equations. Since v and its components 
are derivatives with respect to the time, it is convenient 
to have the coordinates of the point tracing the curve 
expressed as functions of t When each coordinate is 
expressed as a function of any third variable t, the equa- 
tions are called the parametric equations of the curve, and 
t is called the parameter. To plot such a locus, simply com- 
pute the pairs of values of x and y corresponding to vari- 
ous values of t and plot the points as usual. To reduce the 
equation to the usual form eliminate the parameter between 
the equations. 

Example. A point moves according to the laws £c = -f 2, 

y=i- 

{a) Plot the locus. 

(5) Find the position and velocity of the point and its direc- 
tion of motion after 3 sec. 

(c) Eliminate the parameter. 
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Solution. The adjacent table of values is obtained hj sub- 
stituting in the equations. The dotted portion of the curve 
corresponds to negative 
values of t, which maj or Ff 
may not have a meaning. 


t 

X 

y 

0 

2 

0 

i 1 

3 

±i 

±2 

6 

±f 


11 

±9 

±4 

18 

±¥ 



Fig. 90 


When t = S the table 
shows that the position of 
the point is (11, 9). To find 
its velocity, differentiate each equation with respect to and 
substitute jf = 3, We obtain 


and 

Hence 


= 2 = 6 
= 9. 


= V36 4- 81 = Vll7 = 10.8. 

To find its direction of motion, use the fact that m = This 

gives m = J ; or the point is moving upward in a direc- 
tion inclined at 56.31° (56° 19') with the positive half of the 
x-axis. 

To eliminate the parameter, solve the first equation for 
t in terms of £c, getting t = -Jx — 2, and substitute this in 
the second equation: 

_ (a; - 2)^ 


The curve could, of course, be plotted from this last equation, 
but with more difficulty. 
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PROBLEMS 


1. Plot the following parametric equations : 


b. x = f,y = 2t.^^ 

c. x = t + l,y = -. 

d. x = 2t,y = Zt-5. 

e. X = ^, y = 1^. 


f. x = l—f,y = 2t. 

g. x = -\-l, y = f. 

h. X = IQ t, y — 16t — 

^ , 1 1 
UX=t + -,y = t--. 

j. x = (t- 2f, y=t. 


2> Eliminate the parameter in each pair of e<^iiations in 
Problem 1. 


3. In each curve in Problem 1 find the speed and direction 
of motion when ^ = 2. 

4. A boat which can steam 16 mi.yTir. is heading due north 
across an ocean current setting east at 3 mi./hr. In what direc- 
tion is the boat really going and how fast ? 

5. A point moves upward from the point (6, 0) along the 
straight line whose equation is 4a; — 3y = 24, at a speed of 
16 ft./sec. Find and Vy, and express x and y in terms of t 
as a parameter. 

6. A point describes each of the following curves. Find its 
speed and direction of motion in each case, and illustrate by a 
figure : 

a. 9 03 ^ -{- 4 = IQO, v,_=—%y:= 4. 

b. S y = v^ = S, X — — 2. 

c. 4?/® = a;^, Vy = -2, y = 4:. 

d. 3/(4 -h x^) = 8, v^= 2, a; = 0, and x = 2. 


7. A moving point describes the curve whose equation is 
y=:x^— Sx^--9x--4: with a constant speed of 16 ft./sec. 
Find the points where Vy = 0. What is at these points ? 
Sketch the curve. 

8. A moving point describes the curve y^=: Sx with a con- 
stant speed of 4 ft./sec. Find Vy, and the direction of motion 
at the point (2, — 4). 
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9. A point moves counterclockwise about the circle whose 
equation is = 36. Find the two points at which Vy, 

10 . A moving point describes the curve whose equation is 
2/=:16-f-4a: — with a constant speed of v = 16 ft./sec. Find 
the point where ^ 3 .= 8 ft. /sec. 

11 . The slope of a curve at a certain point is — and the 
speed of the point describing it is 24 ft./sec. at that point. 
Find and Vy. 

12. A projectile is hurled at an angle with the horizontal 
whose tangent is |, with an initial speed of 200 ft./sec. What 
are the values of and Vy initially ? Which of these remains 
constant if air resistance is disregarded ? In the light of the 
note at the end of § 81, write a formula giving Vy at any time. 



CHAPTER VII 


THE CIRCLE, PARABOLA, ELLIPSE, AND HYPERBOLA 

THE CIRCLE 


91. The Standard Equation of the Circle. In the first 
chapter it was shown that the equation of every straight 
line is of the first degree and, conversely, that the locus 
of every equation of the first degree is a straight line. In 


a similar way we shall now 
find the form of the equation 
of every circle. 

Let P (x^ y) be any point on 
a circle whose radius is r and 
whose center is (7 (A, A). Since, 
by the definition of a circle, 
the radius is constant, we have 
at once, for all positions of P, 

CP = 



whence ^(x — hy+{y —• r. 


or 

(I) 


Equation I is the standard equation of a circle, and may 
be used to write the equation of any circle when its center 
and radius are known. In the above figure the center is 
(— 2, 1) and the radius is 3. Hence the equation is 

(:^ + 2)V(y-l/=9. 

195 
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The position and size of the circle depend upon the 
three arbitrary constants A, and r. Since h and k are 
merely the coordinates of the center, they may be either 
positive or negative, while r is necessarily positive. 

If the center is at the origin, A = 0 and ^ = 0, and 
form I reduces to 
(la) 

This is usually employed when it is desired to study 
some property of the circle which does not depend upon 
its position, 

92. The General Form of the Equation of the Circle. If 

we expand the parentheses in equation I and collect the 
terms, we get 

2 Aa; — 2 % 4- F— r^) = 0. 

Since — 2 A, — 2 A, and A^+ are constants, this may 
be written in the form 

(II) jcH ir'+ 0, 

which may be called the general form. If the equation of 
a circle is given in this form, it can be reduced back to 
form I by merely completing the squares in x and y. 

The most general equation of the second degree in x 

and y is j_y»j^Bxy + Cf+Dx + Ey +F= 0. 

This equation can be reduced to the general form of the 
equation of a circle if, and only if, ^ = 0 and C = A. 
When ^ = 0 and (7= A ^ 1, the equation can be reduced to 
form II by merely dividing through by the common value 
of A and G, Thus we have proved the following theorem : 

Theorem* The locus of an equation of the second degree is 
a circle if and only if the coefficients of aP and y^ are equal 
and there is no xy term. (See the apparent exception in 
Example 2 below.) 
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93. To find the Center and Radius of a Circle. As stated 
in the preceding section, if the equation of a circle is given 
in the general form it can be reduced to the standard form 
by completing the squares in x and y. The center and the 
radius can then be identified at once. 

Example 1. Eind the center and the radius of the circle 
whose equation is 

2x^-{-2y^ + Sx-6y^7^0. 

Solution. Dividing through by 2, 
we have the general form 

+ y^ + Ax -Sy + i:=0. 

To find the center and the radius, 
reduce this to form I by transposing J and completing the 
squares. 

(x + 2f+(y-^ =T=(^)‘ 

Comparing this with the standard form, we see that h = — 2^ 
k = and ?’ = — — =1.66, approximately. Hence the center 

is (— 2, I), and the radius is about 1.66. 

The algebraic work is so simple that a check is scarcely 
necessary ; but if one is desired, the simplest is to find one or 
more points from the given equation and compare them with 
the figure. Here the cc-intercepts are 

V2 

2 ±^==- 2 ±0.71=- 2.71 or -1.29. 

Example 2. What is the locus of 3/^— 8 a: + 4 2/ ± 21 = 0 ? 

Solution. According to the preceding theorem it is a circle. 
Completing the squares as before, we have 

{x - Af+{y + 2)2 = - 21 + 16 ± 4 = - 1. 
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But Lere = — 1, making r imaginary. An inspection of the 
equation shows that the locus is imaginary, as (x — 4)^ and 
(y + 2)^ are squares and therefore never less than zero ; hence 
their sum cannot equal — 1. 

To avoid having exceptions we say that the locus is an imag- 
inary circle. When r = 0, making the locus a point, we call it 
point-circle. Such forms are called degenerate forms. 


94. The Slope of the Tangent. As in the case of other 
curves, we find the slope of the tangent to a circle by dif- 
ferentiating its equation. 

It is also easy to show that the tangent is perpendicular 
to the radius drawn to the point of contact. For by dif- 
ferentiating the standard equation 


we have 
whence 


(x-hy+^y — 
2(a;-A)+2(^-^)^=0; 


m = 


dy x — h 

dx y — k 


But the slope wl of the radius joining the center C (A, h) 
to the point F(x, y') on the circumference is 


/ y — k 
nr = ^ 

x—h 


Hence mm' = — 1, which is the criterion for perpendicu- 
larity.* 

In problems involving the tangent to a circle the slope 
may be found either by differentiating or by using the nega- 
tive reciprocal of the slope of the radius. The former method 
is more convenient when the center is not given. 

*We have now reconciled the definition of tangent ^iven in Chap- 
ter III with that giYen in plane geometry. For the tangent as defined 
in plane geometry is there shown to be perpendicular to the radius to 
the point of contact ; and as there can he but one perpendicular to a» line 
at a given point, both definitions give the same line. 



THE CIECLE 199 

Example. Find the equation of the tangent to the circle 
2/2 _ 4 _ 2 y = 20 at the point (5, 5). 

Solution, Differentiating the equation, we find 

dy 2 — X 

771 = = . 

dx y — 1 

Substitution of the coordinates (5, 5) gives ??^ = — |. Hence 
the equation of the tangent is 

y 5 = (x — 5), or 3 X "4“ 4 ?/ = 35. 

PROBLEMS 

1 . In each of the following cases write the equation of the 
circle and reduce it to the general form : 

a. Center (6, 4), radius 6. d. Center (a, 0), radius a. 

b. Center (4, 3), radius 5. e. Center (0, a), radius a. _ 

c. Center (5, —12), radius 13. /. Center (a, a), radius (iV2* 

2. Find the center and the radius and draw each of the 

following circles : 

a. (x^2y + (y-3f==25, 

b. (x-iy + (y + 4.y = o, 

c. + 2 /^ — 8 X -j- 6 ?/ 4- 24 = 0. 

d. x^^2/-13x = 0. 

e. 2 x^ + 2 2 /^ 4 15 y = 0. 

/. 4 x^ 44 2 /^— 4x — 42/41 = 0. 

g. 4x^4 42/"- 12x- 81 = 0. 

h, 3 x^ 4 3 2/^ 4 36 X — 14 y = 0. 

L x^ 4 2 /^ — 20 X 4 40 y 4 379 = 0. 

J, 6 x^ 4 0 y^ = 25 y. 

3 . Determine by inspection which of the circles in Problem 2 

a. Have their centers on the x-axis. 

b. Have their centers on the y-axis. 

c. Pass through the origin. 



200 nsTTEOBUCTION TO THE CALCULUS 


4 . Find the equations of the circles satisfying the following 
conditions and draw the figure in each case : 

fl. Center at (1, 2) and passing through (— 2, 3). 

5. Having the line joining (2, — 4) and (4, 6) for a diameter. 

c. Center at (— 3, 5) and tangent to the ic-axis, 

d. Center at (4, — 2) and tangent to the y-axis. 

c. Center on the line 2/=7, radius 2, and tangent to the y-axis. 

/. Center on the line x + 2 = 0, radius 3, and tangent to 
the cc-axis. 

g, Radius 5 and tangent to both axes. 

h. Center on the line a; = 5, radius 13, and passing through 
the origin. 

L Center at the origin and tangent to the line x + y =: 6. 

j. Center at (1, 2) and tangent to the line cc — ?/ — 4 = 0. 

5. Draw the system of circles defined by (x -f- 4)^4- (y — 3)^= k 
for the following values oiki k = 25, 16, 9, 4, 1, 0, — 1. 

6. a. The point (I-, |) bisects a chord of the circle x^ + y^=: 25. 
Find the equation of the chord, and its length. 

b. Solve the same problem for the point (4, 7) and the circle 
^+y^ — ^x — 6y = 12. 

7. Find the locus of the vertex of a right triangle which 
has the ends of its hypotenuse at (0, — 3) and (6, 5). 

8. Find the locus of a point the sum of the squares of 
whose distances from the points (± c, 0) is k. For what values 
of k does the locus fail to exist ? 

9. The ends of the base of a triangle are the points (± c, 0). 
Find the equation of the locus of the vertex if the median to 
one of the sides has a constant length k, 

10. Find the equation of the locus of a point whose distance 
from the origin is always twice its distance from (6, 0). Draw 
the locus. 

11. Find the equation of the locus of a point whose distance 
from (— 2, 2) is always three times its distance from (2, — 2). 
Draw the locus. 
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12. Show that the locus of a point whose distance from (c, 0) 
is k times its distance from (— c, 0) is a circle. Find its center 
and radius. 

13. Find the equations of the tangent and of the normal to 
each of the following circles at the point indicated : 

m (a: + 2)^ +(2/ -3)2 =25, (2, 0). 

5. + ?/2 ~ 8 03 + 6 2/ 4- 24 = 0, £c = 4. 

C, 03^ + y — 13 03 = 0, 03 .= 4. 

d. 4o32 + 4?/2-4o3-4i/ + l= 0, (0.8, 0.9). 
fi. 4 x2 -f- 4 2/2 — 12 03 — 81 = 0, 03 == 6. 

/. 3x2+ 32/2 + 36x- 142/ = 0, (0, 0). 
g. 6x^+ 6y“= 25?/, (- 

14. Find the angles of intersection of each of the following 
circles and straight lines : 

a, (x + 2)2 + ( 2 / - 3)2 = 25, 7 X - 2 / ~ 8 = 0. 

6. x2 + 2/2— 8x + 62 / + 24 = 0, 3x + 42/ = 0. 

c. x2 + 2/2 — 13 X = 0, 2/ = ic. 

d. 4 x2 + 4 2/2 — 4 X — 4 2/ + 1 = 0, 2 X — 14 ?/ + 11 = 0. 

e. 4 x2 + 4 2/2 — 12 X — 81 = 0, 4 X — 2 2/ — 21 = 0. 

/. 3 x2 + 3 2/2 + 36 X — 14 2/ = 0, X + 2/ = 0. 

g, 6 x2 + 6 2/2 = 25 2/, y = 3 X. 


15. Find the angles of intersection of each of the following 
pairs of circles : 

a. x2 + 2/2 + 4 2/ = 5, x2 + 2/2 — 4 X = 1. 

5. x2 + 2/2 — 8 2/ — ‘ 1 = 0, x2 + 2/2 — 10 X — 2 2/ + 9 = 0. 


16. Find the angle of intersection of two circles of equal 
radii, the center of each of which is on the circumference of 
the other. 


and 


17. Two vertices of a regular hexagon of side a are (— a, 0) 
a -x/SX 


-T-y 


Circles of radius a are drawn with each of 


these points as centers. Find their angles of intersection. 

18. A rectangle is circumscribed about a semicircle. Find 
the angles of intersection of its diagonals with the semicircle. 
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95. Note on the Analytic Method of Solving Problems. 
In the problems of this chapter the methods developed 
previously should be freely used. These have been mainly 
analytical in character, but in solving the easier problems 
there is danger of forgetting the fundamental principle 
involved ; namely, that the coordinates of every point on 
the locus must satisfy the equation. In certain problems a 
keen realization of this principle is essential. This will 
be illustrated in the two following examples : 

Example 1. Eind the dimensions of the largest cylinder 
that can be cut from a spheri- 
cal segment which is cut off 
from a sphere of radius 5 in. 

^ 2 ill- distant from 

the center of the sphere. 

Solution. The adjoining fig- 
ure represents a section made 
by a plane passing through the 
axis of the cylinder, which we 
here take as the y-axis. The 
section of the cylinder is a 
rectangle of which one vertex 

P(x, y)^ lies on the circle. We easily see that the radius of 
the cylinder is 

Qp _ ^ 

and that the altitude is 

MP = y ^2. 

Hence the volume which is to be a maximum is given by the 
formula 

V = 7rx^{y — 2). 

Since P lies on the circle, its coordinates must satisfy the 
equation of the circle, which is 

x^ + 'if=.2n. 



X 
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Using this relation, we find that 

V='rr(25-y^){y-2) 

= ir{25y-Z0-f + 2f), 

which satisfies the requirement of expressing V in terms of one 
variable. 

Differentiating, we have 


Setting this equal to zero and solving the resulting equation, 

we get , — 

___ 4 ± V316 


The negative result obviously has no meaning ; the positive 
sign gives y = 3.63, approximately. Hence the altitude of the 
cylinder is y — 2 = 1.63, and the radius isx = V25 — = 3.44. 

Example 2. Find the equation of the tangent to the circle 

+ 2/^ — 4 cc — 2 2/ = 20 
which is parallel to the 
line 4 cc -h 3 2/ == 18. 

Solution. Differentiat- 
ing the equation, we find, 
for the slope of the tan- 
gent at any point (x, y) 
on the circle, 

dy 2 — X 
dx~^ y-1 

But the slope of the par- 
allel line, and therefore 
that of the required tangent, is — J. Hence the coordinates 
of the point of tangency satisfy the equation 

2 — X 4 
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But they must also satisfy the equation of the circle. They 
may therefore be obtained by solving the two equations simul- 
taneously. The algebraic work follows : 

6 — 3ar=— 4y-|-4, 

4y + 2 

3 

Substituting this in the given equation, we obtain 

2 2 / = 20 , 

which reduces to 2 /^ — 2 ?/ — 8 = 0. 

Thus 2 / = 4: or — 2, 

and X = 6 or — 2. 

Thus there are two tangents, with points of contact (6, 4) and 
(—2, — 2), and their equations are 

y - 4 = - I (a; - 6) and y + 2 = - | (aj -f 2), 
or 4 a; -{- 3 y = 36 and 4 a; -|- 3 y = — 14. 

96. The Circle Determined by Any Three Conditions. In 

Chapter I we noticed that a straight line is determined by 
two points upon it and that its standard equations each 
involve two independent arbitrary constants. Since the 
equation of the circle contains three arbitrary constants, 
we should be able to find its equation if we are given 
three points upon it or any other three geometrical condi- 
tions determining it. 

The simplest case is where three points are given; but 
the method of procedure is the same in all cases. Express 
the geometrical conditions in the form of three equations 
having as unknowns A, Jh, and r (or D, A; and I"), and 
solve these equations simultaneously for the unknowns. 
Then write down the equation of the circle. 
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Example 1. Find the equation of the circle passing through 
(7,1), (6, 8), and (-1,7). 


Solution. Each of these pairs of coordinates must satisfy 
the equation of the circle. Therefore, using the standard form 
of the equation, 


\7 + 

(6- A)2 + (8-A;)2=^2^ 
(-l-A)' + (7-7c)2=r2 

These equations are easy to 
solve simultaneously; for if we 
expand them and subtract the first 
successively from the second and 
third, we eliminate all terms of 
the second degree, having left 
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27i-14;b=-50, 
16 7i - 12 A: = 0. 


These give h = 4, 7^. = 3, and r = 5. Therefore the desired 


equation is 


(x-3)^ + (y-4)^=5^ 


which may be reduced to 


+ ^ — 6x — 8^ = 0. 

If we use the general form of the circle equation, we obtain 
49-4-l + 7Z)+F:-i-i^=0, 

36 + 64 + 67) + 8E -f- F= 0, 

1 + 49 _ i) _p 7^ ^ 0. 

Solving, i) = - 6, E = - 8, and F = 0. 


In problems of this kind the circle should be drawn with 
the correct radius and center. As a check upon the work the 
coordinates of the given points should be substituted in the 
final equation. When three points are given, this check is 
absolute. 
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Example 2. Find the equation of the circle which is 
tangent to the line 3ic — 4y = 2 at the point (2, 1) and 
which passes through the 
origin. 

Solution, There are given 
two points on the circle, 

(2, 1) and (0, 0). Substi- 
tuting these coordinates in 
the general form of the 
equation of a circle, we 
have 

5-f2U-hE + F==0, (1) 

F=0. (2) 

We need a third equa- 
tion. This is provided by 
the fact that the given line 
is tangent to the circle at 
(2, 1), which makes the slope of the tangent at this point 
equal to |, 

Differentiating the equation 

2» + 2y| + X. + £|.0, 

% 2x-\- D 

dx 2y + E 

4 -f- 

At the point (2, 1) this is equal to — - — ^ • 

Hence the third equation is 

4 + D 3 

or 4D4-3F=-22. (3) 

Solving equations (1), (2), and (3) simultaneously, we obtain 

D = E = -12, F=0. 


we obtain 

or 
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Hence the equation of the circle is 

*“ + 2/' + Jx-12y==0. 

When reduced to the standard form, this equation becomes 
which shows that the center is (- 1, 6) and the radius is y-. 


PROBLEMS 

1. Find the equation of the circle determined by the fol- 
lowing points : 


(4, 2), (2, 4), (— 4, 2). d. (1, — 8), (9, - 4), (lO, — 6) 

(1, 3), (5, 1), (3, - 3). e. ;2. 1), 2 9), (li 5). 

c. (8, 0), (0, 12), (7, 6). /. (6, 3), (0, 6), (- 6, - 6). 

2* Find tli6 ec^uation of the circle which 


а. Has the center (4, 1) and passes through (— 2 5) 

б. Has the line joining (- 2, 5) and (7. 4) as a diameter. 

c. Passes through (0, 4) and (6, 8) and has its center on 
the aj-axis. 


d. Passes through (2, 5) and (10, 1) and has its center on 
the line a; — 3 / — 4 = 0. 

e. Passes through (16, 12) and (2, - 2) and is tangent to 
the y-axis. 

/. Passes through the point (4, 4) and is tangent to the line 
* - y - 4 = 0 at (4, 0). 

g. Passes through (18, — 25) and is tangent to both axes 

h. Has its center at (- 2, 4) and is tangent to the line 
X — y — 6 = 0. 


3. Find the coordinates of the points of contact of the tan- 
gents drawn from the given point to the given circle : 

a. x^ -f = 13, (5j _ 1) 6. a:^ q. y2 _ j Q ^ 

4. Tangents are drawn from (10, -10)to the circle 

Fipd the perimeter of the area bounded by the tangent lines 
and the circumference. 
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5. Find the dimensions of the largest rectangle that can be 
CTit from a semicircle whose radius is a. 

6. Find the length of the upper base of the largest trape- 
zoid that can be cut from a semicircle whose radius is a, 

7. Show that the largest isosceles triangle that can be in- 
scribed in a circle is equilateral. 

8. Find the dimensions of the largest rectangle that can be 
cut from the segment bounded by the circle whose equation is 

2/2 _ 25 and the line whose equation is x = 2. 

9. Show that the equation of the tangent to the circle 

at any point is x^x + 

10. In Problem 9 show that the equation of the normal is 

== 

1 1. A square is inscribed in a circle, and another circle is drawn 
with a vertex of the square as a center and a side of the square 
as a radius. Find the angle at which it meets the first circle. 

12. The equation of a certain circle is x^ -j- + 6 x -f- 4 y = 87. 

Find the equations of circles tangent to this circle and satisfy- 
ing the following conditions : 

а. Center at (2, — 2). 

б, Point of tangency (— ■ 13, — 2), radius 6. 

THE PAEABOLA 

97. Definition. The locus of a point equidistant frona a 
given fixed point and a given fixed line is called a parabola. 

The fixed point is called th.Q focus; and the given fixed 
line is called the directrix. The distance between the di- 
rectrix and the focus is denoted by p. The line perpen- 
dicular to the directrix and passing through the focus is 
^ called the axis of the parabola. 

By definition of the parabola, the point on the axis half- 
way between the focus and the directrix lies upon the 
locus ; it is called the vertex. 
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98. Construction of the Parabola. When the focus and 
directrix are given, the parabola may be constructed with 
ruler and compasses. Let DZ)' be the directrix and F 
the focus. The line AFB, perpendicular to is the 
axis, and F, midway between A and _F, is the vertex. 
Through any point C on the ^ 
axis draw a line CO parallel 
to the directrix. With AC as 
radius and F as center describe 
a circular arc cutting CC' in 
F and P'. The points P and 
P' are equidistant from P and A 
from DD’ and hence lie on the 
parabola. By choosing differ- 
ent positions of C on the axis 
it is a simple matter to get as 
many points as desired on the ^ 
curve. Naturally the point C 
must be taken on the same side 
of the vertex as the focus, for it is obvious that no point on 
the parabola can be nearer the directrix than the vertex. 

The preceding construction is facilitated by the use of 
squared paper on which the lines CC' are drawn at regular 
intervals. 

99. Equations of the Parabola, Any line may be taken 
as the directrix, and any point not upon the directrix may 
be taken as the focus. In general, however, the equations 
thus obtained are very complicated. We shall therefore 
direct our attention for the present to the equations ob- 
tained by taking the vertex at the origin and the axis of 
the parabola as the a:-axis or ^-axis. 

Let us first take the axis of the parabola as the ir-axis. 
The focus F will then lie upon the a;-axis, and the directrix 
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AB will be parallel to the y-axis. Since the vertex bisects 
the segment of the axis between the focus and the direc- 
trix, the coordinates of i?’ are oV and the equation of 

ABiBx = -P. ^ ' 

2 

Now let F(x, y) be any point on the locus. Join F and 
P and draw PM perpendicular to AB. By definition of the 
parabola, 

FF = MF. 

By inspection and by use of the 
distance formula this becomes at 
once p- 

Squaring and simplifying, we 
have the standard equation 

(III) ^ = 2px. 

If the focus is taken at the point {o, 0 and the direc- 
trix as the line y = - 1 , we obtain in the same way the form 



Fig. 98 


Taking the focus at the left or below the directrix yields 
two other standard forms, as follows: 


Focus 

(III&) 

Focus 

(IIIc) 

Exeecise. 



0 ), directrix 



y^= - 2 px. 



directrix 



x‘=-2py. 

Derive equations Ilia, III 5, and IIIc. 
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100. Discussion of the Equations. We shall discuss only 
one of the. standard equations; the others are treated in a 
similar manner. Let us take 

y^ = 2px. 

The form of the equation shows that the intercepts are 
both 0. From this we deduce that the parabola crosses 
its axis at the vertex alone. 

Since the only term inyolying y is there is symmetry 
with respect to the a:-axis. 

.Solving the equation for y in terms of x, y^± V2^. 
Hence x can never be negative ; that is, the nearest point 
of the parabola to its directrix is the vertex. As x in- 
creases, y also increases. Hence the parabola recedes in- 
definitely from both the axis and the directrix. 

The discussion makes it easy to distinguish between 
the various standard forms. For a form involving the 
axis of symmetry is the 5?-axis, and the focus is to the 
left or right of the vertex accord- 
ing to the sign before Similar 
remarks apply to the forms con- 
taining 

101. The Latus Rectum. The chord 
through the focus of a parabola per- 
pendicular to its axis is called the 
latu% rectum. In the figure, F is 
the focus, ACB the directrix, . and 
FF the latus rectum. Draw FG 
perpendicular to AB, 

By definition of the parabola, the distance of F from 
the focus is the same as that from the directrix. Hence 
FF = FG=^FG^p, 

and the length of the whole latus rectum is 2 p. 



Fig. 99 
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102. Drawing the Parabola. When the equation of a 
parabola is given, the curve may be plotted by using as 
many points as necessary for the degree of accuracy re- 
quired. If it is desired merely to sketch the curve to 
show its position, size, and general shape, the method of 
the following example is usually sufficient: 

Example. Sketch the parabola = — 12 y. 

Solution. This is of the form = ~ 2py ; hence = 12, or 
^ = 6. Since the term in x is of the second degree and the sign 
before 2j9 is minus, the axis 
of the parabola is the y-axis 
and the curve lies wholly below 
the ic-axis. Therefore the focus 

is ^0, (0; —3); and 

the equation of the directrix is 
y = 3. Measuring off ^ = 6 to 
the right and the left of the 
focus gives the ends of the 
latus rectum. These, together with the vertex 0, make three 
points on the curve, which suffice for a sketch. 

The sketch may be improved with little trouble by also find- 
ing the ends of the chord y ==— 2jp. These are (± 2j9, — 2jc»). 

PROBLEMS 

1. With coordinate paper and compasses construct a parab- 
ola having {a) its focus 10 units from its directrix, (Z») its latus 
rectum 40 units long. 

2. Find the coordinates of the focus, the equation of the 
directi’ix, and the length of the latus rectum of each of the 
following parabolas. Sketch the curve. 

a. c. 2 03- — 9 y = 0. e. y^ = 6 ax. 

a:2+8y = 0. d3y=4a;". /. 15a; + 2y2= 0. 
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3* Write the equations of the parabolas satisfying the given 
conditions and draw the figure in each case : 

a. Directrix y = 4, focus (0, — 4 ). 

b. Directrix x = — 8 , focus ( 8 , 0). 

c. Directrix y = ^2, vertex (0, 0). 

d. Latus rectum = 8 , vertex ( 0 , 0 ). 

€. Vertex (0, 0), focus on x-axis, and passing through (- 2, 6 ). 

/. Vertex (0, 0), and passing through (4, 6 ). 

4 . One end of a chord through the focus of a parabola which 
has the x-axis as the principal axis and the origin as the vertex 
is the point (4, — 4). Find the coordinates of the other end. 

5 . Find the equation of the circle passing through the ver- 
tex and the ends of the latus rectum of the parabola y^= Sx. 

6 . In Problem 5 find the angle between the circle and the 
parabola at each point of intersection. 

7 . Find the slope of. the parabola y^ = 2px in terms of x 
and show that as x approaches infinity the slope approaches 0 . 

8 . Show that the parabola y^= 2px has no maximum or 
minimum point. 

9 . Find the equations of the tangent and the normal to 
each of the following parabolas at the point indicated: 

a. 2 2 /" = 3x, ( 6 , 3), c. 3 /^ + 5x = 0, (- 5, o). 

&. x*-^ = 16 y, ( 8 , 4). d. 2 / = 6 x^ (1, 6 ). 

10 . Find the points at which the tangent to the correspond- 
ing curve in Problem 9 has the indicated slope : 

a. |. 6 . i. c. d. 6 . 

11 . Show that the line from the focus of the parabola 

_ 24 X to the point where the tangent to the parabola at 

the point (24, 24) cuts the 2 /”axis is perpendicular to the tangent. 

12 . Find the angles of intersection of the graphs of the fol- 
lowing pairs of equations : 

42/ = x^, 2x = 2/. 2 4 S 

b. y = a^,a?+'>/ = 12. “ ^ 2 /, 2 / - ^ 4 - 
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13. Eind the tangent of the angle of intersection of the 
parabolas 2 /^= and = 2 py oX their point of intersection 
in the first quadrant. 

14. What are the dimensions of the largest rectangle which 
can be inscribed in the segment of the parabola a:^ = 24 y cut 
off by the line y = 6 ? 

15. Show that for any point on the parabola f=^2px the 
segment of the tangent between the point of tangency and 
the a:-axis has a projection upon the a:-axis of 2 x. From this 
deduce a geometric method of drawing a tangent to a parabola 
at any point. 

16. Show that for any point on the parabola / = 2 px the 
segment of the normal between the point of tangency and the 
a:-axis has a projection upon the a:-axis of length p. 

17. Prove that the tangents to a parabola at the ends of 
the latus rectum 

a. Are perpendicular. 6. Intersect on the directrix. 

18. Show that the equation of the tangent to the parabola 
f = 2px at the point (as,, is y^y =p(x + x^. 

103. Applications of the Parabola: the Parabolic Reflector. 
The parabola is frequently met with in the applications of 
mathematics to the sciences. The following are examples : 
the paths of some comets seem to be parabolic; arches are 
sometimes made in this shape; the first approximation to 
the path of a projectile is the parabola ; the cable of a 
suspension bridge has the form of a parabola. 

Among the most interesting of the applications is the 
parabolic reflector. The inner surface of such a reflector 
IS that generated by rotating a parabola about its axis ; 
the lamp is placed at the focus. The reason for its use 
IS that every ray of light from the lamp at the focus is 
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reflected along a line parallel to the axis of the parabola. 
We will now prove this fact. 

The figure represents a sectional view of the reflector. 
Let FP be any ray of light from the focus, which is 
renected at P along the 
line PQ. Let CPT be 
tangent to the parabola 
at P. W e have to prove 
that P(5 is parallel to the 
axis CZ for any position 
of P. 

By differentiating the 
equation of the parabola 
we find that its slope at 

P is = tan PCX On the 

y 

other hand, the figure shows that tanPCA’=-~ 

or = 2a:. 

P P 



\J 

^ Q 


n 

y 

c 0 



Fig. 101 


y 


CM 

But 

and therefore 
whence 

By the distance formula, 


OM= X, 
CO = x; 
CF=x + 


P 


FP: 


+ f 


= ->^3?- px+^ + 2px 

-x+l. 

-"" + 2 

We have thus shown that FP = CF, or that the 
C'PP. is isosceles.. 

Therefore angle PCX — angle CPF, 




Hence 


triangle 



2i6 
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But it is known from physics that if a ray of light meets 
a surface it is reflected in a line making equal angles with 
the tangent; that is, 

angle OFF = angle TFQ» 

Hence angle PCX = angle TPQ^ 


and the line PQ is parallel to CX by a well-known theo- 
rem of plane geometry. Thus all reflected rays have the 
direction of the axis of the parabola. 

104, The Parabolic Arch* In practical problems involv- 
ing the construction of a parabolic arch the dimensions 
given are the span (^AB == ? a, in the figure) and the height 
(^00 =h, in the figure). 

The curve is then constructed in the following way: 
The rectangle OCBD is drawn and OD is divided into 


a certain number 
(four m the figure) "f “ ” 
of equal parts by j 
the points of divi- j 
sion a;, /j, 

The side i)B is j 
divided into the | ^ 
same number of 
equal parts by the 
points Xg, X3. 

Lines K^K[^ AgAl, 


A 2 iTg D 


K[ Ki k; \^a,h) 

i, a ' 


Fig. 102 


AgiTg are drawn parallel to OC, and OX^, OX^, OL^ are drawn. 
The intersections of OL^ and K^K[, OL^ and etc. are 

points on the curve. 


The proof of the validity of this process consists in show- 
iug that the coordinates of the points so constructed will 
satisfy the equation of the curve. To find this equation it 
is customary to take the positive direction of the ^-axis 
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as downward. Then the coordinates of the point B are (a. A). 
Smee the parabola is symmetrical with respect to the 
y-axis, Its equation will have the form 3 ? = 2py. Since B 

lies on the curve, a^=2phi whence 2p^^ and the equa- 
tion of the curve is h ^ 

To show that the points obtained in the figure satisfy 
equation (1), let us fix our attention on the point (a;, y) 
of the figure. From similar triangles, 


qa; 

K,P' 


OD 

' dl: 


a 


that is, ~ _ 

y bl 


or x{DL^ = ay. (2) 

Since OD and DB were divided into the same number 
of equal parts, 

m;~k' 

xh = a{DL;). (^ 3 ) 

Eliminating (^DL^ from equations (2) and (3) gives 

JlT? = a^y. 


or 


105. Other Equations of the Parabola. The equations of 
the parabola so far given are valid for a very restricted 
case; namely, that in which the vertex is at the origm and 
the directrix is parallel to one of the coordinate axes. If 
these conditions are not fulfilled, the equation is more com- 
plicated. In books on analytic geometry it is shown that 
this equation is always of the second degree, and trans- 
formations are given which enable us to find the vertex, 
the focus, etc. 
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These we shall not consider; for in problems where 
the focus and directrix of the parabola are known, it 
is usually possible to choose the origin and the axes in 
such a manner that we can use the simpler forms already 
derived. 

On the other hand, it is frequently convenient to recog- 
nize the locus of the equation y a-^-hx as a pa- 
rabola with its axis perpendicular to the 3;-axis. Similarly, 
2 ; = a -f -f cy^ is the equation of a parabola with its axis 
parallel to the a:-axis. For a proof of these statements the 
student is referred to books on analytic geometry. He 
should, however, note that if a = 6 = 0 these forms are 
equivalent to those already discussed. 

106. Discussion of the Equation y = a-f cjc®. For 
very large values of x the value of y will depend chiefly on 
the term Hence if c is positive, y will be positive for 
large values of x^ which means that the branches of the pa- 
rabola extend upward. If c is negative, y will be negative 
for very large values of x^ which means that the branches 
extend downward. 

Differentiating, we find 

y' — h ^ cx. 

Setting y' = 0, we find x — Hence the point where 

h ^ ^ 

x=z— — is a maximum or minimum point and must there- 

fore be the vertex. The axis is then x -—- — 

2 c 

No attempt should be made to memorize these results, 
but each equation of the type given should be treated in 
the above manner. 

Example 1. Find the vertex and sketch the parabola whose 
equation is 4 2 / = 4 + 8 a; — cc^. 
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Solution. Since the coefBlcient of is negative, the branches 
of the parabola extend downward. 

Differentiating, • 

Setting y' = 0, x = A. The sub- 
stitution of this value in the 
original equation gives y = 5. 

Hence the vertex is (4, 5) and 
the axis is a? = 4. 

A few more points are easily 
computed from the given equation. For example, x = 0 and 
X = S give the symmetrical points (0, 1) and (8, 1). 

Example 2. Find the equation of a parabola with a vertical 
axis and passing through the points (8, 1), (4, — 3), and (2, — 2). 

Solution. Substituting these 
coordinates in the equation 
2/ = a + Sa? -f caj^, 
we obtain 

l = a4-86-|-64c, 

— 3 = a + 4^+16c, 

— 2 = a + 25-f4c. Fig. 104 

Solving these equations simultaneously, we have a == 1, = ~ 2, 

and c = J. The desired equation is then 

which reduces to 4 y = 4 — 8 a; -j- cc®. 

PROBLEMS 

1 . Find the vertex of each of the following parabolas and 
draw the graph in each case : 

a. y = 4 a? — 33^. 
h, 2 y = 8 a? — 
c, 4 y = 8 + 16 a? — a?^. 



Yi 



7 “(0.1) 

- / I 1 1 

1. 1 ( 



— j.. . j 1 


Fig. 

103 



d. Sy = 4 a?" - 3. 

e. 5 y = x^ 4:X ^ 6. 

f. 4aj = 9y-^-18y-2. 
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2 . Find the equation of a parabola with a vertical axis 
through each of the following sets of points: 

a. (2, 5), (3, 0), (- 7, 0). d. (- 2, 5), (- 8,-4), (2, 4). 

b. (5, -8), (2,-6),(-5, -3). e. (_l,2),(-2,-3),(3,-l). 

c. (3, 11), (5, 3), (4, 5). /. (1, 6), (2, 4), (4, - 2). 

3. Find tlie equation of a parabola with, its axis parallel to 
the a-axis and passing through each of the sets of points in 
Problem 2. 

4. Using the definition of a parabola, find the equations of the 
parabolas satisfying the following data and draw their graphs : 

a. Directrix y = 7, focus (2, — 1). 

b. Directrix y = — 2, focus (4, 4). 

c. Directrix x == 6, focus (—2, 3). 

d. Directrix a; = — 4, focus (6, 2). 

5. Plot carefully the graph of the parabola Va -|- = Va. 

What is its axis of symmetry ? Where is its vertex ? 

6. At what point on the curve will the tangent to the parab- 
ola 2 / = 44'2a; — aj^be parallel to the line 2x-\~y-~6 = 0? 

7. At what point on the curve will the tangent to the parab- 
ola y = x^ — 7x-\-3 be perpendicular to the line a; + 3 y == 3 ? 

8. The path of a projectile from a mortar cannon lies on 
the parabola y = 2x — x^; the unit is 1 mi., OX being horizon- 
tal and OY vertical, and the origin is the point of projection. 

a. Find the direction of motion of the ]Drojeetile at the 
instant of projection. 

b. Find the direction of motion of the projectile when it 
strikes a vertical cliff mi. distant. 

c. Where will the path have an inclination of 45° to the 
horizontal ? 

d. What will be the highest point reached by the projectile ? 

9. Find the angle at which the parabolas y = 4 — and 

^ — 14 intersect. 
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10. Find the eq^uation of the tangent to the parabola whose 
equation is, y = 4 a; — which is parallel to the line joining 
the points (1, 3) and (4, 0). 

11. In Problem 10 find the angles of intersection of the line 
and the parabola. 

12. Find the points on the parabola whose equation is 
y =z^x — which are nearest to the point (4, 0). 

13. The area of a cross section of a sphere of radius r, 
at a distance h from the surface, is given by the formula 
A = 2 tctK — irli?. Draw the graph of this function. Find the 
value of A, making A a maximum. 

14. The melting-point t (degrees centigrade) of an alloy of 
lead and zinc is found to be 

= 133 4- 0,875 a; + 0.01125 

where x is the percentage of lead in the alloy. Draw the graph 
of this function. Is there a minimum value of ^ ? How can it 
be found ? 

15. The cable of a suspension bridge assumes the shape of 
a parabola if the weight of the suspended roadbed (together 
with that of the cable) is uniformly distributed horizontally. 
Suppose that the towers of a bridge are 240 ft. apart and 60 ft. 
high and that the lowest point of the cable is 20 ft. above the 
roadway ; find the vertical distance from the roadway to the 
cables at intervals of 20 ft. 

THE ELLIPSE 

107. Definitions. The locus of a point the sum of ivhose 
distances from two fixed points is constant is an ellipse. 

The fixed points are called the foci^ and the distance 
between the foci is denoted by 2 c, 

The sum of the distances of any point of the ellipse 
from the foci is denoted by 2 a. Obviously 2 a > 2 
or a> c. 
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108. Construction of an Ellipse. The definition suggests 
at once a simple mechanical construction of an ellipse. 
Let pins be placed at the foci F and and a loop of string 
PFFP of length 
FF-\- 2 ahe placed 
over the pins. If a 
pencil is placed at 
F and moved so as 
to keep the string 
taut, it will describe 
an ellipse. For then 
FF + FF will con- 
stantly equal 2 a, 

109. Some Properties of the Ellipse. The preceding con- 
struction shows intuitively (as will be proved later ana- 
lytically) that the curve is symmetrical with respect to 
the indefinite line through F and F', and also that it is 
symmetrical with respect to the line BB', which is the 
perpendicular bisector of FF, The indefinite line through 
the foci is called the principal axis of the ellipse. The 
points V and where the principal axis cuts the curve, 
are the vertices of the ellipse. 

Since the curve is symmetrical with respect to each of 
two perpendicular axes, it is symmetrical with respect to 
their point of intersection. Consequently the point 0 mid- 
way between the foci is called the center of the ellipse. 

The distance 0 V from the center to one of the vertices is a. 


Froof. F^v + FV==2a. 

But FF=c-^OV and FV = OV - c. 
Substituting, c OV + OV — c = 2 a, 
or 20V = 2a; 

whence OF = a. 
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The point B is equidistant from F and F\ Hence FB = a. 
Let OB = b. Then, from the right triangle OBF, =: a? — cl 
Hence h a] that is, OB < OF andP'P < F'F. For this reason 
the axis V'V(= 2 a) is called the majo?^ axis of the ellipse, and 
the axis ^'J5(= 2 b) is called the minor axis. 

110. Equation of the Ellipse. Let the foci be on the 
a;-axis, with the origin midway between them. Then 
their coordinates are (c, 0) and 

(— ^)* 

li F(x, y) is any point of the 
ellipse, the definition requires 
that jF'P + FF — 2 a. Hence, by 
the distance formula. 

Transposing the second of these radicals, squaring, and 
collecting terms, we have 

4t cz — 4: a^ — — (x — ay^-\- y^. 

Dividing by 4 and squaring again, we get 

c V — 2 a^GX + = a V — 2 a^cx + + cty , 

or QF— c^)P+ F— aV= F{c^— c^). 

But F—F—b^. 

This gives 5V+ Fy"^— FF. 

Dividing both sides by FF., we obtain the standard 
equation 

CIV) 5+g=i- 

111. Discussion of the Ellipse. The discussion of equa- 
tion IV verifies the properties of the ellipse stated in § 109. 

Intercepts. Setting ^ = 0 and x = Q successively, we find 
that the r?;-intercepts are ± a and that the ^/-intercepts are ± 1. 
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Symmetry, Obviously there is symmetry with respect 
to both axes; hence the origin is a center of symmetry. 
Extent, The terms 

^ and are both 
a 0 

squares and hence 
never negative. Since 
their sum is con- 
stantly equal to 1, 
two facts are at once 
apparent : (1) As 
X increases numeri- 
cally y decreases nu 

merically, and vice versa. (2) Neither term can be greater 
than 1 ; hence x is never greater numerically than a, and 



y is never greater numerically 
than h. 

Thus the ellipse lies wholly 
within the rectangle bounded by 
the lines x — ±a and y^±h, 

112. Equation of Ellipse with 
Foci on the F-axis. If the foci 
are on the ^-axis and the center 
is at the origin, the coordinates 
of the foci are (0, c) and (0, — c). 
Taking F^F -\-FF = 2 a, and pro- 
ceeding as in § 110, we obtain 
the equation 


(IVa) 




1 . 



Fig. 108 


In this case the coordinates of the vertices are (0, ± a), and 
those of the ends of the minor axis are (± i, 0). 
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113. Sketching the Ellipse. Inspection of the standard 
equations IV and IV <2 shows that the locus of any equa- 
tion of the form Ax^ + Cf = F, where A, (7, and F are 
positive, is an ellipse with its center at the origin and with 
its foci on one of the coordinate axes. For such an equa- 
tion can be reduced to one of the two standard forms by 
dividing through by F and writing the equation in the form 


F'^ F 
A C 



B' 



4- \(1.18.S) 


To sketch the locus of such an equation we first find the 
intercepts. The larger intercept is half the major axis (semi- 
major axis), and the smaller intercept is half the minor 
axis (semi-minor axis). To avoid 
the tendency to make the ellipse too y ^ 

pointed, compute the coordinates of /3 
an additional pair of points near 
each vertex. 

Example. Sketch the ellipse whose 
equation is 5 = 16. Also find 

its foci. 

Solution, The intercepts on the 
cc-axis are ± = ± 1.79. The inter- 

cepts on the y-axis are ± 4. The major 
axis lies along the y-axis. Hence a = 4 
and h = = 1.79. From the relation 

we find that c= '\/^=3.58. 

The foci are then (0, ± 3.58). Four additional points are 
obtained by taking y = ± 3, giving ic = ±V^ = ± 1.18. 


0 \ 



\B X 


Fig. 109 


114. The Circle as a Limiting Form of the Ellipse. If we 
take 5 = a, the standard equation of the ellipse reduces 
to -f = ^ 2 , is the equation of a circle of radius a. 
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Thus the circle is a special form of the ellipse. It is in< 
structive to see just how this happens. 

If in the equation we take 6 = a, <? becomes 0. 

Hence a circle is an ellipse whose foci coincide. This is also 
obvious from a consideration of the construction explained 
in §108. 

7ROBLEMS 


1. Find the major and minor axes and the coordinates of 
the foci of the following ellipses, and sketch the curves : 


a, 4- 4 = 16. 

b, + 9 f = 45. 

c, 16 = 64. 

d, 16 4 “ ^ = 114 :. 

e, x^ + 5 'if = 10. 

/. 

g, 25 + 4 2^^ = 25. 


A. 2x^ ^6f=66, 
i, 6x^ 4- 2/^ = 10. 

/. 9 03^ 4“ 1 = 10. 
k, 4a;2 + 25 2/2 = 100. 
/. 4a;2 4.25/ = l. 

772 . 10 -{'20y^ = 49. 

n. 9 4- 1 2/^ = 60. 


• 2. Find the equation of the ellipse whose center i^ at the 
origin and which satisfies the following conditions : 

a. aj-intercepts ± 14, y-intercepts ± 7. 

b. Major axis 20, minor axis 12, vertices on the a;-axis. 

c. Major axis 20, minor axis 12, vertices on the 2 /-axis. 

d. Major axis 16, minor axis 8, vertices on the cc-axis. 

e. Major axis 16, minor axis 8, vertices on the 2 /-axis. 

3. Find the equation of the ellipse with center at the origin 
and draw the curve, given 

ff. One vertex (5, 0), one focus (3, 0). 

&. One focus (4, 0), minor axis 8. 

c. One vertex (0, 5), minor axis 6. 

d. One vertex (0, 6), one focus (0, 4). 

4. Find the equation of the ellipse with center at the origin 
and with principal axis along one of the coordinate axes, and 
passing through 

a. (4, 3) and (6, 2). b. (- 1, 6) and (2, 3). 
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5 . Are the following points on, inside, or outside the 
ellipse -f- 4 7/^ = 16 ? 

a. (2, -1). -!)• c. (1,-1). 

6. The chord of an ellipse through the focus perpendicular 
to the principal axis is called the latus rectum. Prove that its 

length IS • 

7 . From points on the circumference of the circle whose 

equation is, == 64, perpendiculars are drawn to the cc-axis. 

Find the equation of the locus of a point which moves so as to 
bisect each perpendicular. 

8 . Find the equation of the locus of the vertex of a triangle 
whose base is the line joining (a, 0) and (— a, 0) and in which 

^2 

the product of the tangents of the base angles is ~ • 

9 . Show that the slope of the line which is tangent to the 

ellipse ^ V + ^^7 point is • 

10. Find the equations of the tangent and normal to the 

ellipse 4- 3 = 21 at the point in the fourth quadrant 

where a? = 3. 

11. Find the equations of the two tangents to the ellipse 
a;^+4 7/^=18 which pass through the point (2, 2). 

12. A circle is circumscribed about the ellipse whose equation 
is 4 X® + 7/^ = 16, and a tangent is drawn to each curve in the 
first quadrant at the point whose ordinate is 2. Find the point 
of intersection of these tangents. 

13 . Find the angles of intersection of the following curves : 

a. + 4 7/® = 8, = 2 7/ + 2. 

h* 9 x^ + 1 2/^ = 36, 4 x^ + 9 7/^ = 36. 

c. 2 x^ + 7/^ = 24, X, + 2 y = 10. 

d. 4 x^ -f 7/® = 8, 7/“ = 4 X. 

e. x^ + ^ 2^ = 05, y = 4 X. 
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14. At what point on the ellipse 16 ^ does y 

decrease at the same rate that x increases ? 

15. A point generates the curve 4- 4 = 20 and moves 

with the cc-component of its velocity constantly equal to — 2 
units/sec. Find its speed along the curve and its direction of 
motion when y = 2. 

16. The lower base of an isosceles trapezoid is the major 
axis of an ellipse ; the ends of the upper base are points on 
the ellipse. Show that the maximum trapezoid of this type 
has the length of its upper base half that of the lower. 

17. Find the area of the largest rectangle that can be in- 
scribed in an ellipse. 

18. An isosceles triangle is to be inscribed in the ellipse 

^ ^ 2 ^ 2 ^ the vertex being taken at (0, 1), Find the 
equation of the base if the triangle is a maximum. 

19. Using the result of Problem 9 and the formula for the 
angle between two lines, show that the acute angle between a 
tangent at any point and the line joining this point to either 
focus is given by the formula 

tan ^ = — 

20. Prove that the equation of the tangent to the ellipse 

^ 2^2 ^ ^ 2^2 _ ^ 2^2 point (x^, y^, which lies on the ellipse, 

is b^x^x + a^yj/ = a%^. 

THE HYPEEBOLA 

115. Definitions. The locus of a point the difference of 
whose distances from two fixed points is constant is a hyperbola. 

The fixed points are called the fod^ and the distance 
between the foci is denoted by 2 c. 

The difference of the distances of any point of the 
hyperbola from the foci is denoted by 2 a. By a theorem 
in plane geometry, 2 a < 2 a, or a<c. 
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116. Construction of a Hyperbola. Let F and be the 
foci, and suppose one end of a string, indefinite in length, 
is passed through a hole in the paper at F, while the other 
end is passed through a hole at F\ When the string is 
drawn tight, suppose a pencil 
is knotted in it at T so that 
pV-FV^^a. Then let the 
string be drawn out through 
each hole at the same rate 
while the pencil is moved so 
as to keep the two parts taut. 

Then, for any position F of 
the pencil, F’F — FF = 2 a, 
and, by definition, the pen- 
cil will describe a hyperbola. 

The definition does not pre- 
scribe the order in which the 
difference of the distances 
shall be taken. If the pencil is knotted at F' so that 
FV'—FP= 2 a, the same process will generate another curve, 
QV'Q. These two curves together constitute the hyperbola, 
each curve being called a braneh of the hyperbola. 

117. Some Properties of the Hyperbola. The preceding 
construction shows intuitively (as will be proved later 
analytically) that the hyperbola is symmetrical with re- 
spect to the indefinite line through F and F' and also 
that it is symmetrical with respect to the line which 
is the perpendicular bisector of FF'. The indefinite line 
through the foci is called the principal axis of the hyper- 
bola. The points V and F', where the principal axis cuts 
the curve, are the vertices of the hyperbola. 

Since the curve is symmetrical with respect to the per- 
pendicular lines FF' and BB', it is symmetrical with respect 



Fig. 110 
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to their point of intersection. The point 0 midway between 
the foci is called the center of the hyperbola. 

The distance OV from the center to one of the vertices 
is a. The proof is similar to that in § 109. 

The segment of the principal axis rF‘^(= 2 a) is called 
the transverse axis of the hyperbola. 

The poin ts B a nd B’ are each at a distance h from 0, 
where a^. The segment Q— 2 5) is called the 

conjugate of the hyperbola. Note that since, by defini- 
tion, aV whence c^—a^+ h may be either larger 

or smaller than a. 

118. Equation of the Hyperbola. Let the foci be on the 
rr-axis, with the origin midway between them. Then their 
coordinates are (c, 0) and (— <?, 0). 

If P(rr, y) is any point on the 
hyperbola, the definition requires 
that j7''p_j7'p = ±2a. 

Hence, by the distance formula, 

V (x + — cy + 

= ±2a. 



-b’lG. Ill 


Transposing the second of 
these radicals, squaring, and collecting terms, we have 
a^=± a'^ (x — cy-\-y^. 


If we square this again, it may be reduced to 

Since <?— this gives 

Dividing by we obtain the standard, equation 

The student should compare the above carefully with § 110. 
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119, Discussion of the Equation. Intercepts. Setting = 0, 
the iT-intercepts are seen to be ± a. Setting 2 := 0, we find 
that the ^-intercepts are imaginary. Hence the curve does 
not cross the ^/-axis, and, since there are points of inter- 
section with the a:-axis on both sides of the origin, the 
curve must consist of two Iranches. 

Symmetry. Obviously there is symmetry with respect 
to both axes and the origin. ^ 

Extent. If we write equation V in the form ^ = 

we see at once that — is never less than 1, and hence that 
or 

X is always numerically greater than or equal to a. Also, 
as y increases, x increases, numerically. On the other hand, 
y may have any value. 

Therefore the two branches of the hyperbola lie outside 
the lines x=^±a and recede to infinity from both axes 
in all four quadrants. 

120. Asymptotes. If the equation is solved for y in terms 


of a;, we obtain y = ± -- a result which indicates 

a 

that, for values of x large in comparison with that of a, 
t)X 

y is approximated by ± — This suggests that the hyper- 

^ hx 

bola approaches the lines whose equations are y == ± — as 

a 

it recedes to infinity. Lines approached by a curve in this 
manner are called asymptotes. 

To prove the above statements, take a point F(x^ y) on 
the hyperbola in the first quadrant and let Ii(x^ y^) be 

J)X 

the point on the line y = — which has the same abscissa. 

a 

We must show that as x approaches infinity — ^ ap- 
proaches 0. 
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From the equations of the line and of the hyperbola, 

we have , 

bx b^ 3? ~ 0^ 

y-y=^-a — ^ 

__ b{x — ^3?— c?) 
a 

Multiplying numerator and denominator by 
we have 

ab 

y-y^ — 75 =1 • 

If X approaches infinity 
the denominator obviously 
approaches infiinity, while 
the numerator remains con- 
stant; hence 

The other quadrants are 
treated in the same way. 

W e have thus shown that 
as the hyperbola recedes to 
infinity it approaches asymptotically lines through the or- 
igin with slopes ± These are easily seen to be the diag- 
onals of the rectangle whose sides are the lines x=:±a and 
y = ± J, 

121. Equation of Hyperbola with Foci on the F-axis. 

Let us take the foci at (0, e) and (0, — <?). Proceeding 
exactly as in § 118, we obtain a second standard form, 

a* ' 



(Va) 
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For this form the vertices are (0, ± a> No value of 
y is numerically less than a, and x may have any value. 


Solving for 

From this it may be shown, 
as in § 120, that for this form 
the asymptotes are the lines 


These asymptotes are the diag- 
onals of the rectangle whose 
sides are the lines a: = ± 5, 
y^±a. 



Fig. 113 


122. Sketching the Hyperbola. Inspection of the stand- 
ard equations V and Y a shows that the locus of any 
equation of the form Ax^—Cy^=±F^ where (7, and F 
are positive, is a hyperbola with its center at the origin 
and with the foci on one of the coordinate axes. For such an 
equation can be reduced to one of the two standard forms by 
dividing through by F and writing the equation in the form 


E. 

A 


F 


— ± 1 . 


C 


To sketch the locus of such an equation we first find 
the intercepts, which will be real on one of the coordinate 
axes and imaginary on the other. The real intercept is 
half the transverse axis (semi-transverse axis'). The foci 
and vertices lie upon the coordinate axis on which the 
intercepts are real. A sketch of the curve may be made 
by proceeding as in the example on the following page. 
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Example. Eind. tiie vertices and foci of the hyperbola 
— 9^/^ = 36, and draw the curve. 

Solution. The real interce pts a re x =±3, and the imagi- 
nary intercepts are y = ± 2V— 1. Thus a = 3, 5 = 2, and 
<3 = Vl3 = 3.61. Hence the 
vertices are (± 3, 0) and the 
foci are (± 3.61, 0). 

Four other points are ob- 
tained by taking ai = ± 4, 
whence y = il.76. The 
slopes of the asymptotes are 

i - = ± ^ j and “they may 

O/ o 

be drawn as the diagonals- 
of the rectangle whose sides are a? = ± 3 and y = ± 2. Using 
the asymptotes as guiding lines, we draw each branch of the 
curve through the three points plotted. 

PROBLEMS 

li Sketch the following hyperbolas with their asymptotes, 
Find the foci in each case. 

a. — y2 — 4 = 0. y. 2 — y^ — 8 = 0. 

5. x^ — y^-h 4 = 0. A x^— 2y2-f-l = 0. 

c. x2~-4y^-16 = 0. f. 5x2- 7y2- 35 = 0. 

d. 4x2— y2 — 16 = 0. A 3x2— y2-|-. 9 = 0. 

4x2- y2+ 25 = 0. k. 6x2- 2y2-f- 25 = 0. 

/. 9x2 — 16y2-h 144 ^ q 3x2— 8y2_ 35 — q. 

2. Find the equations of the hyperbolas satisfying the fol- 
lowing conditions : 

a. a = 10, 5 = 5, foci on the x-axis. 

5. a- = 10, 5 = 5, foci on the y-axis. 

c. a = 4, 5 = 8, foci on the x-axis. 

d. Vertex (3, 0), focus (4, 0). 

e. Vertex (0, 2), focus (0, 5). 
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/. Vertex (4, 0), focus (6, 0). 

g. Focus (2, 0), conjugate axis 2. 

h. Focus (0, 5), conjugate axis 6. 
u Vertex (0, 4), conjugate axis 8. 

3 . Find the equation of the hyperbola having its center 
at the origin and its foci on the x-axis, and passing through 

a. (6, 2) and (2 V6, l). h. (2, 2) and (4, 6). 

4 . Find the equation of the locus of a point which moves 
so that the difference of its distances from the points (0, ±13) 
is 10. 

5 . The latus rectum of a hyperbola is a chord through the 
focus perpendicular to the principal axis. From the equation 

2 

show that the length of the latus rectum is ~ — 

a 

6. Find the equations of the tangent and the normal to 
each of the following hyperbolas at the point indicated : 

a. aj* — 2 /^ = 9, (5, 4). c, -f 9 = 0, (— 4, 5). 

h, 4a;2-y2-^39 = 0,(4, -5). d. a;2-4y2==9, (- 5, 2). 

7 . Find the equations of the tangents to the hyperbola 
2 = 9 which are parallel to the line 2cc — y + 7 = 0. 

8. Find the equations of the tangents to the hyper- 
bola — y^ + 16 = 0 which are perpendicular to the line 
5 a; + 3 y — 15 = 0. 

9 . Find the equations of the tangents to the hyperbola 
_ S 2/2 = 1 which pass through the point (-5,-2). 

10 . Find the angles of intersection of the line 2 a; — 3 y = 0 
and the hyperbola — y^ = 5. 

11 . Find the slope of the hyperbola in 

terms of x and y, and in terms of x alone. Show that the limit 

of the slope as x approaches infinity is ± - • 

12. Show that the equation of the tangent to the hyperbola 
— ay = at the point (x^, which lies on the curve, 

is h^x^ ^ == 
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13. A point moves along the hyperbola — 4 3/^ = 20 in 
such a way that x is increasing at the rate of 3 units/sec. 
Find the rate at which y is changing when the point passes 
through (6, — 2). 

14. A segment is bounded by the line x = S and the hyper- 
bola — 2/^ = 16. Find the dimensions of the largest rectangle 
which can be inscribed in this segment. 

15. Find the point on the hyperbola — 3/* — 16 = 0 which 
is nearest to the point (0, 6). 

123, The Equilateral Hyperbola. If a = 6, the standard 
forms of the equation reduce to 

and _ ^2 _ ^2^ 

These are called equilateral 
or rectangular hyperbolas. The 
latter name is due to the 
fact that the asymptotes have 
their slopes ± 1 and are there- 
fore at right angles to each 
other. 

124. Other Forms of the Equation of the Equilateral 
Hyperbola. It is shown in analytic geometry that the 
locus of the equation xy= (7 is an equilateral hyperbola. 
The asymptotes are easily seen to be the x-axis and the 
^-axis. If C is negative the two branches are in the 
second and fourth quadrants. The vertices are on the line 
y = x or 3 /=— X. 

A slightly more general form is xy + ax 4- 63/ + c = 0. It 
may be shown that the asymptotes are x = — 5 and y — ~~ a. 

The importance of these forms is due chiefly to the fact 
that many functional relations have equations of these types. 
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125. Tke Conics. The equations of the circle, the pa- 
rabola, the ellipse, and the hyperbola, discussed in this chap- 
ter, are all special forms of the general quadratic equation 
-f- + Cif + Bx + Ey ^ F=Q, 

It is shown in analytic geometry that the locus of this 
equation is always one of the curves mentioned, exception 
being made of certain degenerate forms. Furthermore, 
all these curves may be obtained as the intersection of a 
plane and a right circular conical surface. For this reason 
they are called conic sections or simply conics. The ellipse 
and hyperbola are called central conics. 


PROBLEMS 


1 . Name and sketch each of the 

a. + 8 = 0. 

b. -f 2/^ ■— 4 = 0. 

c. — 2 /^ -f- 4 = 0. 

+ 2/ — 4 = 0. 

e. 4 + 2 /^ — 64 = 0. 

/. a; + 4 2/^ — 64 = 0. 


following curves : 

4 — 2/^ — 64 = 0. 

/i. 4 + ?/ = 0. 

i. 4aj^-- 7/2^0. 

j. 4 -h 2/^ = 0. 

ic?/ ” 6 ic + 7 2/ —• 42 = 0. 
/. cc2/4-4x — 22/-i-8 = 0. 


2. Two points are 2000 ft. apart. At one of these points the 
report of a cannon is heard one second later than at the other. 
By means of the definition of a hyperbola show that the can- 
non is somewhere on a certain hyperbola, and write its equa- 
tion after making a suitable choice of axes. (The velocity of 
sound is 1090 ft./sec.) 

^3. Find the equation of the hyperbola through the point 
(1, 1), with asymptotes y = -±2 x. 

4. Find the slope of the hyperbola sc?/ -f acc + ^ 2 / + c = 0 at 
any point. 

5. Show that at any point the slope of the hyperbola 
xy ^ C is — 

00 
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6. Find the point of the hyperbola xy = 48 where the 
slope is — f . 

7. Find the equations of the tangent and normal to each 
of the following curves at the point indicated : 

a. -4- 16 a; = 0, (— 4, 8). 
d. a;y 4- 24 = 0, (4, - 6). 

c. 4a;2 + y2,^100, (-3, 8). 

d. a;2 + - 12 a; + 6 y = 55, (- 2, 3). 

£. a;2-^4/+64 = 0; (6, 5). 


8. At the point (5, |) of the hyperbola 9 a;^ — 16 i/* == 144 
a tangent and a normal are drawn. Find the area of the triangle 
bounded by the tangent, the normal, and the a;-axis. 

9. Show that the hyperbola a;^ — = 5 and the ellipse 

4a;^+9y^=:72 intersect at right angles. 

10. Show that the hyperbolas a;^ — y^ =s a?' and xy = V2 
intersect at right angles. 


11. Find the angles of intersection of the following pairs of 
curves : a.y = 3 ?, a? - f-\-12 = 0. 

J}.3? + f'= 104, *2 - 9 ^ = 64. 


c. a;y — 16, a;^ + 4 1 /* = 80. 

d, xy 48, a;^ + y^ =z= 100. 


12. Show that the tangent to the hyperbola xy = o at any 
point forms with the coordinate axes a right triangle whose 
area is 2xy = 2C. 

13. Show that the equation of the tangent to the hyper- 
bola xy — C at the point (a;^, y^), which lies on the curve, 

x^ -\-y^ — 2C. 

14. For what value of h will the line y ==.a; -f h be tangent 
to the hyperbola a;^ — 9 y® = 72 ,? 

15. Prove that the triangle formed by a tangent to the curve 
2 xy = the avaxis, and the line joining the point of contact 
to the origin is isosceles. 


Hint. Compare the slopes of the sides. 



CHAJPTER VIII 


CURVE-TRACING 

126, In previous chapters the student has learned how 
to plot curves by points and how to find their simpler 
properties — symmetry, slope, and maximum and minimum 
points. He has also studied the conics m some detail. It is 
now in order to consider curves of a more general nature 
and to study the methods applicable to their discussion. 

The graph of any equation in x and y can be constructed 
by assuming values for x and computing the correspond- 
ing values of y^ or vice versa. But this method alone is 
often laborious and ineffective. It is laborious because all 
facts about the graph are discovered by trial and because 
there is no advance information concerning the most im- 
portant values of x (or y) to be chosen. It is ineffective 
because the most painstaking and extensive calculations 
may fail to show certain important properties of the curve. 

In Chapter II we utilized the notions of intercepts and 
symmetry, for assistance in making tables of values. It was 
there stated that for a thorough discussion of a curve the 
methods of the calculus are necessary. Some of the methods 
have already been given ; these will be amplified and others 
will be added in this chapter. 

127. Tracing a Curve. To "trace a curve” is to draw 
the graph after having determined its most important prop- 
erties. This always involves the computation of values of 
one variable corresponding to certain values of the other ; 
but these values are carefully chosen so as to include those 

239 
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that show the nature of the curve and to avoid the necessity 
of computing many values that have no special significance. 

The "discussion of an equation” is the determination 
of the properties of the curve represented by the equation. 
The points to be considered are taken up in the following 
paragraphs. 

128. Intercepts. The method of finding the intercepts of 
a curve was given in §§17, 28. The intercepts of a curve 
may not be of special importance in determining its shape, 
but the points determined by them are often the easiest 
points to find from the equation and frequently serve as a 
check on the work. After the intercepts have been found, 
we know that the curve can cross the coordinate axes at no 
other points. 

129. Symmetry. The principle of symmetry has been 
explained in an earlier paragraph (§ 28). The rules for 
recognizing the symmetry of a curve from its equation are 
repeated for convenience. 

1. A curve is symmetrical with respect to the a;-axis if its 
equation contains only even powers of y, and conversely. 

2. A curve is symmetrical with respect to the y-axis if its 
equation contains only even powers of x, and conversely. 

3. A curve is symmetrical with respect to the origin if 
its equation remains unchanged after substituting — x for 
X and — y for y, and conversely. 

130. Excluded Values. If when a value is substituted 
for X in the equation of a curve the resulting value of y 
involves a square root (or an even root) of a negative 
number, the value of y is imaginary and there is no corre- 
sponding point on the curve. If when a: = a all the corre- 
spondmg values of y are imaginary, it means geometrically 
that the curve does not cross the line x = a. Hence, in 
computing values of y, we should exclude from the table 
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all values of x which will make y imaginary. Similarly, 
all values of y should be excluded which will make x 
imaginary. 

To determine in advance what values of x are to be 
excluded, the equation of the curve must be solved for y 
algebraically. An inspection of the result will show what 
values of x^ if any, will make y imaginary. Similarly, to 
determine what values of y should be excluded, the equa- 
tion must be solved for x algebraically. 

The determination of the values to be excluded shows 
the extent of the curve. For example, if it appears that all 
negative values of x must be excluded, there is no part of 
the curve to the left of the ^/-axis, and the curve extends 
indefinitely to the right. 

131. Examples. In applying the previous and the follow- 
ing sections to specific problems, it is important to keep in 
mind the two purposes of a discussion: first, it facilitates 
the labor of computing the table of values ; second, it 
serves as a check upon the table of values, and vice versa. 
It should be unnecessary to state that the curve as drawn 
must have the properties given in the discussion. If some 
of the points given by the computed table of values do not 
agree with the discussion, there is an error in either the 
computation or the discussion. 

Example 1. Given the curve whose equation is = x + 4. 

a. Find the intercepts. c. Find the extent. 

&. Discuss the symmetry. d. Draw the curve. 

Solution, a. Setting y = 0, the x-intercept is found to be — 4. 
Setting X = 0, the y-intercepts are found to be + 2 and — 2. 

6. The curve is symmetrical with respect to the x-axis (see 
§ 129). It is not symmetrical with respect to the y-axis or the 
origin. 
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c. Solving for y, 2/ = ± Vcc + 4. 

All values of x sueli that a; + 4 is negative must be excluded. 
Hence a; < — 4 must be excluded. 

Solving for x, a: = 2/* — 4. 

Ho values of y need be excluded. 

Hence the curve does not extend to 
the left of the line a; = — 4. It extends 
indefinitely to the right and indefinitely 
upward and downward. 

d. The curve is drawn by plotting a few points in addition 
to the intercepts already found. The shaded area indicates the 
region of excluded values. 



Example 2. The equation of a curve is a?^ + 4 — 16 ?/ = 0. 

a. Eind the intercepts. c. Find the extent. 

h. Discuss the symmetry. d. Draw the curve. 


Solution, a. When 3/ == 0, a; = 0 ; when a; = 0, y = 0 or 4. 
h. The tests for symmetry show symmetry with respect 
to the 2/-axis, but not with respect to the a;-axis or the origin. 

c. Solving the equation for y, 
we obtain 


VI6 - 


2 / = 2 ±- 


Henee a? cannot be greater than 
16 ; that is, x cannot be numeri- 
cally greater than 4. This fact 
is expressed by writing |x| > 4 
excluded. 

Solving the equation for x, we obtain 


■ 

Y' 


p 

1 


3 


m 



i i 


Fig. 117 


a; = ± 2 V4 2/ — V 
= ± 2 V2/(4 — ?/). 
Hence we must exclude y > 4 and 2/ < 0. 
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The excluded values show that the curve does not extend 
outside the rectangle bounded by the lines x = 4, x = — 4 
2 / = 0, and 3 / = 4. ’ 

d. The curve is shown in the figure, the shaded area indi- 
cating the region of excluded values. 


PROBLEMS 


(a) Find the intercepts, (h) discuss the symmetry, (c) find 
the extent, and (d) draw the graph of the following equations : 

1. x + ^ 2 / — 6x = 91. 4. 3 / = X® (cubical parabola). 

2. + 3 /^ = 2 . 5, 2/2= ajS (semicubical parabola). 

3. x®+3/® = l. 0, 

7. 3/^ = x^~-4x. 

8. x^y = 4. 

9. xy = 4. 

10. 3 /®= x^ (semicubical parabola). 

11. x^ + 3/^ = a\ 

12. + 3/^ 4" b X -f" 3 3/ = 0. 

13. 9x2+ 253/'-54 x- 144 = 0. 

14. x^~7/^4:x + Z = 0. 


16. x^ + y 

17. 3/ = 2-< 

18. 3/2 (2 a 


a:“ + 4a2V— V- 

^22 

■s ~ Qiypocycloid of four cusps). 

91 ^2\2 _ . 


10. y~\^L a — x) = a? (cissoid). 
19. Vx + V3/ = Va (parabola). 

OA 2 a;^(«^ + aj) ^ 

y a;) - {strophoU). 


21. (y — 

22. y = x*— 4a^. 

23. /=4a^-a:‘ 

0.1 


132. Asymptotes. An asymptote is a line approached by 
a curve as it recedes to infinity. We shall here consider 
only vertical and horizontal asymptotes. 
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Consider the equation xy — y — 1. Solving for y, we have 

1 

y = — T’ 

x — l 

from which it appears that y increases indefinitely as x 
approaches the value 1. The curve is said to approach 
the line x — \ asymptotically^ 
and the line ri: == 1 is a vertical 
asymptote of the curve. 

Similarly, by solving for rr, 

y 

from which we see that the 
curve approaches the 2 :-axis 
asymptotically and the a;-axis 
is a horizontal asymptote of 
the curve. 

In genial the line x = a will be a vertical asymptote 
of a curve if, from the equation of the curve, y becomes 
infinite when x approaches a. Similarly, the line y = h will 
be a horizontal asymptote of a curve if x becomes infinite 
when y approaches h. 

Since we are considering only algebraic equations, y can 
become infinite when x approaches a only if the expression 
for ^ is a fraction such that the denominator is zero when 
x^a. Hence, to find the vertical asymptotes of a curve 
whose equation is given we solve the equation for y. If 
the result is a fraction, we set the denominator equal to 
zero and solve for x. The real roots will give the vertical 
asymptotes. If there are no real roots, the curve has no 
vertical asymptotes. 

Similarly, to find the horizontal asymptotes of a curve 
whose equation is given we solve the Equation for x. If 
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the result is a fraction, we set the denominator equal to 
zero and solve for y. The real roots will give the hori- 
zontal asymptotes. 

Example. Eind the asymptotes of the curve whose equation is 
and plot the curve. 

Solution, Solving the equation for y, we obtain 

2 — X 


Setting the denominator equal to zero and solving gives cc = ± 1. 
Hence there are two vertical asymptotes : a? = — 1 and oj = + 1. 

To solve the equation for , i yA | 

X write it in the form / ! | I 

(y — 2)x^ + x--y = 0 | I 

and use the quadratic for- | j 

mula. We obtain | j 

-l±y/l-^y + A^ 1 1 

* = 2^71:2) — |7^\| ' 'i 

Hence the horizontal asymp- I \i 

tote is 2/ = 2. j / I 

In making the table of i I li 

values for plotting note that 
the solution for y involves 

no radicals, and hence no values of x are to be excluded. 
Eurthermore, the table should be extensive enough to show 
how the curve approaches its asymptotes. 

To find both the horizontal and the vertical asymptotes it is 
not necessary to solve the equation for both x and y, as the 
horizontal asymptotes can be found from the solution for y by 
inspection. The reasoning is as follows : A horizontal asymp- 
tote occurs if there is a value of y for which x becomes infinite. 
Take the above solution for y in terms of x as an example : 

2q^ — x 
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In this equation let x become infinite and see if y approaches 
any fixed value. For very large values of x the most important 
term in the numerator is and the most important in the 
denominator is x^. The value of the fraction, for very large 
values of a, will be approximately divided by which 
is 2. As X becomes larger and larger the terms of lower de- 
grees in numerator and denominator become relatively more 
and more insignificant, and the value of the fraction comes 
nearer and nearer to 2. Hence y == 2 is a horizontal asymptote. 

PROBLEMS 

In the following problems find the intercepts and the hori- 
zontal and vertical asymptotes and draw the curves ; 

1. 4a;y + 2y-~-2a;+l=:0. 6. V ^ 2/^ - 4a; -j- 1 = 0. 

2. a:y - 4- 4 = 0. 7. + a;‘^ - 4 y - 1 = 0. 

3. xy2-4x-f-4 = 0. 8. x2y(y^-4) = l. 

4. xV~2y~x2=0. 9. xy (x - l)(x - 2)= 1. 

5. xy-2x-y-f-3 = 0. 10. y® -f- 3 y^ + _ 3 x" = 0. 

133, Direction of Bending. It has been seen (§ 71) that 
any function is increasing when its derivative is positive, 
and decreasing when its derivative is negative, and con- 
versely . Let y =/ (x), and consider the derived function 
y^=f(x). As a consequence of the fact stated above, y' is 
increasing if iu derivative, y'', is positive, and y' is decreas- 
ing if y^^ is negative, and conversely. The geometric sig- 
nificance of this statement is important. 

Let the figure represent the graph of y =/(x). Then 
y (pO give the value of the slope of the graph at 
any point. At A the slope is positive and equal approxi- 
mately to 3 (as estimated from the figure). Proceeding 
to the right along the curve (that is, as x increases), the 
graph shows that the slope decreases until the maximum 
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point B is reached, where = 0. From B to C the slope 
continues to decrease from zero to a value approximately 
— 8. As X increases from a to c the slope decreases ; 
hence the derivative of y\ which is is negative. From A 
to 0 the curve is bending downward, or is concave downward. 
Proceeding from 0 to D along the curve, the slope in- 
creases from — 3 (approximately) to zero, and from Z) to 



E the slope continues to increase from zero to a value ap- 
proximately 1. As 2 : increases from c to e the slope y^ 
increases ; hence y'^ is positive. From C to E the curve is 
bending upward, or is concave upward. 

The preceding discussion justifies the following state- 
ment of the geometric significance of the second derivative. 

If the graph of the function y =fQc) is concave upward,^ 
the second derivative of y with respect to x is positive^ and 
conversely I if the graph is concave downward,, the second 
derivative is negative,, and conversely, 

134. Third Test for Maxima and Minima. The figure 
of the preceding section shows that the graph of a func- 
tion is concave downward at a maximum point and concave 
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upward at a minimum point. Hence the second deriva- 
tive is negative for a maximum value and positive for a 
minimum value. This furnishes a third test for distin- 
guishing between maxima and minima, which may be used 
instead of the two given in § 74* 

Example. Given the equation y = ^ + 3. 

maximum and minimum points of its graph. Find also the 
values of x for which the graph is concave upward and those 
for which it is concave downward. 

Solution. Finding the first and 
second derivatives, we have 

3£C, 

y''=2cc-~3. 

Setting y' = 0, we obtain cc = 0 or 
3, the critical values. When aj = 0, 
y'' = — 3 j hence a; = 0 gives a max- 
imum point (0, 3). When a; = 3, 

2/” = + 3. Hence a; = 3 gives a minimum point (3, — 

The curve is concave downward when y" < 0 or when a; < ^ . 
it is concave upward when y'' > 0 or when cc > |. ^ ’ 

135. Points of Inflection. A point of inflection is a point 
at which a curve changes its direction of lending* That is, 

* In connection with this definition it should be remembered that 
we are considering only functions which are 
single-valued and continuous, and which have 
continuous first and second derivatives. Con- 
sider the circle The points 

A. (a, 0) and B(— a, 0) separate an arc of the 
curve which is concave upward from an arc 
which is concave downward. But A and B 
are not po ints of I nflection. The function of x 
is y = ± which is not single- valued, 

j ay ’ 

x: ’Jecomes infinite at .4 and J3. 



Fl&. 122 
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as the tracing point moves from left to right the curve 
changes from concave downward to concave upward, or 
vice versa, at a point of inflection. In the figure of § 133, 
(7 is a point of inflection. In the preceding example the 
inflectional point is (|, |). Since the discussion of § 133 
shows that is negative at the left of C and positive at 
the right, y" will in general^ be e(jual to zero at C. Hence, 
to find the points of inflection set the second derivative of y 
with respect to x equal to zero and solve for x. 

The tangent to the curve at a point of inflection is 
called an inflectional tangent It should be observed that 
an inflectional tangent cuts through the curve at the point 
of tangency, and that it also approximates the curve very 
closely for a considerable distance on either side of the point 
of tangency. For this reason it is helpful in tracing a curve 
to draw the inflectional tangents with their proper slopes. 

Exercise. Show that the slope is a maximum or a minimum 
at a point of inflection. 

PROBLEMS 


In the following problems (d) find the maximum, minimum, 
and inflectional points ; (b) find the slope of each inflectional 
tangent and draw it ; (c) draw the curve. 


2. 6 2/ = 6 + 30 X — 2 £c®. 

3. 6 y = X® — 12 X — 6 . 

4. 2 2/=:2x® + 3xI 

5. 6 y = X® — • 6 X® 4- 12 X. 


6. y = x(x — 1) (x “ 2). 

7. y = I* - + 2. 

8. 20 y = x^ — 24 x- — 12. 

9. 6y=6 + 18x®+8x®^3x^. 

10. y = (x^ — 1) (x® — 4). 


* This statement is always true if y" varies continuously. In certain 
curves, which will not he considered in this hook, points of inflection 
exist at which y" is not zero ; that is, y" changes sign by becoming in- 
finite instead of zero. 
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11 . 20y = ic«- 

12. 15 y = 3 rc® — 25 a;® + 60 x. 

13. ^ = x + -• 


14. y = + —• 

X 

1K , ^ 

15. y = a3 + -. 

16. 2/ = a:® + i. 


17. Show that the following curves have no point of inflec- 
tion : (a) the ellipse, (b) the hyperbola, (c) the parabola. 

18. Pind the points of inflection of the curve whose equa- 
tion is y = ^2 _^ ‘j[ and show that they lie on a straight line. 


19- Show that the curve whose equation is a;® -f y® == 1 has a 
point of inflection where it crosses the y-axis. 


136. Information given by the Derivatives. Before pass- 
ing on to the general discussion of an equation, we sum- 
marize for convenience the results of §§133-135 and 
Chapters II-IV, which bear on the tracing of a curve. 
These are as follows: 

1. If y' is positive (negative), the curve is rising 
(falling). 

2. If y is positive (negative), the curve is concave 
upward (downward). 

3. If y^ = 0 and y" is positive (negative), the curve has 
a minimum (maximum) point. 

4. If y'^ = 0, the curve has a point of inflection. 

The best way of making use of the information found 
m this way is given in the next section. 

137. Discussion of an Equation. The discussion of an 
equation is resorted to for the purpose of getting all 
possible advance information about the properties of the 
curve before making a table of values and drawing the 
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curve. The five points to be considered are those which 
have been mentioned in §§JL28“135; namely, 

1. Intercepts on the axes. 

2. Symmetry. 

3. Extent. 

4. Horizontal and vertical asymptotes. 

5. Maximum, minimum, and inflectional points. 

It is not to be expected that complete information on 
all five points will be obtained from every equation. For 
example, to determine the extent of a curve, it is neces- 
sary to solve the equation algebraically for both x and y. 
This will not be done if the equation is of higher degree 
than the second. But partial information about the extent 
may be obtained if the equation is solved for one variable 
only. Again, the determination of intercepts may involve 
the solution of a numerical equation of higher degree than 
the second. This will not be undertaken unless the equa- 
tion can be readily factored, because the results do not justify 
the labor. 

But m every case of curve-tracing the five questions of 
the discussion should be answered as far as practicable. 
As each fact concerning the curve appears in the discussion 
it should be indicated, if possible, on the plotting-paper. 
Thus when the first question has been answered, the inter- 
cepts should be marked on the coordinate axes. If certain 
values are to be excluded, this fact should be indicated as 
in § 131. If the answer to the fourth question shows that 
the curve has horizontal or vertical asymptotes, these should 
be drawn on the plotting-paper to serve as guide lines in 
tracing the curve. The maximum, minimum, and inflec- 
tional points should be carefully plotted and a short tangent 
line with proper slope drawn through each. The knowledge 
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thus gained frequently makes it possible to sketch the 
curye completely. If the information obtained by the dis- 
cussion is not sufficient for drawing the curve completely, 
point-by-point plotting must be used. 

Example 1. Discuss the equation By = x^-i-Sx^~-9x and 
trace its graph. 

Solution, Solving for y, we obtain 

y = I + a;® — 3 a:. (1) 

We cannot solve for x, since the equation is a cubic in x. 

Differentiating, we have 

3 /^ == -j- 2 05 -- 3 === (r -f 3) (a? -- 1), (2) 

y’' = 2x + 2. (3) 

We now take up the five points of the discussion in order : 

Discussion 

1 . Interce{pts. If as = 0, 2 / = 0. 

If 3 / = 0, 05 ® + 3 05 ^ — 9 05 = 0 ; then O5 = 0 oro 5 ^-f 3 o 5 — 9 = 0, 
whence 05 = — 49 or 1.9. 

2. Symmetry, There is no sym- 
metry with respect to the axes or 
the origin. 

3. JExtent, The solution for y in 
terms of 05 involves no radicals ; hence 
no values of x are to be excluded. 

As X + 00, 2/ + 00 ; hence the 

curve extends indefinitely to the right 
and upward. As x— > — 00, 3 /— > — co ; 
hence the curve extends indefinitely 
to the left and downward. 

4. Asymptotes. The solution for 
y does not involve fractions with x 
in the denominator ; hence there are no vertical or horizontal 
asymptotes. 
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5. M^cixwiuTyiy 7n>ini7)iui7h^ cind injiectioncbl points. Setting 

= 0, we find x = 3 and 1. When cc = — 3, y = 9, and 

is negative ; hence (— 3, 9) is a maximum point. When cc = 1, 
y = — and y" is positive ; hence (1, — |) is a minimum point. 

Setting == 0, we find a; = - 1, y = .y., and y' = 4. The 

curve has a point of inflection at (— 1, yi), and the slope of 
the inflectional tangent is — 4. 

The facts shown by the discussion are sufficient to trace the 
curve completely. 


Example 2. Discuss the equation x‘^y — 
trace its gra]ph. 

£c^ -f 4 = 0 and 

Solution. We are given 



xhj — -j- 4 = 0. 

(1) 

Solving for y, 

li 

1 

( 2 ) 

Solving for x, 

*-±>11 

M~-y 

( 3 ) 

Differentiating (2), 


( 4 ) 


,, 24 

y = — I • 

(3) 


Discussion 


1. Intercepts. If y = 0, cc = ± 2. If re = 0, equation (1) 
becomes 4 = 0, which is impossible. Hence the curve does 
not cross the y-axis. 

2. Symmetry. The curve is symmetrical with respect to the 
y-axis. It is not symmetrical with respect to the ic-axis or the 
origin. 

3. Extent. Equation (2) shows that no values of x (except 0) 
need be excluded. Hence the curve extends indefinitely to 
the right and to the left. Equation (3) shows that values 


of y greater than 1 must be excluded. Hence there is no 
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part of the curve above the line ]/ = l, but it extends indefinitely 
downward. 

4. Asymptotes, Equation (2) shows that y becomes infinite 
when X approaches zero. Hence the y-axis is a vertical asymp- 
tote. Equation (3) shows that y = 1 is a horizontal asymptote. 

5. Maximum, mini- 
mum, and inflectional 
points. Setting y' = 0 
gives 8 = 0, which is im- 
possible. Hence there 
is no maximum or mini- 
mum point. Setting 
y" = 0 gives 24 = 0, 
which is impossible. 

Hence there is no in- 
flectional point. 

Since there are no critical values, it is necessary to calculate 
a few values besides the intercepts in order to make an accu- 
rate drawing, although the general shape is obvious from the 
discussion. 


Example 3. Discuss the equation x^^y a^y -- 4: a^x = 0 
and trace its graph. 

Solution. We are given 



xhj 4- a^y — 4 a^x = 0. 

(1) 

Solving for y, 

4a^cc 
x^ + a?' 

(2) 

Solving for x. 

2 a? ± a V4 

X = — ^ . 

y 

(3) 

Differentiating (2), 

^ (a? + ay ’ 

( 4 ) 


8 a^x (x^ — 3 

ay 



( 5 ) 
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pisoussion 

1. Intercepts. If = 0, a; = 0, and if x = 0, y = 0. Hence 
the curve cuts the coordinate axes only at the origin. 

2. Symmetry. The curve is symmetrical with respect to the 
origin, but not with respect to either axis. 

3. Extent. Equation (2) shows that no values of x need be 
excluded. Hence the curve extends indefinitely to the right 
and to the left. Equa- 
tion (3) shows that y"^ 
cannot be greater than 
4 a^. Hence the curve 
lies entirely in the hori- 
zontal strip bounded by 
the lines y = 2 a and 
y=-2a. 

4. Asymptotes. Equa- 
tion (2) shows that there 
is no vertical asymptote. 

This is also apparent 
from the fact that y can- 
not exceed 2 a in numerical value. Equation (3) shows that 
y == 0 is a horizontal asymptote. 

5. Maximum, minimum, and inflectional points. Setting 0 

gives X = + a and — a. For x~-\-a,y = 2a and y" is negative. 
Hence (a, 2 a) is a maximum point. For x=^ — a, y = ~2a and 
y'' is positive. Hence (— ~ 2 a) is ajninimum point. 

Setting y'' = 0 gives x = 0, -j- a VS, — a V3. H^ee the 
curve has three inflectional points: (— a V3, — aV3), with 
slope — -I; (0, 0), with slope 4; (aVS, aV3), with slope — I*. 

The curve is concave upward between (3 a VS, — cb V3) 
and (0, 0) and to the right of (aV3, aVS). It is concave 
downward between (0, 0) and VS, VS) and to the left of 

(— a V3, — Vs). 

Choosing any convenient numerical value for a, the curve 
can be sketched from the information given by the discussion. 



Fig. 125 
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138, More Complicated Curves. When the solution of 
the equation for y involves radicals, the derivatives are 
frequently so complicated that the labor of finding all 
maximum, minimum, and inflectional points is not justified 
for the purpose of sketching the curve. In these cases it 
is best to discuss the equation for intercepts, symmetry, 
extent, and asymptotes, and then to make a sketch from 
a table of values. When it is necessary to use the deriv- 
atives, care must be exercised in handling the double signs 
which occur when the solution for y involves an even root. 
It is best to operate with the . positive sign alone. The 
results for the negative sign can usually be inferred from 
those obtained for the positive sign. 

Example 1. Discuss the equation == ax® and trace its graph. 

Solution. We are given 

'If' = ax®. 

2^ = ± V ax®. 


Solving for y, 


( 1 ) 

( 2 ) 
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Solving ion X, x = • (3) 

Differentiating (2), taking the positive sign before the radical, 
y' = fV^, (4) 

If S 

^" = 777 ^- ( 5 ) 


4 Vaa; 


Discussion 

1. Intercepts. If a; = 0, y = 0, and if ?/ = 0, x = 0. Hence 
the curve cuts the axes only at the origin. 

2. Symmetry. The curve is symmetrical with respect to the 
X-axis only. 

3. Extent. Equation (2) shows that x must have the same 
sign eiS a. We will assume that a is positive ; then all negative 
values of x must be excluded, and there 
is no part of the curve to the left of the 
y-axis. Equation (3) shows that no values of 
y need be excluded ; hence the curve extends 
indefinitely to the right and upward and in- 
definitely to the right and downward. 

4. Asymptotes. The curve has no verti- 
cal or horizontal asymptotes. 

5. Maximum, minimum, and inflectional 
points. Setting y' = 0, we find x = 0. For 
X •== 0, y = 0 and y'' becomes infinite. The Fig. 126 
curve is tangent to the x-axis at the origin. 

Since the curve does not extend to the left of the origin, the 
usual tests for maxima and minima cannot be made. 

The second derivative is always positive ; hence there is 
no inflectional point, and the branch of the curve above the 
x-axis is always concave upward. 

■ When the, negative sign is taken with the radical, the results 
may be inferred by symmetry. The branch of the curve below 
the x^axis is always concave downward and is tangent to the 
x-axis at the origin. 
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The two branches of this curve are tangent to the same line 
at the same point, forming a sharp point on the curve. Such 
a point is called a cusjp. 


Example 2. Discuss the equation {a — a?) 3 /^ — (a 4 - = 0 

and trace its graph. 

Solution, We are given 


(a — x) — (a + x) = 0. 

(1) 

Solving f or y, y = ± a? ^ • 

(2) 

The solution for x is not practicable. 



Discussion 

We will assume that a is positive. 

1. Intercepts, If a; = 0, y = 0. If y = 0, a? = 0 or — a. 

2. Symmetry. The curve is symmetrical with respect to the 
a;-axis only. 

3. Extent, Equation (2) shows that cc > a, and cc < — a must 
be excluded. Hence the curve lies entirely within the vertical 
strip bounded by the lines a; = a 
and X—— a, 

4. Asymptotes, The line a; = a 
is a vertical asymptote. There is 
no horizontal asymptote, because 
X cannot exceed a numerically. 

Taking the positive sign with 
the radical, equation (2) shows 
that y has the same sign as x. 

Hence the curve lies below^the 
x-axis between — a and 0 and 
above the x-axis between 0 and 
a, approaching the positive end of the asymptote x = a. 
Obviously the curve must have a minimum point between — a 
and 0. The other half of the curve, obtained by taking the 
minus sign in equation (2), can be drawn in by symmetry. 



Fig. 127 
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When a numerical value of a is given, the shape of the curve 
is readily obtained by plotting a few points. If it is desired to 
locate accurately the minimum point between — a and 0, we 
find, from equation (2), 

, ax 

y = 

(a — x) 

Setting y' = 0 gives 

= ± Vs). 

The positive sign must be rejected, since x cannot be greater 
than a. Hence the minimum point is 

a; = |(l_ V5)=-0.618a, ?/=- 0.300a. 


By symmetry there is a maximum point (— 0.618 a, + 0.300 a). 

Example 3. Discuss the equation — xy 12 and 

trace its graph. 

Solution. We are given 


Solving for y, 
Solving for x. 


x^ — xy 4- = 12. 

x ± V48-3a:2 
2 

^ y ± V48 — 3 
2 


( 1 ) 

( 2 ) 

(S) 


Discussion 

1. Intercepts. If x = 0, y = ± Vl2. If y = 0, x = ± Vl2 

2. Symmetiy. The curve is symmetrical with respect to the 
origin, but not with respect to either axis. 

3. Extent. Equation (2) shows that x cannot be greater 
numerically than 4. Equation (3) shows that y cannot be 
greater numerically than 4. Hence the curve lies entirely 
within the square bounded by the lines x = 4, x = — 4, y = 4, 
y = — 4. 
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4 Asymptotes, There ean be no asymptotes, because neither 
X nor y can become infinite. 

Taking the positive sign with the radical in equation (2), 
the table of values is computed for half of the curve. 



The other half of the curve can be drawn by symmetry. It 
is obvious from the figure that (2, 4) is a maximum point and 
(— 2, — 4) is a minimum point. 


PROBLEMS 

Discuss the following equations and trace their graphs : 


1. cr® -f- — 1 = 0. 

2. 2/- 4- — ic = 0. 

3. xi/A- 3/^ — ic = 0. 

4. 2/^ = — 16). 

5. -i- = 0. 

6- y® = x^(16 — 

7. 2xy + y^— X — y = 0. 

8. X® 4- ajy + 2 /* = 4. 


9. x^ 4- 3 xy 4- y^ = 4. 

10. y^(2 a ~ x) = X®. 

11. Vx 4- *Vy = Va. 

12. (y - xy = X®. 

13. y^(a — x) = x^(a 4- 

14. y"(x2- 4x4-3) = x. 

15. y2= (4 -x) (3 - x) (2 -- x). 

16. x^ 4“ 2/" = 16. 
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139. Circle of Curvature. In a previous chapter the direc- 
tion of a curve at any point was defined as that of the 
tangent at that point. It has also been noted that an in- 
flectional tangent fits a curve very closely at the point of 
contact. Tangents at other points, however, do not fit the 
curve closely, especially if the direction of the curve is 
changing rapidly. A better approximation can be obtained 
by means of a properly drawn circle. 

The conditions determining such a circle are fairly obvi- 
ous. First, it must be tangent to the curve ; hence its 
center will be on the normal drawn at the given point. 
Moreover, for the approximation to be close, the slope of 
the circle must change at the same rate as that of the 
curve ; otherwise the circle will at once diverge rapidly 
from the curve, just as the tangent line does. We therefore 
have the following definition : 

The circle of -curvature at any point of a curve is the 
circle which is tangent to the curve at that point and whose 
slope changes at the same rate as that of the curve. In brief, 
the requirement is that, for the point of tangency, f and 

shall be the same for both curve and circle. 

140. Radius of Curvature. The radius of the circle of 
curvature at a point is called the radius of curvature of 
the curve at that point. To obtain a formula for this we 
proceed as follows : 

Let P(x,, y') be the point on the curve y =/( 2 :), 
the center of the circle of curvature, and B its radius. 

Since the circle is tangent to the curve at P, the coordi- 
nates of this point satisfy the equation of the circle 

Differentiating, ^ = _ ? — ^ . 

° dx y—k 


( 1 ) 
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But the circle is tangent to the curve at F ; hence, if y’ 
denotes the derivative of y =f(x'), 


y =■ 


x — h 
y-k' 


( 2 ) 


Moreover, the definition requires that the slopes of the 
circle and of the curve change at the same rate. Hence 
their second derivatives are the same; that is, 


y 


■" - - (.y-k')-(x~ h^y' 


iy - ky 


iy-k')- 


- ky 

y-k 


iy-ky 

After simplification this becomes 


r" = _ (.y-ky+(x-hy 
(y-ky 


(B) 


To obtain a formula for F we must eliminate h and k 
from equations (1), (2), and (3). We first eliminate h. 
Using equation (1) in (3), we obtain 


(j/~ky 

Squaring (2) and adding 1 to both sides, we get 

1 4 - ir- = 1 _ (y - ky+(x — hy 

(y-ky 

Using equation (1) again, this becomes 


( 4 ) 


( 5 ) 
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To eliminate k we square both sides of equation. (4), 
cube both sides of equation (5), and divide the second 
result by the first. This gives 

yin 

whence 

which is the formula for K 

By substituting this in the earlier equations, formulas 
for h and k may be obtained, but it is usually better to get 
the center by simply measuring off R along the normal 
from P. The center is above or below the curve, according 
as is positive or negative at P; but it is better simply 
to use the fact that C must be on the concave side of 
the curve. 

Example 1. Draw the circle of curvature of y ^ at the 



The slope of the normal is — and the curve is concave 
upward at this point. In the figure note that the circle and 
the curve are indistinguishable near the point of contact ; also 
that the circle crosses the curve at the point of contact. 
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Example 2. Find tlie radius of curvature of the parabola 
at the vertex. 

Solution. Differentiating, 

2yy'=2p, or 2/' = |; 

dx i f 


At the vertex, y = 0 and both y' and y" are infinite. In such 
cases substitute the general expressions for y’ and y" in the 
formula for R, and simplify before putting in the values of 



If we now set y = 0, we get the desired radius, which is A = jj. 


PROBLEMS 


1. Draw the following curves 
at the points indicated : 

a.lLy = x\ ( 2 , 1 ). 

h. y = a:»-6a:’‘+9a:, (3, 0). 

c. xy — - 24, (4, — 6). 

d. y = a:^— 4a: + 2, (1, — 1). 

e. a:“-y2 = 12, (4,2). 


with their circles of curvature 


f.if = x\ (1, 1). 
y. a^+4y^=8, (2,-1). 
A. y = a:^(4 - (0, 0). 

i.y = a?- a;®, (0, 0), (1, 0), 

A^ = 2m(i>, f)- 
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2» Find the radius of curvature for each of the following 
curves at the point (x, y): 

a. + ay = c. y ^ ax^. 

b. - ay = a^b\ d. 7 / = ax\ 

3. Show that the radius of curvature of a straight line is 
infinite. 

4* Show that at a point of inflection the radius of curvature 
of any curve is infinite. 

5. Using the result of Problem 2, a, show that the radii of 

curvature of an ellipse at the ends of its axes are — and — • 
Draw an ellipse with these four circles of curvature. ^ ^ 

6. Find the radius of curvature of the parabola Vx + Vy = Va 

at the point * 

8 a® 

7. Find the radius of curvature of the witch y ~ ~ — 

at its maximum point. ^ ^ 

8. For each of the following curves find the point where the 
radius of curvature is a maximum or a minimum, and illustrate 
by a figure : 

a. y == x^. c, xy = 24. 

y = 4 X “■ d. y- = x^. 

9. For each of the following equations find the radius of 
curvature for the given value of the parameter, and draw the 
figure. 

Hint. In finding y" remember that y" = — = ^ divided by — 
(see §§ 56, 59, 89). 


a, X = 7j — t — 

h.x=^f,y^ f, t = 1. 


c. X = f, y = y , ^ : 


141. Applications. 1. Small Arcs of Curves, The length 
of a small arc of a curve may sometimes be approximated 
by means of its circle of curvature. As an example, let us 
find the length of an arc of 1° measured along a meridian 
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at the equator. Since a meridian is an ellipse with its 
vertices at the equator, we know that its radius of cur- 

vature at this point is — (see Problem 5 above). The 

equatorial radius of the earth is 3963 mi. and the polar 
radius is 3^950 mi.; hence a =3963 and 5 = 3950, There- 

fore = 3937. Now an arc of 1° of the elliptic me- 

ridian is relatively short, and may therefore be closely 
approximated by finding a similar arc of the circle of 
curvature. This is easily seen to be 


2 (3.1416) ('3937') 

360 180 


= 68.72 mi. 


Exercke. Show that an arc of 1» at one of the poles is 
about 69.39 mi. ^ 


^Bailroad Curves. It is well known that railroad tracks 
are " banked ” at curves (that is, the outer rail is higher 
than the mner one) so as to avoid undue pressure on the 

outer rail and to prevent swiftly moving trains 

from jumping the track. Moreover, the bank- 
ing is steeper when the radius of curvature is f 
smaller. The same thing is true of properly / 
constructed automobile roads. / 

If a straight track were joined immediately 
to a circular track there would be a sudden 
change in direction, with the consequent bank- 
ing of the track, which is undesirable. For 
this reason engineers have sought a transi- 
tion, or easement, curve with which to connect straight 
and circular tracks. The requirements which this curve 
must fulfill are obvious. It must have at one end the same 
radius of curvature as the straight Ime, and at the other 
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end the same radius of curvature as the circle. The radius 
of curvature of the straight line is infinite, and the radius of 
the circle will be some finite quantity. Hence a curve is 
required whose radius of curvature will be infinite at one 
point and will decrease, as we move along the curve, to the 
desired radius of the circle. The simplest curve possessing 
these properties is the cubical parabola y = whose radius 
of curvature at any point is 

^ (l+9aV)t 

6 ax 

At a; = 0, jR is infinite ; by properly choosing a and 
R can be made equal to the desired radius of the circle. 
Hence the cubical parabola is used as the theoretical transi- 
tion curve. In actual practice the difficulties of laying out 
this curve exactly are avoided by the use of various approx- 
imate methods suited to the degree of accuracy required. 
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INDEFINITE INTEGRALS 

142. Integration. The process of differentiation enables 
us to find the differential (or derivative) of a given func- 
tion. Integration is the inverse process of finding the 
function when the differential (or derivative) is given. 

For example, if the given function is 7 ?^ the differential 
is found to be 8 ^dx. Inversely, if the differential 3 7 ?dx is 
given, it is clear that a function having this differential is 
7 ?. But this is not the only function having the given dif- 
ferential. Obviously %:i^dx is the differential of x^—1, of 
2 ;^+ 10, and, in general, of x^+ C, where C is any constant. 

Notatioyi. In the example above, x^-{-C is called the 
integral of 3 T^dx, and this is indicated by the notation 

8 x^dx = x^-[- C, 

The function 3 7 ? is called the integrand. 

In general the notation 




x) dx = FQv) + C 


means that F(x') -f- (7 is the integral of fQc) dx ; fix) is the 
integrand and, by definition, 


dF=f(x)dx, or —fCx). 


In words, the integral may be defined as follows : The 
indefinite integral of a given differential expression is the 

268 
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funetiom whose differential is the given expression.* The 
integral is called indefinite because the constant C can have 
any value. In order to determine a value for C, additional 
data must be given, as explained in the next chapter. 

143. Formulas for Integration. Since integration is an 
inverse process, the formulas are obtained by inverting the 
formulas for differentiation. In fact, every solution of a 
problem in differentiation yields a formula for integration. 
For practical use, tables of integrals have been compiled 
containing many forms. F or present purposes we give only 
four formulas for integration: 

(I) J‘du = u + c. 

(II) J [f{x) + g{x)\dx= Jfix)dx+ J gix)dx. 

(Ill) J' adu = aj du. 

/ yn+1 

vPdu = h C, if 72 ¥= — 1. 

72 + 1 

In these formulas u denotes a function of x (or some 
other independent variable). 

Formula I merely states the definition of an integral. 
Formula II states that the integral of a sum of differen- 
tials is equal to the sum of the integrals of the differentials. 

In Formula III, a is any constant, and this formula 
shows that a constant can be moved from one side of 
the integral sign to the other. The student is warned that 
a variable cannot be moved from one side of the integral 
sign to the other. 

*TMs definition implies that a given differential can have only one 
integral. That this is true is proved in more advanced courses, where it 
is shown that two functions which ha^C the same differential differ only 
by a constant. 
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Formula IV is the power formula, in -which n is any 
constant except —1. If the exponent of u in the integral 
is —1, the integral involves a logarithm, which will be 
considered later (Chapter XIV). 

Proofs of the Formulas. It follows from the definition 
of an integral that each formula may be proved by showing 
that the differential of the right-hand side is the expression 
under the integral sign on the left. We give the proof 
for Formula II; the others are proved in a similar manner. 


d Jf(x)dx+ J g(x)dx =d Jf(x)dx + d J g(x)dx 


=f(x')dx+g (x) dx by definition 


144. Use of the Formulas. Any function consisting of 
algebraic expressions can be differentiated by direct appli- 
cation of the formulas already given. But comparatively 
few expressions can be integrated, and, for the present, 
only such expressions as can be reduced, by a proper 
transformation, to the exact form of one of the formulas of 
the preceding paragraph. Since the integrand is the deriva- 
tive of an integral, the correctness of the work in any 
problern of integration can be tested by showing that the 
derivative of the result is equal to the integrand. The 
method of using the formulas will be illustrated by some 
examples : 


Example 1. 
Solution. 


Find / 5x^dx. 


rmf 

f 


5x^dx = 


5 




by Formula III 
By Formula IV 
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Example 2. Find J {x^+2a?+S)dx. 

Solution. J (x^+2a^^^)dx 

= J^2x^dx+ J'sdXj by Eormula II 

=J'^^dx-^2 J* x^dx-^S ^ dx, by Formula III 
2 

+ ^ + + By Formulas IV and I 

^ It should be noticed that a separate constant might be added 
with each of the three integrals of the second step of the solu- 
tiom But this is unnecessary, since one arbitrary constant is 
equivalent to the sum of any number of constants. 


Example 3 


1. Find ' 


Vx 


dx. 


Solution. Since tlie denominator is a monomial, we can 
divide term by term and apply the power formula to each term 
of the result. This gives 


/ 


' x ^+2 


^^dx= J {x^ + 2x-^dx 

=J' x^dx 4- 2 J' x~^dx 


= 4a:^ + C. 

Example 4. Find J' Va; + Ida:. 

Solution. This integral can be found by the power formula. 
Comparison with Formula IV shows that u=:x du — dx, 
and 71 = I*. Hence 


/ 


+ ^dx = + C = |(a: + 1)^ + C. 
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Example 5. Find^ 'V^dx, 


Solution. This can be solved in two ways. The first is to 
factor out the constant, which gives 

J* '\/Sxdx = Vs J* x^dx = Vs ^ + C = ~V8a3+C. 

A second solution is as follows : Let w = 8 a? ; then du = S dx. 
Since, by Formula III, a constant factor may be moved from 
one side of the integral sign to the other, we can multiply the 
integrand by 8 without changing the value of the given expres- 
sion, provided that we place the compensating factor J before 
the integral sign. We then have 

J" -\f^dx = \ J*'\/SxSdx = l J^(Sx)^8dx. 

The integral is now in the form of the power formula with 
n = ^. Hence 

This is easily seen to be equal to the result obtained above. 
(Compare Example 1, p. 110.) 

Example 6. Find T —5' : -^ 

J v^^ 

Solution. Let ; then du=z^ 2 xdx. 

Since, by Formula III, a constant factor may be moved 
from one side of the integral sign to the other, we may multiply 
numerator and denominator by — 2 and write 
r xdx 1 /*^2xdx Ir/o ov-i/ r. 

J “ ■ ij =“ i/<“ ) '(-z**)' 

The integral is now in the form of the power formula 
with n = — Hence 

-/:j— i, , ^ 


Example 6. 




Tb. C = — V^-^ 



Example 7. Find 
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“/( 


(2x-3y 

Solution. Let m = 2 a; — 3 ; then du = 2 dx. 

Multiplying nnmemtor nnd denominator hy 2^ we may write 
r dx 1 r 2 dx 1 r 
J (2x-3y 2 J (2x-3y~2j '‘(2dx). 

The integral is now in the form of the power formula with 


: — 2. Hence 


r dx _l[- (2a;-3)-n 
J (2x-3y 21 -1 j + 


2(2 X - 3) 


C + C. 


PROBLEMS 



^n- 

6.^ (2 — x) dx. 
I-J Qo* — 3a;“+ x — 2)dx. ^^■J' {~3 + 


8y (a^-t^dt. 


15. J" (2-3xyxdx. 
9.J'(x^—3^/x-\-^)dx. (2 — x)Vxdx. 

10 . ^ (a +hx + cx^) dx. 

n.J (f-t-^)dt. 

12 . J (l-x)(2 i-x^)dx. 

13. J'x%2-3x)dx. 




274 INTfiODUCTlON TO THE CALCULUS 


21, J ^1 — xdx, 

35. y* a:(l + V»)tZa!. 

22. J 

-•/g-D- 

23. ^ x{a-^ha?)^dx. 



38. J(l±^dx. 

25. y* ■^{2ax + x‘^(a + x)dx. 

39. r . 

j (*^-3)^ 


40. x'^^xdx. 

27 r . 

J 

41. ^ x's/2~xdx. 

28.JVKi,. 

rZxdx 

j VFZ' 


43. ^ x'\Ja? — x^dx. 

30.y V* — 2 c^a;. 

44. y* sV2s^— 3<fe. 

31. / . 

C '^idt 

jV5-* 

45. 1 , ^• 

J -s/Z — f 

32.y {Zx~2fdx. 

46. y* 2 Vy* + a*dy. 

33. J {o-xfdx. 

r Zvdv 

J {2 -ivy' 

U.f(i-Zxfdx. 

i8. C ^dz. 
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145. Integration by Substitution. Many integrals can be 
reduced to the standard formulas by making a substitution 
which introduces a new independent variable. The fol- 
lowing substitution of this type is frequently useful : when 
t he inte grand contains a radical of the form Va + hx, set 
■^a-\-hx — V ; then a + hx = v^ and hdx = 'ivdv. 

Example. Integrate acVl ■\-Z xdx. 

Solution. Let Vl-j-S a; = v ; then Zdx=^2v dv, and x = - • 


Now + 3xdx= J (■») - 3 ^^^ 

= ^J' (v* — v^dv 

2\->^ vn 
= 9[5-3i + ^- 
Hence, substituting the value of v, 

J x^/TTs^dx = - 11+^] + c. 

By factoring we can reduce the result to the form 
T'l5(^ x 2) (1 4- 3 -j" 

This reduction is sometimes, but not usually, desirable. 

The method of substitution should not be used if the inte- 
gration can be performed by the power formula. 


PROBLEMS 


Integrate the following : 


1. I x'wa — xdx. 


Vl + ^ 

' xdx 

vr+^ 


aj Vl + x^dx. 
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CHAPTER X 


CONSTANT OF INTEGRATION 


146. Initial Conditions. It has appeared in the preceding 
chapter that the process of integration introduces an arbi- 
trary constant, and, consequently, a function is not com- 
pletely determined when its differential is known. For 
the complete determination of a function by integration 
it is necessary to know the numerical value of the function 
corresponding to some numerical value of the independent 
variable. The particular values of the independent vari- 
able and of the function which serve to determine the 
constant of integration are known as initial conditions. 
The use of initial conditions to determine the constant of 
integration will be illustrated by an example. 


Example. Find the function y = /(cc) whose differential is 
x^dx and which is equal to 5 when x is equal to 3. 

Solution, Given dy = x^dx. 


By integration 


or 




Since y = 5 when x = 3, we have, by substitution, 
5 = + 


whence 


C=-4. 


Substituting this value of C above, the final result is 


3 / = 


t 

3 


4. 
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PROBLEMS 

In the following problems find the function whose differen- 
tial is given and which satisfies the given initial conditions : 

1. dy = —yyz=z 0 when x = l. 


2. dy = ^s/xdx, y = 2 when x = 4. 

3. dy = xV^^TJedx, y = 5 when a; = 3. 

4. dy = —y ■ f y z=z 4 'vv^hen a? = 1. 

V5 — 4x 


5. dy = -f -jjdxy y=0 when x = S. 

6. ds = 'sflldt, 5 = 0 when t = 0. 

7. ds = (32 25 - lQi)dt, 5 = 20 when 25 = 0. 

8. ds:={f^2-srt)dt,s = l when 25 “0. 

9. dy = x'\/2~4^dxy y = 0 when x = 0. 

10. dy = - ^ y = 1 when x — 4. 

V5 -j- ^ 


11. dy = 


o?dx 

vr+^ 


: > 2 / = 0 when a; = 0. 


12. dy — a;V25 — a^dx^ 2 / = 0 when a; = 0. 


13. ds = • 


^Za; 


Vs- 


: j 5 = — 2 when a? = —- 4. 


14. = Va^V- a^xdx, y = 0 when x == a, 

-- , a;<^a; 10 

15. c352/r — > y = when a? = 3. 

VI + a; S 

16. dz = (2 ^ x) 'Vxdxj SI = — 1 when a; = 8. 

0 — , 2 ;^ 

17. dy = — j - dx,y = 2 when a: = 1. Eind the value of y 
when ai = — 1. 
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18. ds "s/l tdt, s — J when t = 0. Find the value of s 
when f = —l. 

2 

19. dA = -J2x>xdx, A when Find the value of 

A when x = 2p. ^ 

20. dz — (2 y^^dy^ z = — 6 when y = 0. Find the value 
of z when y = 2. 

21. dy =■ + 2 dx^ y = J when ac = 2. Find the value of 

y when X = 7, 

22. dz = i .z = — 4 when cc = 0. Find the value of z 

wx 

when X — A. 

23. dy = x'V9 AxHx, y = 0 when a; = 0. Find the value 
of y when cc = 2. 

24. dy = x^ 2 X ^ dx^ y = 0 when jr = 0. Find the value 

of y when cc = 4. 

147. Curves with Given Slope. Suppose that x and y 
represent rectangular coordinates and that the derivative 
of y with respect to x is known in terms of x and y. 
Thus, let , 

!=/(..). 

This equation is called a differential equation^ because it 
involves a derivative, and it gives the slope of a curve at 
every point for which f(x, y') has a real value. In order 
to determine the equation of a curve having the given 
slope at every point it is obvious that an integration must 
be performed. Since the process of integration introduces 
an arbitrary constant, the differential equation represents 
a system of curves, A particular curve of the system can 
be determined by requiring that it shall pass through a 
given point. The method of finding the equations of curves 
having given slopes will be illustrated by two examples. 
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Example 1. Find the equation of the curve whose slope at 
every point is equal to its abscissa and which passes through 
the point (0, — 4). 

Solution. By the conditions of 
the problem, 

dy 

i (1) 

dy 


whence 

and 

Hence 


• *c dtC 


y 


= xdx. 




( 2 ) 



Fig. 132 


The value of C is determined by substituting a; = 0, ^ = — 4 
in equation (2): ^ 

^ ^ - 4 == 0 + C. 


Hence C = — 4, and, substituting this value of C in equa- 
tion (2), the final result is y = ^ — 4. 

2 

Equation (2), which is the equivalent of the differential 
equation (1), represents a system of parabolas, as shown in the 
figure. The heavy curve of the system is the one which satis- 
fies the given initial conditions. 

Example 2. Eind the equation of the curve which passes 
through (3, 2) and whose slope at every point is given by 

^ = — 5 . 

dx y 

Solution. In order to integrate the given equation it is nec- 
essary first to separate the variables-, that is, to write the given 
equation in a form such that each term contains only x or 
only y. Thus, clearing of fractions, we have 

ydy ~ — xdx. 
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Eacli term of this equation may be integrated, giving 



or 4- 2/^ = 2 C, (1) 

The value of C is deter- 
mined by substituting cc — 3, 
y = 2, in equation (1) : 

9 4" 4 = 2 C. 

Hence 2 C = 13, and, on 
substitution of this value in 
equation (1), the final result 
becomes 

4- ^ = 13. 



Fio. 133 


Equation (1) represents the system of circles with center at 
the origin. 


PROBLEMS 


1. In the following problems find the equation of the curve 


which has the given slope at every point and which passes 

through the given point: 


..£=v;,(o.o). 



i. 1—3*, (0,2). 

c. ^ = V'4 - a;, (0, 0). 
dx 

.iy_ 


4- 






1 

11 
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2. In the following problems find the system of curves 

defined by the given equation. Draw three curves of each 
system. ^ 

1 


dx 


1 

'2‘ 


y 


dx 

c. f = 

dx 

d. ^=z-. 
* dx 2 


* dx 

f 

* dx 


Ax 

~y' 


9- 


dx 


-2y 
■■ — 1. 


h. ^ 

dx 2 2 / 


L ^ 

‘ dx x^‘ 

■ ^_‘X? 
dx~y^' 

* dx 

dx y 


3. Show that the curve whose slope is everywhere 3 - 2a; 

and which passes through the point (- 2, 1) is a parabola, and 
draw its graph. ’ 

_ 4. Show that the cui-ve whose slope is everywhere a + hx 
IS a parabola. ^ 

5. At every point of a certain curve = _ 3. pinri f-Up 

equation of this curve if it passes through the origin and has 
the slope 1 at this point. ^ ® 

6. At every point of a certain curve y” =‘^. pimj 

S“‘" 

the’iit! of a curve y" = 6*, and it is tangent to 

- 2. - 3, = 6 at the point (0, - 2). 

v'' = 15VstndTv*^“ at every point of which 

Llinatiror45» 

^^9. Find the equation of the curve at every point of which 

y ' = ^ and which passes through the point (1, 1) with an in- 
clination of 135°. 
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10. What is the system of curves determined by the equa- 
tion ^ =^'k. where Ic is a constant ? 

dx 

11. Show that the equation ^ = — determines a system of 
hyperbolas or ellipses according as k is positive or negative. 

12. Show that the equation ^ “ determines a system of 

parabolas symmetrical with respect to the x-axis. 

13. Show that the parabola is the only curve such that the 
rate of change of the slope with respect to x is constant. 

148. Straight-Line Motion. If the distance s of a point 
moving along a straight line from a fixed point 0 is known 
as a function of the time the velocity and acceleration, as 
we have shown in Chapter VI, are obtained by differentia- 
tion. Thus 

as 
v = ~~ 
dt 

j dv 

and rt = — • 

dt 

It follows from these formulas that if the acceleration 
is known as a function of the time, the velocity is deter- 
mined by integration. Thus 



And if the velocity is known as a function of the time, 
the distance is determined by integration. Thus 



Of course, each integration introduces an arbitrary con- 
stant, which can be determined if proper initial conditions 
are known. 
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^ Example 1. A particle moves with an acceleration of 

ft./sec.^, its initial speed being 6ft./see. Find its speed 

and the distance moved after t seconds. 

^lution. By the statement of the problem, the initial con- 
ditions are that when ^ = 0, = 6 ; and we may choose the 

starting-point as tlie origin, so that 5 = 0. 

1 ^ 


Since 


whence 


10 


J 10 


dt ; 


t . 


( 1 ) 


If we substitute t = 0 and v = 6 in equation (1), we have 
C = 6, and 


. = 6 + ^.f 


20 ‘ 


( 2 ) 


But 


+ To + £)<“■ 


Integrating, we have 

5 = 6^4-— -{- — 4- e' 
^ 20 ^ 60 ^ • 


( 3 ) 

The substitution of ^ = 0 and 5 = 0 in equation (3) gives C = 0, 
whence „ ’ 




( 4 ) 


Equations (2) and (4) are the required results. 


Example 2. A ball is thrown straight upward with a speed 
of 80ft./sec. I^'eglecting the resistance of the air, find how 
high the ball will go. 

Solution. It is assumed that the acceleration is due entirely 
to gravity. Let the positive direction of the line in which the 
ball moves be upward, with the origin at the point from which 
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tlie ball is tbrowiij and let the time be measni’ed from tbe in- 
stant when the ball is thrown. Since the acceleration due to 
gravity is downward, it must be given the negative sign. 

Hence a = - 32 ft./sec.“ 


and 

Integrating, 



- 32 dt. ' 


«; = - 32 i! -I- C. 


( 1 ) 


The initial conditions for the determination of C are that 
'V — 80 when ^ = 0. Substitution of these values in equation (1) 
gives C. 80. Hence + (2) 


But ^ vdtf or 5 = J(- 32 i + 80) dt. 
Integrating, we have 5 = — 16 + 80 ^ + C'. 


03 ) 


The initial conditions for the determination of C' are that 
6* = 0 when t = 0. Substitution of these values in equation (3) 
gives C = 0. Hence 

(4) 


As long as the motion continues without interruption the 
velocity is given by equation (2), and the position by equation (4). 
The ball will continue to rise until the velocity is zero. Set- 
ting v = 0 in equation (2) gives t = 2.5. Hence the ball moves 
upward for 2.5 sec. The height at this time is found by sub- 
stituting t = 2.5 in equation (4), which gives s = 100. There- 
fore the ball will go to a height of 100 ft. 


PROBLEMS 

1. With what velocity will a stone strike the ground if 
dropped from the top of a building 120ft. high? 

2 . With what velocity will the stone of Problem 1 strike 
the ground if thrown downward with a speed of 20 ft./sec. ? 
if thrown upward with a speed of 20 ft./sec. ? 
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3. A car makes a trip in 10 min., and its velocity is given 
by -y = 500 1 -- 5 where i is measured in minutes and v in 
feet per minute, (a) How far does the car go ? (b) What is 
its maximum speed ? (c) How far has the car moved when its 
maximum speed is reached ? 

4. A stone dropped from a balloon, which was rising at the 
rate of 15 ft./sec., reached the ground in 8 sec. How high was 
the balloon when the stone was dropped ? 

5. In Problem 4, if the balloon had been falling at the rate 
of 15 ft./sec., how long would the stone have taken to reach 
the ground ? 

6. A train leaving a railroad station has an acceleration of 
0.5 + 0.02 1 feet per second per second. Find how far it will 
have moved in 20 sec. 

7. If the acceleration of a particle moving with a variable 
velocity is - kv% where ^ is a constant, and if u is the initial 

velocity, show that - = - Jct 

V u 

HijyX. Separate tke variables before integrating. 

8. If -y = 2 when t — 3j find the relation between v and t, 
provided that the acceleration is 

c.sri e. v7+2 

^1 T * 

9. Find the relation between s and t if s =: 2 Avhen t = 1 
and if 

a. V = VT— 1. c. V a It 

b. V d. y = tVf — 1. 

10. A particle starts with an initial velocity u and is subject 
to a constant acceleration a. Show that the velocity and dis- 
tance after time t are given by the formulas v = u + at and 
s — ut -{- ^ d^. 
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11. A p^ticle sliding on a certain inclined plane is snbieet 
to an acceleration dou,nward of 4 ft. per second per second 
If It IS started upward from the bottom of the plane with a 
velocity of 6 ft /sec., find the distance moved after t seconds. 
How far will it go before sliding backward ? 

12. If the inclined plane in Problem 11 is 20 ft. long find 
the necessary initial speed in order that the particle may iust 
reach, the top of the plane. 


149. Resolution of Forces. In the adjoining figure the 
arrow PT represents the magnitude and direction of a force 
F acting upon a particle at P. The quadrilateral PETS is 
a rectangle whose sides are 
parallel to the coordinate 
axes and whose diagonal 
is PT, 

In elementary mechanics 
we learn that the effect of 
the force F is the same as 
that of two forces acting 
parallel to the coordinate 
axes and of magnitudes equal to the sides of the rectangle 
constructed above. These forces are called the components 
of the force F. The x-compon&nt will be denoted by P^ and 
the y-component by F^. Then F^=PE and F^=:PS. 

By trigonometry, ^ 

PE = PP cos a and PS = PT sin a. 

Hence F^=F cosa and Py = Psina. 

The process of replacing a force by its components is 
called resolution of forces, and is of great importance in 
solving problems involving forces. 

150. The Suspension Cable. Suppose that we have a 
cable so loaded that the weight suspended (including the 
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weight of the cable) is pounds per horizontal foot, w 
being constant. A suspension-bridge cable approximates 
this ideal condition. The problem is to determine the 
shape of the curve in which the cable hangs. 

Let us take the origin at the bottom of the cable, 
with the rr-axis horizontal. The part of the curve heavily 
marked represents a piece 
of the cable extending from 
the origin to some point P. 

The forces acting upon the 
piece OF are its weight, wx^ 
and the tensions, H and P, 
at the ends of this piece. 

The line of action of H 
is horizontal and that of 
T is along the tangent to 
the curve at P (since the 
direction of a curve is the same as that of its tangent). 

Since the cable is in equilibrium, the horizontal and 
vertical components of T must be balanced by the forces 
H and wx respectively. 

Hence T cos a and T sin a == wx. 

Dividing the second equation by the first, we have 

, wx 

tan a = — 

H 



wx 

Fig. 135 


But 

Hence 


or 


tan a = ^. 
dx 

dy _ wx 
dx H ’ 

dy = ^xdx, 
H 
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Integrating, y = ^3»^c. 

2i Jtl 

Since y=0 when a;= 0, the constant C= 0. Thus the 
equation of the curve is 

wx^ 

which is the equation of a parabola. 

151. Curvilinear Motion. While an adequate study of 
curvilinear motion is beyond the scope of this book, the 
methods of § 148 can be extended to certain simple problems 
involving curvilinear motion. 

We begin by defining acceleration along the a;-axis as 
the time rate of change of the :r-component (see § 89) 
of the velocity along the curve. Similarly, the acceler- 
ation along the ^-axis is the time rate of change of the 
^-component of the velocity. If, then, the acceleration 

along the a;-axis is some function of as /(O? — =/(0' 

One integration will give as a function of t, and a 
second integration will give x as a function of since 
dx 

— = v^. Likewise, we can find y as a function of L The 

two equations thus found are called the equations of motion 
of the point, and are the parametric equations of the path 
pursued. 


Example. A projectile is shot with an initial speed of 
6()0ft./sec. from a mortar inclined at an angle cr whose sine 
is Find the path of the projectile, neglecting air resistance. 

Solution, We first determine the initial conditions. Let us 
take the origin at the muzzle of the mortar and let the x-axis 
be horizontal. If P(a;, y') denotes the position of the projec- 
tile at time jz; = 0 and y — ^ when ^ = 0. From § 89 we 
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find that the x- and y-components of the initial velocity of 
600 ft./sec. are 600 cos a = 600 ■ | = 480 and 600 sin a = 600 • ^ 
= 360. That is, when t = 0,v^ = 480 ^ 

and = 360. 

Since air resistance is disregarded, 

= 480 constantly. 

Hence ^ == 480, 
at ’ 

or dx = 4cS0dt. 

Integrating, cc=:480zJ + C. 

Since x =z 0 when = 0, C = 0, and we have 
X = 480 1. 

The force of gravity, acting vertically, produces a negative 
acceleration of — 32 ft. per second per second. 

~ ~ = — 32 dt. 

Integrating, w, = — 32 ?; + C. 

Since Vy = 360 when ^ = 0, 

^ = ^ = -32i; + 360. 


( 1 ) 


Integrating again, we have 

^=360i-16t^. ( 2 ) 

Equations (1) and (2) are the equations of motion required, 
or the parametric equations of the path. The curve can be 
easHy plotted from these equations. If we eliminate the pa- 
rameter t, we obtain the single equation 

4 ~ 14400’ 

which shows that the path is a parabola with its axis vertical. 



CHAPTER XI 
DEFIUITE INTEGRALS 

152. The Definite Integral. Suppose that 
J" /(a:) dx=<f> (x) + C. 

In this indefinite integral, 4>(x) + C, put first x = b, then 
x=a^ and subtract. Thus 

^ (5) + (7 — [0 (a) + (7] = (^ (5) ■— (f) (a). 

This result, from which the constant of integration has 
disappeared, is known as a definite integral.'*' It is indi- 
cated by the notation 

£f(x-)dx, 

which is read " the integral from a to 5 of f(x)dx." The 
number a is the lower limit, and b is the upper limit, of 
the integral. 

Since the constant of integration does not appear in the 
final result, it is unnecessary to add it when finding 
the value of a definite integral. The operations involved 
in evaluating a definite integral as explained above are 
shown by the following notation : 

* In making this definition it is assumed that the function /(x) varies 
continuously from x = a to x = &. 
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Example 1. Find the value of J" x^dx. 


Solution. 




Example 2. Find the value of 
5 xdx 


i: 


Solution. 


h xdx 

3 


. bxdx r'^ 

= 1 J (x^+ By ^2 xdx 

= [5V^Tb]1, 

= 5V^-5V7 
= 6V7 = 13.23. 

PROBLEMS 

Find the value of each of the following definite integrals : 


/’* dx 

'•J V^' 

2. ^ Vic - 2 dx. 

3. J^ X V^- 4- 9 dx. 

^ Ji 

5. J* icVic'd- 5dx. 

6. J* (x^ + xi)dx. 


7. / VScccfx. 


2 ^2 


x^dx 


■I 

®’X (10 -xy 

^3 

9* J '\^25-~Sxdx. 

'“■X 05^(2— • 3x)dx. 

11. 

Ja X'^ 

12. r-^. 

Ji Vfi - # 
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13. 1 x^a^—x^dx. 

22. 


Jo 


)i 




14. / — s'~‘^)ds. 

23. 

j — ydy. 

15. 

24. 

r^+y^du. 

Ji ^ 


)i yr 

^16 


n.Z 

16. J x(l -h^^)dx. 

25. 

c. 

[,dt. 

xdx 

h 

17. j sV2s^-5ds, 

26. 

18.^ (4 — x^dx. 

27. 

j* x^x + 3 dx. 

19.^ ( Va — Vx)*^c?cc. 

28. 

r‘^ xdx 

J_„y2x + 5 

20. J' + z^dz. 

29. 

r^(x +l)dx 

1 Vx—l 

21.J\l-t)(2 + f-)dt. 

30. 

u ^ 

31. Prove that C f(x)dx = ~ 1 

(' f{x)d3 

h 


32. A body moves with the speed v = 

: 4 — 6 f. Show that 

the distance moved between the times t = 

3 and t = 6 is given 

by j 



' Derivative of an Area. 

Let the equation of the 


curve LM of the figure be Let BC he an ordi- 

nate at a fixed distance a from the y-axis and let BE be 
an ordinate at a variable distance x from the y-axis. It is 
apparent that the area BCEB is a function of which 
will be denoted by We have as yet no expression for 
^ as a function of x^ but with the aid of the figure we can 
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get the derivative of A with respect to 2;. For this pur- 
pose we carry out the fundamental process for finding a 
derivative; that is, we 
find the limiting value of 

when Aa; approaches 

zero as a limit. 

Let 2; take on an in- 
crement Ax (DG in the 
figure); then A takes 
on a corresponding in- 
crement AA (the area 

DIEKG in the figure), and y takes on an increment Ay 
{BK in the figure). 

Completing the rectangles DEHG and DFKO, we see 
from the figure that 

DEHG <AA< BFKG* 

But DEHG = yAx and DFKG = (y + Ay') Ax ; 
hence yAx< AA <(y+ Ay) Ax. 

Dividing this by Ax, we have 

y<-^<y+^y- 



WhenAa; approaches zero as a limit, it is evident that 

y+Ay approaches y as a limit, and hence — must also 

Ax 

approach y as a limit, since its value is always between 
y and ^+A^; that is. 


* If the curve LM 
would be reversed. 


were falling instead of rising, the inequality 


signs 
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But, by definition of a derivative, 


Hence 

( 11 ) 


T AA 
lim — = 


dA 

dx 


In words, the derivative of the area hounded hy the curve 
y^f(x)^ the x-aods^ a fixed ordinate^ and a variable ordinate 
is equal to f(x'). 

If the differential notation is used, Formula II may be 
reduced at once to 

(Ha) dA = f{x)dx = ydx,^^:^ 

This may be remembefed easily if it is noted that the dif^ 
ferential dA — ydx is merely the area of the rectangle BERG 
in the above figure. This is a close approximation to AA, 
which is the area of DEKG. (Compare § 87.) 

" 1|4. Area under a Curve. Having formed the differential 
of the area described in the preceding paragraph, the area 
can be found by integration. 

Suppose it is required to 
find the area FQES bounded 
by the curve ZJf, the a;-axis, 
the ordinate FQ (x=a)^ and the 
ordinate SB (x = bf Let the 
equation of LM be y =/(a;), 
and let A^ denote the area 
bounded by the curve LM^ the rr-axis, some fixed ordinate 
FQ(x = a')^ and any other ordinate. 

In the preceding section we found that 

dA^ =f(x) dx. 



Fig. 138 
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Hence, by integration, 

A = = ^ + C. 

To determine the constant of integration we proceed ex- 
actly as in the previous chapter. Observe that = 0, when 
x= a. Substituting these values, we find that C = — 
and hence -4^ = ^ (pO ~ 4^ («). 

The area FQRS is obtained from this expression by 
setting x^^h. Hence 

area PQR8 =(f>(4) — 4 (^)- 

But, by the definition of definite integral, this expression 
is the same as f(x)dx. Thus, if we denote the area PQRS 
by we may write 

(III) rf{x)dx^ f\dx. 

Ua %J a 

In words this may be stated thus : The area hounded hy 
the curve y =f(x'), the x-axis, and the ordinates x = a and 
rc = 6 given hy the definite m- 
tegral from a to h of f(x)dx. 

The area discussed in this 
and the previous section is fre- 
quently referred to as "the area 
under the curve y =^f(x')P 

By an argument similar to 
the preceding we may estab- 
lish the following statement: 

The area bounded by the curve x the y-axis, and 

the lines y = a and y = 5 is given by 

ffCy^dy. 


Y‘ 

\ 

1 

1 

1 

s e\ 

1 

6 

\ 

1 T" 

1 P' 

y, , t ■ 

^ A 

0 



Fig. 189 
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Example 1. Find the area bounded by the line y ■ 
a:-axis, and the ordinates = 2 . 

and cc = 4. 

Solution. The required area is 
given by _ Oy 


jU-g|=8-2-6, 


Hence the area is 6 square units. ~~o^ — ' — P — ' S ^ 

This result may be verified by 
geometry, since PQRS is a trape- 

zoid in which one base is PQ=: 2 ^ the other base is RS = A, 
and the altitude is PS = 2. Hence the area is J (2 + 4) x 2 = 6. 

Example 2. Find the entire area bounded by the curve 
whose equation is y^ = x^ (A — x^). y| 

Solution. Since the curve has /\ ■' 

symmetry with respect to both / \ 

axes, it will be sufficient to find / 

the area of the portion in the first — 1 

quadrant and multiply this result \ /\ j ^ 

by 4. To get the limits of integra- \ y \ / 

tion, find the ar-intercepts. These -- 

are 0 and 2. 

Hence we have, by Formula III, Fig. 141 




Integrating this, we find 


= 0 + f = §. 

: 5^ = 10.67. 


Therefore 
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PROBLEMS 

In each of the following problems the result should be 
eheched approximately by drawing the given curve carefully 
on coordinate paper and counting the number of squares in 
the required area. 

1 . Find the area bounded by the given curve, the a:-axis, and 
the given ordinates : 

^ r. 10 

— Jj * = 0,a: = 4. /. y = 

„ Vai+g 

b. x = 2,x — S. 4 

c. y = 2x — ^-,x=zO,x = Z. y = * + ^; a: = 2, a: = 4. 

d. y=ix-a?-, x=2,x = &. ^ 4a: 

e. 4 — a:; a:= 0,a; = 3. ‘ (a;“4-l)2> — 0,a; = 3. 

i.y'^=l&-Bx-, a:=-3, a: = 0. 

A aiy^* = 12 ; x = 1, x = 64. 

ft. x^y~x^+9 = 0; x = S,x = 12. 

1. tf—x^-\- 4a:=; a; =— 4, a: = 0. 

2. Find the area bounded by the given curve, they-axis, and 
the given lines : 

a.a:+y = 10;y=2,y=8. c.y = |“; y = 1, y = 4. 

Ay“=2a:; y=l,y = 3. = a: ; y = 1, y = 2. 

3. Find the area bounded by the following curves and the 
£D-axis : 

a. y = i-x\ d.y = x-^. 

b. y — B + 2x-x\ e. 4y = a:* — 8a:l 

c. y = x-x?. /. a:2 = (y .j-4)8. 

4. Find the area bounded by the parabola y‘‘= 4 a: and the 
straight line y ^x. 

5. Find the area bounded by the two parabolas ?/*=8a: 

anda;2=8y. j 
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6. Find the area in the first quadrant bounded by the curve 
whose equation is ^ = 05 ® and by the line whose equation is 
y^2x. 

7. Find the_area bounded by the parabola whose equation is 
Vx + Vy = Va and by the ic-axis and y-axis. 

8 . Find the area bounded by the parabola whose equation 
is y^ = 2px and by the chord through the focus perpendicular 
to the axis of the parabola. 

9. Find the area bounded by the parabola whose equation 
is = 2py and by the chord through the focus perpendicular 
to the axis of the parabola. 

10. Show that the area of any segment of a parabola cut 
off by a chord perpendicular to the axis of the parabola is two 
thirds of the circumscribing rectangle. 

11. Find the area of the segment of the parabola whose 
equation is y = 6 + a; — cut off by the chord joining the 
points (— 1, 4) and (3, 0). 

12. Find in two ways the area bounded by the curve whose 
equation is y^ = 8 — 4a; and the y-axis. 

13. The velocity of a moving point is given by the formula 
V = St — V^. By determining the constant of integration, as 
in the previous chapter, show that the distance moved from 
time ^ = 2 to = 8 is given by the definite integral 

8 

(8 — 's/t^dt, 

and evaluate the integral. 

14. Generalize Problem 13 by showing that if the velocity 

is v = f(f), the distance moved from t — a to t =1 is 
What area is equal to this distance ? 

155. Change of Limits in Integration by Substitution. 
In Chapter IX, § 145, we learned that certain expressions 
which cannot be integrated by the power formula can be 
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integrated by making a substitution of the type 

For example, to find C a;V9 — xdx we substitute V~9 — x = v, 
obtaining ^ 


f- 


a:V9 — xdx 




-18 v'^')dv 


= iv^-Qv^JrC 


= 1(9 -a;)®- 6(9 -a:)^ + G 

If the definite integral jl^^xdx is required, the work 

is sh ortene d by changing the limits for x when substitut- 
ing V9 — x = v to t he corresponding limits for v. Thus, when 
x=Q, v = V9 — 0 = 3 ; when a; = 5, v= \/9 — 5 = 2. 

-xdx= J'l2v^-18v^)dv 

= [¥ - 48] - - 162] 


1 4 8 
6 


This method enables us to avoid the troublesome sub- 
stitution m terms of the original variable, and should always 
be employed. 

PROBLEMS 

1. Evaluate the following definite integrals : 

* Va — xdx. 
afdx 

■ Jo _V^’ 

r‘_xdx__ 

Ji Va: + 2 ’ 

2. Eind the area inclosed by the loop of the curve whose 
equation IS 4 1 /^ = a^ (4 _ a;). 


e. J x-VT^ 


xdx. 
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3. Find the area bounded by the curve whose equation is 

= a;2(a;“ — 1) and by the line whose equation is a; = 2. 

4 . Find the area inclosed by the loop of the curve whose 
equation is 'if = x^(9 — x). 

5. Find the area bounded by the curve whose equation is 

= and by the line whose equation h x = 2. 

6. Find the area inclosed by the loop of the curve whose 
equation is = x(x — 2)\ 

7. Find the area inclosed by the loop of the curve whose 
equation is 4: y^ = x^ (4: — x). 

8. Write the integral giving the area bounded by the curve 
whose equation is xy = 12 and by the lines whose equations 
are a; = 1 and x = 5. Can you evaluate this integral ? 



CHAPTER XII 

THE DEFINITE INTEGRAL AS THE LIMIT OF A SUM 

156. Introduction. In previous chapters an indefinite in- 
tegral has been obtained by inverting the process of dif- 
ferentiation, and a definite integral has been defined as the 
difference between the two values of an indefinite integral 
corresponding to two values of the independent variable. 
It has been shown also that the area under a curve is 
given by a definite integral, from which it follows that 
any definite integral can be represented geometrically by 
the area under a curve. 

In the historical development of the calculus a definite 
integral was first defined, from its geometrical representa- 
tion, as the limiting value of a sum of terms of a certain 
form. The statement of this definition will be given below 
as a theorem. This theorem is very important for two 
reasons. In the first place, it enables us to make applica- 
tion of the integral calculus to many of the most impor- 
tant physical problems. The nature of these applications 
will be shown in the next chapter. In the second place, 
this theorem will enable us to use methods of approxima- 
tion for calculating the value of a definite integral when 
the corresponding indefinite integral cannot be found. Two 
of these formulas for approximation will be given in the 
sections immediately following the theorem. 

157. A Numerical Example. In order to get a clear 
understanding of the reasoning which leads to the theorem 

302 
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concerning a definite integral as the limiting value of a sum 
of terms, let us consider first a simple numerical example. 
Suppose that it is required to find the area hounded by the 
curve 10 3 / = 36 — the a;-axis, and the ordinates x = l 
and a: = 5 ; that is, the area AB CD of the figure below. The 
result is known by the method of the preceding chapter to be 




On the other hand, if the area ABCD can be calcu- 
lated in any way whatever, the result will be the value 
of the definite integral ^ 

i Thus the 

theorem of § 154 enables 
us to do two things: ( 1 ) to 
find the area under the *■ 

curve y = f(^x) by means A B \ 

of the definite integral O 1 2 3 4 5 ^ 

C f(x)dx; (2) to find Fig. 142 

a nh 

the value of a definite integral / f(x)dx by finding the 

value of the area under the curve y=f(x),^ 

A rough approximation to the required result may be 
found as follows : Let the segment AB be divided into a 


*It may help to a realization of the importance of this statement and 
what follows if we consider the integral J x^dx. So far we have 

no formula for eval uating t his. But by § 154 it is equal to the area hounded 
by the curve 2 / = Va^ — x-axis, and the ordinates x = 0 and x = a. 

If we simplify the equation of the curve, we obtain x^ + = a^. Hence 

the geometrical representation of the given definite integral is that part 
of the circle which lies in the first quadrant. Its value, 

therefore, is — . 

’ 4 
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certain number, say 4, of equal parts. The abscissas of the 
points of division will be % ^ 2 ~ ^8= 4, = 5. 

At each point of division let ordinates to the curve be 
drawn, and with these ordinates as sides let rectangles be 
constructed as shown in the figure. Such a set of rectangles 
will be called an inseribed set The sum of the areas of 
these rectangles will be an approximation to the area under 
the curve. The areas of the rectangles can be calculated. 
The base of each rectangle is 1 ; the altitudes, calculated 
from the equation of the curve, are as follows : 

0.1 (36 - 4) = 3.2. 0.1 (36 - 16) = 2.0. 

0.1 (36 - 9) = 2.7. 0.1 (36 25) = 1.1. 


The sum of the areas of the four rectangles is 9.0. 

A better approximation to the area ABCD would be 
obtained by increasing the number of parts into which the 
segment AB is divided. Suppose that AB is divided into 
eight equal parts and rectangles inscribed as before. The 
base of each rectangle is 0.5; the altitudes are as follows: 


0.1 (36 - 2.25) = 3.375. 
0.1 (36 -- 4) = 3.200. 

0.1 (36 - 6.25) = 2.975. 
0.1 (36 -9) = 2.700. 


0.1 (36 -12.25) = 2.375. 
0.1 (36 -16) = 2.000. 

0.1 (36 -20.25) = 1.575. 
0.1 (36 -25) = 1.100. 


The sum of the areas of the eight rectangles is 9.650. 

If we continue to increase the number of parts into which 
AB is divided, it is apparent intuitively that the sum of 
the areas of the inscribed rectangles will approach the area 
ABCD as a limit. The notation used to express this oper- 
ation is the following: The interval AB is divided into 
equal parts, the length of each part being denoted by A:r. 
The points of division are numbered 0, 1, 2, . . ., n, the 
abscissas of these points being (=1), x^^ ^ 2 ’ * ’ *’ ^« (= 5)- 
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The altitude of the first rectangle is 0.1 (36 — x^')^ that of 
the second is 0.1 (36 — and that of the nth is 

0.1 (36 — The sum of the areas is 

0.1 (36 — a'l) Aj: +0.1 (36 — x^) + . - . + 0.1 (36 — x'^') 6.x. 

The usual notation for such a sum of terms is 

i;0.t(8(;-.7)A.r, 

1 = 1 

read 'Hhe sum, from / = ! to /== n, of 0.1 (36 — .t:?) A^:.” 
Since the area under the curve is given by the definite 
integral, it is apparent intuitively that 

n pb 

liin ^0.1 (30 - a.f ) A.'« = I 0.1 (3(3 - a") Aa;. 

158. The General Case. vSuppose that y =/(+) is any 
function which is coiitimwuH in the interval from x = a to 
X = J, which means that in this interval the graph of the 
function will have no breaks in it. In order to simplify 
the argument we will suppose also tliat /(:r) decreases con- 
stantly when X increases from a to h. The reasoning is the 
same if^/'(.r) increases constantly in the interval, the only 
difference being tliat, with the notation employed, the 
rectangles are circumscribed instead of inscribed. If f(^x^ 
sometimes increases and sometimes decreases, the interval 
can be divided into smaller intervals within vdiich f(x') 
either increases or decreases constantly, and the reasoning 
can be applied to each of the smaller intervals separately. 
Let us now consider the problem of finding the definite 

integral J f(x) dx ; tliat is, the area bounded by the curve 

y =/(a;), the 2 :-axis, and the ordinates a; = a and x — b. A 
rough approximation to the required result may be found 



306 INTEODUCTION TO THE CALCI3LUS 


as follows : Let the segment AB of the a;-axis be divided into 
n equal parts and let the points of division, beginning with^, 
be nambered 0, 1, 2, • • •, ti. The abscissas of the points of 
division will be denoted by 
xj=a), ajj, . . . a:„(=S). 

At each point of division 
let ordinates to the curve 
y =f(x) be drawn, and with 
these ordinates as sides let 
rectangles be inscribed as 
shown in the figure. The 
sum of the areas of these 
rectangles will be an ap- 
proximation to the area under the curve. The areas of 
the rectangles can be calculated. For if Ax denotes the 
base of each rectangle, we have 

. b — a 

Ax= 

n 

The altitude of the first rectangle is f(x ^ ; of the second, 
f(x^ ; etc. Hence the sum of the areas of the n rectangles is 

X ^ =fQ<^d Aa; Aa; H l-/(a:„) Aa:. 

As n is increased indefinitely it is apparent intuitively 
that the sum of the areas of the inscribed rectangles ap- 
proaches the area under the curve as a limit. Hence 



The preceding construction may be generalized in two 
ways: (1) It is not necessary that the interval AB be 
divided into equal parts. (2) It is not necessary that the 
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altitudes of the rectangles should be equal to the ordinates 
at the points of division. This more general construction 
is made as follows : Let the segment AB be divided into 
n parts which are not necessarily equal. Let the length of 
the first part be of the second etc. Let x^ be the 
abscissa of any point in the first part, the abscissa of 
any point in the second part, etc. With the ordinates at 
x^^ etc. as altitudes, con- 
struct rectangles as shown 
in the figure. Then the 
sum of the areas of these 
rectangles will be 

i~l 

If the length of each of 
the n parts into which AR is 
divided is made to approach zero when n increases without 
limit, the sum of the areas of the rectangles will approach 
the area under the curve as a limit. Consequently we 
shall have, as before, 

/(.t;) dx — lim V/(:r,.) 

n 00 

159. The Fundamental Theorem. The last result of the 
preceding section has been established by using the geo- 
metrical interpretation of a definite integral. Every definite 
integral can be expressed geometrically as the area under a 
curve by simply plotting the curve t/ where f(x) 

is the integrand. But in most applications the primary 
meaning of the definite integral is something quite different 
from an area, and it is convenient to state the result proved 
in the previous section as a theorem in analysis without 
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reference to its possible geometric representation. This 
statement is so important that it is usually referred to as 
the "Fundamental Theorem of the Integral Calculus." 


The Fundamental Theoeem 

LetfQr) be a continuous fimction in the interval from a 
to X:=^h. 

Let this interval he divided into n subintervals Ax^, Ax^, 

Let X. he any value of x in the suhinterval Ax^. 

Then the limiting value of the sum 

t=i 

when n increases without limit and each suhinterval approaches 
zero as a limits is equal to the value of the definite integral 

f(x)dx. 



The conclusion of the above theorem may be expressed 
in symbols as follows: 


lim 

n -* « 
AXi-*0 


'^f(Xi)AXi= Cf(x)dx. 

i=i da 


The use of this theorem in applications will be illus- 
trated in the next chapter. We shall now give two rules 
for calculating approximately the numerical value of a 
definite integral. 

160. The Trapezoidal Rule. This rule is derived by ap- 
proximating the area under a curve by means of trape- 
zoids. The interval J — a is divided into n parts, each of 
length Ax, and ordinates are constructed as before. The ex- 
tremities of consecutive ordinates are then joined by straight 
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lines forming trapezoids. The abscissas of the points of 
division are (= a), x^, • • •, x^(= 6). The corresponding 

values of /(a;) are 3/o=/(*o). • • •. 

y„=/(2:„)- The 
areas of the trape- 
zoids are given 
by the following 
expressions : 

0.5(yi+y2)Aa;, 

0-5(y„-i+y„)Aa% Fig. 145 

The sum of the areas of the n trapezoids, which is obvi- 
ously an approximation to the area under the curve, will be 
(0.5y„+^i+^,+ • • • +y„_i+ 0.5j/„)Aa;. 

The method of pi'ocedure is formulated into a working 
rule as follows: 

To evaluate approximately the integral f 

the interval 5 — a is divided into n parts, each being equal 
to Ax. The abscissas of the points of division are x^(= a), 
x^j . . a:„(= 6). The corresponding values ol f(x) are 

Vo =/(^o)’ • • ’> yu=fi^n')- Then 

(T) 1= (0.5 y, + F, + F, + . . . + + 0.5 y„)Lx. 

Exercise. Sketch the above figure and show that the trape- 
zoids are equivalent to a certain set of rectangles ; hence that the 
sum used in the trapezoidal rule is equal to a sum of the type 

i=l 
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Example. Using n= 4, compute the approximate value of 


I 


V 4 -|- £c® dx. 


Solution. The table of 
values for x and y is first 
computed ; 

*o = 0 . 0 ;y„= V4 + O 
= 2 . 000 . 

Xj = 0.5 ; 2/j = V4 + 0.125 
= 2.031. 

“ 2 = 1 - 0 ;%= V4 + 1 

= 2.236. 

a;3=1.5;y3=V4 + 3.375 
= 2.716. 

“ 4 = 2 - 0 ;%= V4 + 8 

= 3.464. 

Applying Formula T, 



Fig. 146 


/ -(1.000 + 2.031 + 2.236 + 2.716 + 1.732) x 0.5 = 4.858. 
(If -tve take n = 10, we obtain the more accurate value 4.826.) 

PROBLEMS 

1. A point moves with speed v = 80 - 4 t. Show that the 
distance moved from # = 2 to t = 8 is given by Hso ~4t) dt. 

Draw the graph of w = 80 - 4^, and calculate the value of the 
definite integral by finding the area under the graph. 

2. Approximate the value of by plotting y = ^ on 

a large scale and finding the area ^de^r the curve (a) by count- 
ing squares, (5) by inscribing rectangles as in § 157 (d) bv 
constructing rectangles as in the second figure of § 1^^ ^ ^ 
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3. Approximate the value of J by constructing 

a graph and estimating the area under it. 

4. Compute the approximate values of the following inte- 
grals by the trapezoidal rule, using the values of n indicated : 




-^10 + x^dx. n = 3, 


n = 4. 


x^dx, n = 5. 


ix^ — 13 dx, n = S. 


J /nii , 

VlO — x^dx, 71 = 4. f. I V25 + 0.01a;'‘c:?x, n=5. 
0 Jo 

5. Compute the approximate values of the following integrals 
by the trapezoidal rule, using the values of n indicated. C^heck 
your results by performing the integrations. 


a, J* x V9 — x'^dx, 7Z = 6. b, - 


n = 3. 


161. Simpson’s (Parabolic) Rule. For this rule it is nec- 
essary that the number of parts into which the interval 
6 ~ a is divided, 
shall be an even 
number. After the 
ordinates have been 

constructed as be- n. 

fore, they are ar- [ 

ranged in groups 
of three, the first 

poup being , i. I " > 

the second <__1 ^ *’• 

etc. Through Fig. 147 

the extremities of 

the first group is passed an arc of a parabola having its 
axis parallel to the 7/-axis. The area under this parabola 
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between and x^ is given by the formula (the proof of 


which is omitted) 




Similarly, if a parabola is passed through the extremities 
of the next group of three ordinates, the area between x 

QTirl />» -ic 2 


and is 


/\ Q- 

■y (^2 + ^ + yd- 


The area under the parabola passed through the extremi- 
ties of the last group of ordinates is 

Arr . . . 

y 0/n-2 + 4y„_i+-^„). 

By addition, the sum of the areas of the strips, which form 
an approximation to the area under the original curve, is 
Arr 

The method of procedure is formulated into a working 
rule as follows : ° 

To evaluate approximately the integral 1= J'f(x')dx, 

the interval 6 — a is divided into n (an even number of) 
p^s, each being equal to Ax. The abscissas of the points of 
msion are x^ (_ a), x^, ' • (= The corresponding 

values of/(a:) are y=f (a:J, y^=f(x{), . . 

^ + ... +4y„_j4- !/„)——• 

tediouf tJie algebraic work is 

of a parabola with its axis parallel to the y-axis 

^ t = *, *1 = * + Ax, and Xj = A + 2 Ax. The 

area beneath the parabola between the ordinates x = Aandx=A + 2Ax 

Calculating the values of y,, yj, and y„ in 
A and Ax, and substituting in the formula in the text, we find 
the same result as by the Integration. 
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Example. 


Using 71 = 4, compute the approximate value of 


X 


2 

V4 + x^dx. 


Solution. The table of values has been computed in § 160. 
Applying the formula S, 

I = (2.000 + 8.124 + 4.472 4- 10.864 + 3.464) ^ = 4.821. 

o 


PROBLEMS 


1. Compute the approximate values of the following integrals 
by Simpson’s rule, using the value of n indicated : 

a. C ■^10 + x^dx^ n = L c, f V9 -j- x'^dx, n = 4,. 

Jo Jo 

I VlOO — x^dx^ 71 = 4. d. { — 16 c/x, = 6. 

0 J^ 


2. In the following problems compute the approximate values 
of the integrals by both the trapezoidal and Simpson’s rules. 
If the indefinite integral can be found, calculate also the exact 


value of the integral. 



c. ^ (16 — x?)dx, 71 = 8. 


d. C X V36 ~ x^dx^ 71 = 6. 
Jo 



'■i: 


xdx 

Vx^ — 1 


?i = 4. 


3. A field is bounded by two parallel straight lines and two 
irregular curves. The length between the straight sides is 
50 rd. Starting at one end, the width parallel to the straight 
sides is measured at 5-rod intervals with the results 35, 37, 
35, 32, 30, 31, 30, 28, 25, 21, and 12 rd. Find the area in acres 
by Simpson’s rule. (1 acre = 160 sq. rd.) 



CHAPTER XIII 


APPLICATIONS OF TEE FUNDAMENTAL THEOREM 

162. Introduction. The Fundamental Theorem of the In- 
tegral Calculus states that, under proper conditions, the lim- 
iting value of a sum of terms, each of the form 

as the number of terms is increased indefinitely, is equal 
to the definite integral, between proper limits, of f{x)dx. 
The present chapter is devoted to some of the many appli- 
cations of this theorem. The solution of each problem 
consists of two distinct steps : (1) getting up the integral, 
which means the determination of the function f(x') and 
of the limits of integration; (2) the evaluation of the 
integral. 

Whenever possible, a definite integral should be evaluated 
by finding the indefinite integral and substituting the limits. 
When the indefinite integral cannot be found by the for- 
mulas which are available, the value of the definite integral 
may be approximated by the trapezoidal and Simpson’s rules. 

163. Plane Areas. It has already been shown that the 
area bounded by the curve y =f(x), the x-&xis, and the 
o^mates 2 : = a and a; = 6 is given by the definite integral 

J f(x')dx. For more general cases, in which the required 

area is not bounded by a coordinate axis and by straight 
lines perpendicular to this axis, it is usually convenient to 
make use of the Fundamental Theorem as illustrated in 
the following examples. In all such problems a correct 
figure is absolutely necessary, 

314 
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Example 1. Find the area bounded by the parabola =-2 x 
and the straight line 2 y = x. 

First Solution. The curves intersect at the origin and at (8, 4). 
The area to be found is shown in the figure. An approximate 
value of the area may be obtained by dividing it into n narrow 
strips, by lines parallel to the y-axis, and then replacing each strip 
by a rectangle. The figure represents an enlargement of strip 
number i, of width Aa;,-. The area of this strip is approximated 
by that of a rectangle having the same width Aaj,. and a length 
equal to the difference between the ordinate of the parabola 
and that of the straight line at some point within the interval. 
At this point the ordinate of the parabola is V2a;,., and the 
ordinate of the straight 


line is 


Hence the 


length of the rectangle 
is ^2Xi — “ j and the 
area of the rectangle is 





Now the important 
point is that this for- 
mula applies to every 
strip into which the required area has been divided ; for the 
lower end of every strip is on the straight line, and the upper 
end is on the parabola. Hence an approximate value of the 

area will be « / ^ \ 

X(V2x,-|)Aa:,, 

and, by the Fundamental Theorem, the exact value will be 


A-. 


the limits being assigned to include all the strips. Integrating, 
fl/o 64 64 16 


A 
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The detailed reasoning given in the solution above must 
be clearly understood in order to avoid mistakes. But not 
all the details need be reproduced in every solution. The 
area of one of the small rectangles is called an element of 
area and is denoted by dA, In writing this element of area we 
may omit the subscript i and replace Ax, by the differential 
dx, which gives at once the expression to be integrated. The 
essential details will be illustrated by a second solution. 

Second Solution. Let the area be divided into strips by lines 
parallel to the a;-axis. One of these strips is shown in the figure. 
Every such strip will have its 
left-hand end on the parabola 
and its right-hand end on the 
straight line. The width of a 
strip is dy^ and its length is 
'^kere is the abscissa of 
a point on the line (since this is 
the larger one) and is the ab- 
scissa of a point on the parabola. 

Hence the element of area is 

dA = (ajj- *2) dy= {^y- '^dy, 

by substitution from tbe equations of the curves. When all the 
strips are included, y varies from 0 to 4. Hence 

The result may be checked by drawing the figure on squared 
paper and counting the squares within the area. 

It has appeared in the preceding example that the ele- 
mentary strips may be taken parallel either to the a:-axis 
or the y-axis. This freedom of choice does not exist in all 
problems, as shown in the next example. 
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When the strips are taken parallel to the ?/-axis, the 
element of area is expressed in terms of x and dx. In this 
case it is said that we integrate with respect to x. When 
the strips are taken parallel to the a:-axis, we integrate with 
respect to y. The elements of area are respectively equal to 

dA = {y^-y^)dx 
and dA = (jiTi — dy. 

Example 2. Find the area bounded by the parabola ^2 x 
and the straight line, cc — 3/ = 4. 

Solution, The curves intersect at (2, — 2) and (8, 4). 

If the area is divided into strips parallel to the x-axis, 
every strip will have its left-hand end on the parabola and 
its right-hand end on the 
straight line. It is possible 
then to write one formula 
which will give the area of 
every strip, and thus to apply 
the Fundamental Theorem. 

If the area is divided into 
strips parallel to the y-axis, 
the strips between x=0 and 
X = 2 will extend from the 
lower to the upper branch 
of the parabola, while those 
between x = 2 and x = S will 
extend from the straight line to the parabola. In this case 
it is not possible to write one formula which will give the 
area of every strip, and the area cannot be expressed by a 
single integral. 

In order to express the area by a single integral, it is neces- 
sary to integrate with respect to ?/. The element of area is 

dA=(x^-x^dy, 
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wiiere is the abscissa of a point on the line and where x 
is the abscissa of a point on the curve. Substitution from the 
e(][uations of the line and the curve gives 

When all the strips are included, y varies from — 2 to 4. 



= (8 +16 - 5 ^ i )_(2 _ 8 + = 18 . 


PROBLEMS 

1. Find the areas bounded by the following curves. In each 
case draw the figure, showing the element of area. 

a. y = a?, y = 4.x. f.y = v?-Zx,y = x. 

b. y=&x-x\y=zx. g.y=:x\2x-y + S = 0. 

C'X — ^y — y^,y = x. h. y = o?—2x—Z, y=&x—a?—Z. 

d. y = 4:x- x% y=2x - 3. i. f = 4:X, x = 12 + 2y - f. 

e. ^ = ix,2x-y=4:. j.y = x^-x,y = x-x\ 

2. Find the area included between the two parabolas i?=2r>x 

and x^ = 2py. ^ 

3. Find the area included between the two parabolas = ax 
and x^ by, 

4* Find the entire area of the curve ^^x^ — x\ 

5. Find the area bounded by the curve Vx + Vy = Va and 
the coordinate axes. 

6. Find the area bounded by the curve whose equation 
IS y = 6 — a? and the line whose equation is y = — 3. 

7. Find the area bounded by the curve whose equation is 
y=6 + 4aj — a:^ and the chord joining (—2, — 6) and (4, 6). 

^ 8. Find the area bounded by the curve whose equation is 
y = a? and the chord joining (— 1, 1) and (8, 4). 
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9. Eind the area bounded by the curves whose equations 
are %f = x, y = x, and 2 y = x. 

10. Eind the area under the hyperbola xy = 24 from x = 4 
to X = 8 (use Simpson’s rule, taking n = S). 

11. Write the integral giving the area of a segment of a 
circle of radius 10 cut off by a chord distant 6 from the center. 
Approximate the integral by Simpson’s rule, taking n = L 

12. Eind the area bounded by the curve whose equation is 
2 / == x(l ± Vx) and the line whose equation is x = 4. 

13. Eind the entire area of the loop of the curve whose equa- 
tion is 3 /^ = 4 x^ — xl 

14. Eind the area bounded by the curve whose equation is 
xy = x^ — 1 and the lines whose equations are ?/ = 1, x = 1, 
and X = 4. 

15. Eind the area bounded by the curve whose equation is 
2 / = X® — 9 x^ + 24 X — 7, the y-axis, and the line whose equa- 
tion is 3 / = 29. 

16. Eind the area of a circle of radius 6 by dividing it into 
elements of area which are concentric rings of width Ar. 

17. Plot on the same coordinate axes the circle whose equation 
is x^ + 3 /^ = and the ellipse whose equation is + ah/ = (i^b^. 
Set up the integrals giving the areas within the curves and, 

without integrating, show that the area of the ellipse is - times 
the area of the circle, and therefore is 'irah. ^ 

164. Length of a Curve. Let be a curve whose equa- 
tion in rectangular coordinates is y =/(x). Let the inter- 
val 6 — a be divided into n parts and let ordinates to the 
curve be erected at each point of division. When the 
extremities of these ordinates are joined by straight lines, 
we have a system of chords forming a broken line whose 
length may be utilized to approximate the length of the 
curve. Moreover, when the number of points of division 
is increased indefinitely in such a way that the length of 



320 INTEODXJCTION TO THE CALCULUS 

each chord approaches zero as a limit, the length of the 
broken line approaches the length of the curve AB as a limit. 

Let s denote the 
length of AB, and 
let denote the 
length of one of 
the chords. Then 
the length of the 

n 

broken lineis VAs, 
and •= 1 

n 

« = lim ^As,.. (1) 

Asi-*0 

In order to apply 
the Fundamental Theorem to this, we must express As. in 
t 6 form We do this in the following manner: 

Each chord As, is the hypotenuse of a right triangle,' 
the sides of which are, in the increment notation of the 
differential calculus. Ax. and Av 

Hence ^ 

As,==\/a5!‘‘+^,“. 

If we factor out Aa:,, this becomes 



Fig. 151 


* -L’ Hj, 

The quotient is the slope of the chord FQ. It 



IS 


aparent from the figure that there is a point (x„ y,) on 
the arc FQ at which the tangent to the curve is parallel to 
the chord FQ. Hence, if (^\ 

\dx/x= 

derivative toT x = we have 

^yi_(dy' 


denotes the value of the 
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Thus equation (2) becomes 



This is of the ioimf(x.')Ax., 

When ASi — ^ 0, Ax. — 0 also. Hence the substitution of 
(3) in (1) gives 

s = lim 

n -+ 00 
Ax<-» 0 

Applying the Fundamental Theorem, we obtain the 
following formula: 

(I) 

Another form for the integral may be obtained by divid- 
ing the interval cZ — 6* on the ^-axis into n parts and factoring 
Ay^ out of the radical in equation (2). The result is 

(II) 

An easy way of remembering both forms is to regard 
the element of arc ds as a chord which is the hypotenuse 
of a small right triangle whose sides are dx and dy. Then 

ds=^{dxy + {dyf. 

Factoring out dx., we obtain Formula I ; factoring out dy., 
we obtain Formula II. 

Example. Find the length of the curve 9 = 4 (1 + 

from the point where x = 0 to the point where x = 3. 

Solution. From the equation of the curve, 
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Differentiating, 

^ = 2x^l + x\ 
dx 

Using Formula I, 

ds = y/l+4:3?{l + a?)dx = (1 + 2x^dx. 

Hence s +2x^dx = ^x + 21. 

Gross errors may usually be detected by comparing the 
result with the length of the chord joining the end points of 
the curve. In this problem the end points are (0, 0.67) and 
(3, 21.1); hence the length of the chord is 20.6. 


PROBLEMS 


1. Find the length of the curve whose equation is y^=zx^ 
from the point where a: = 0 to the point where a: = 5. 

2. Calculate the length of the curve whose equation is 

9 r = (2 + as^)* from the point where a: = 0 to the point 
where x = 2. 

3. Find the length of the curve whose equation is = ax^ 
between the points (0, 0) and {a, a). 

■ / ' ^^ 0^5 length of that part of the curve whose equation 
IS ( 2 / — 8) = a:® which is intercepted between the coordinate 
axes. 


6. Find the entire length of the hypocycloid whose equation 
is a:» q- yt = a>. 


6. Find the length of the curve whose equation is v® = a? 
between the points (0, 0) and (8, 4). 

7. Find the length of the curve whose equation is « = — + -i- 

from the point where * = 1 to the point where a; = 3. ® ^ a: 

8 . Find by integration the length of the straight line whose 

eqmtion is y = ma; + b between the points (0, b) and (x, y\ 
Check your result by geometry. ' v ' 
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In the following problems the indefinite integrals cannot be 
found by the rules previously given. The values of the definite 
integrals must be approximated. 

Approximate the length of the parabola whose equation 
is y = between (0, 0) and (2, 4). Use Formula I for ds, and 
evaluate the integral by Simpson’s rule, taking n = 4c. 

10 . Approximate the length of the parabola whose equation 
is y^=^2x between (0, 0) and (8, 4). Use Formula II for ds, 
and evaluate the integral by Simpson’s rule, taking n = 4. 

11. Approximate the length of the curve whose equation is 
y = 33® between (0, 0) and (2, 8). Use Formula I for ds, and 
evaluate the integral by Simpson’s rule, taking n = 4. 

12. Approximate the length of the hyperbola whose equation 

is 33^ — = 9 from (3, 0) to (5, 4). Use Formula II for ds, and 

evaluate the integral by the trapezoidal rule, taking n = 4. 

13 . Approximate the length of the arch of the parabola whose 
equation is y = 4 33 — 33^ which lies above the 33-axis. 

165. Volumes of Solids of Revolution. A solid of revo- 
lution is a solid having an axis of symmetry such that 
every section of the solid made by a plane perpendicular 
to this axis is a circle with its center on the axis. When 
a plane area is revolved about an axis in its plane, it is 
said to generate a solid of revolution. For example, a right 
circular cone is generated by revolving aright triangle about 
one of its legs, and a sphere is generated by revolving a 
semicircular area about its diameter. 

Let the area bounded by the curve y = f(x), the 33 -axis, and 
the ordinates x^a and x = hhe revolved about the 33 -axis, 
forming a solid of revolution. To find the volume of such 
a solid we proceed as in § 163. Let the segment & — a of 
the a3-axis be divided into n parts, and let planes perpendic- 
ular to the a3-axis be passed through each point of division. 
These section planes divide the solid into n circular plates. 




Fig. 153 
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The volume of any one of these circular plates will be 
approximately equal to that of a cylinder having the same 
thickness Aa: and a radius, 
r, equal to the radius of 
the plate at some point 
within the corresponding 
subinterval The cyl- 
inder would be generated 
by the revolution of a 
rectangle, as shown in 
Fig. 164. The volume of 
such a cylinder is 
An approximation to the 
volume of the solid is 
then given by the sum of the volumes of the small cylinders ; 
that is, hy the summation extending over all the 

subintervals Aa: of the interval h — a. 

In the present problem the radius 
r is equal to an ordinate to the 
curve y =/(a:) ; that is, ?• = y =f(xy 
Hence, by the Fundamental Theo- 
rem, the exact volume of the solid 
is given by 

lira;^7r[/(a;)]=Aa:=jrV[/(2;)]=da:. 

This formula is valid only for 
the particular type of problem de- 
scribed ; that is, when the area 
under the curve y=f(x') is re- 
volved about the a:-axis. The general method can be 
applied to any case of a solid of revolution, and should 

*In this and the following applications the subscripts hitherto used 
will be omitted for the sake of simplifying the notation. 



Fig. 154 
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always be used without attempting to memorize formulas. 
The essential steps in the general method are the following: 

I. Draw the figure showing an element of volume, a right 
cylinder. Denote the thickness of the element by dx if the 
axis of revolution is parallel to the a:-axis (and by dy if the 
axis of revolution is parallel to the ^/-axis). 

IL Let r denote the radius of the element of volume. 
With the aid of the figure express r in terms of x (or y') 
from the equation of the given curve. 

III. Form the element of volume 

dV=7rr^dx (or Trr^dy'), 

IV. Determine the limits of integration from the figure. 

The following examples illustrate the application of the 

general method to the diflferent types of problems. These 
examples are based on the accom- 
panying figure, in which the equa- 
tion of the curve OA is y^=2x. 

The letters x and y as used in 
the problems below always repre- 
sent the coordinates of a point on 
the curve OA, 

Example 1. Find the volume 
generated by revolving the area 
OAB about the £c-axis. 

Sohition. An element of volume 
is shown in the figure. The thick- 
ness is dx^ and the radius is an 
ordinate of the curve. 

Hence r = y = V2 x 
and dV — irr^dx = tt 2 xdx. 

V = f 2 TTXdx = TT 



Fig. 156 


= 64 7r = 201.1. 
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Gross errors may often be detected by comparing the result 
obtained with the volume of an inscribed or circumscribed cone 
or cylinder. In this example the volume of the inscribed cone 

128 TT 

is — ~ — and that of the circumscribed cylinder is 128 tt. 


Example 2. Find the volume generated by revolving the 
area OAB about the 
line AB, 

Solution, An ele- 
ment of volume is 
shown in the figure. 

The thickness is dyy 
and the radius is 

8 - a;. Fig. 157 

Hence r=8 — a; = 8 — ^ 

and dV = irr^dy = 7r^64 — 8 -f- dy, 

V -jT V(64 _ 8^ + . ,[64, - ^ 



2048 TT 
15 


428.9. 


Example 3. Find the volume generated by revolving the 
area OAC about the 
y-axis. 

Solution, An ele- 
ment of volume is 
shown in the figure. 

The thickness is dy, 
and the radius is an 

abscissa of the curve. Fig. 158 
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Hence 

and 



dV ^ iTT^dy = — y^dy. 


256: 


: 160.8. 


Example 4. Find the volume generated by revolving the 
area OAC about the line CA. 

Solution. An element of volume is shown in the figure. The 



166. Simplification by a Change of Variable. In Exam- 
ple 4, above, the desired volume is given by the integral 

V=7rJ' (4 — yydx. 

Instead of substituting for y its value in terms of rr, we 
may change the variable of integration by substituting for 
dx in terms of y and dy. 
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Thus, since 3/^ = 2 a?, 2 ydy = 2 dx, or dx = ydy. When 
a; = 0 , y = 0 ; when a; = 8, y = 4 . Substituting and chang- 
ing the limits, we have 

U= TT r (4 — yydx^zTT r (4 - yYydy 

Jo Jo 

== (as before). 


This process is merely integration by an appropriate 
substitution, similar to that discussed in §§145 and 155 . 
It frequently enables one to avoid troublesome fractional 
exponents. 



3/=a;2 

Fig. 160 


PROBLEMS 



Equation of OA 18 
22/=aj3 

Fig. 161 



Equation of OA is 

3 / 2 =^ 3 

Fig. 162 


1. In Fig. 160 above find the volume generated when the area 

a. OA B is revolved about OX. e. OA C is revolved about 0 Y. 

b. OAB is revolved about AB. f. OA C is revolved about CA . 

c. OAB is revolved about CA. g. OA C is revolved about AB. 

d. OAB is revolved about OY. h. OA C is revolved about OX. 
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2. The same as Problem 1 for Fig. 161. 

3. The same as Problem 1 for Fig. 162. 

4. Find by integration the volume of the cone generated by 
revolving about the aj-axis the triangle whose vertices are 
(0, 0), (a, 0), (a, b). 

5. Find by integration the volume of the cone generated by 
revolving about the y-axis the triangle whose vertices are 
(0, 0), (a, b), (0, h). 

6. Find the volume of the paraboloid of revolution gener- 
ated by revolving about the cc-axis the area bounded by = 2 px 
and X == h. Show that the result is one half the volume of the 
Cylinder having the same base and altitude. 

7. Find tlie volume generated by revolving about the y-axis 
the area bounded by v/=2j(?(r, y = A and the y-axis. Show 
that the result is one fifth the volume of the cylinder having 
the same base and altitude. 

8 . Find the volume of the oblate spheroid generated by 

if 

revolving the area bounded by the ellipse H- ^ = 1 about 
the y-axis. 

9. Find the volume of the prolate spheroid generated by 

revolving the area bounded by the elli])se — ^ + Vo = 1 about 
, , T ar i/ 

the x-axis. 

10. A hyperboloid of revolution is generated by revolving 
the hyperbola xr i/ = about the x-axis. Find the volume 
of a segment of one base of this solid of thickness a. 

11. Find the volume generated by revolving about the .r-axis 
the area of the hypocycloid 4- y^ = a^. 

12. Find the volume generated by revolving about the 
x-axis the area bounded by the coordinate axes and the parab- 
ola £c^' + y^' = aK 

13. Find the volume of a sphere by integration. 
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14. The plane surface of a spherical segment of one base is 
a circle of radius 8 in., and the greatest thickness of the seg- 
ment is 4 in. Find its volume by integration. 

Hint. What is the radius of the sphere from which the segment 
was cut? 


15. A segment of one base of thickness h is cut from a 
sphere of radius r. Show by integration that its volume is 

(7rD(3r-A). 

^ 16. The area bounded by one of the ovals whose equation is 

xy = — 25) (4 — x^ is revolved about the ic-axis. Find the 

volume generated. 

17. Find the volume generated by revolving about the a;-axis 

the entire area of the curve whose equation is _ ^ 2 ^^ 

18. Find the volume generated by revolving the area bounded 

by the loop of the curve whose equation is = a; — 4) about 
the x-axis. ^ 

2 smaUer segment of the circle whose equation is 

* line whose equation is x = 2> is 

revolved about this line, generating a spindle-shaped solid. Set 

up the integral giving its volume and evaluate it by Simpson’s 
rule, taking « = 4. j' o 

20. The ai-ea bounded by the parabola whose equation is 
tile line whose equation is v = — 4 is 
revolved about the line. Find the volume generated. 


167. Volume of Known Cross Section. Volumes of certain 
solids may be found by the same general method as is used 
for volumes of revolution. We shall first develop in general 
terms the principles used. 

'^e figure represents a solid, whose volume we denote 
by r and an axis OX. A set of parallel planes perpen- 
dicular to this axis divides the soM into thin plates, one 
of which is marked in the figure. The volume of any one 
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of the plates is approximately equal to the product of its 
thickness Aa: and the area of one of its faces, which we 
denote by A(a:), since the cross section of the solid perpen- 
dicular to the a;-axis is clearly a function of a:. 

If the volumes of all the plates from a: = a to x = are 
summed, we get an approximation to the volume of the 
solid which be- 
comes more exact 
asAc— >-0; that is, 

F= lim^A(x)Ax. 

But by the Fun- 
damental Theo- 
rem this becomes 

F = J A(x')dx, 

In applying this 
formula the solid 
must be of such a character that the area of any cross 
section perpendicular to the a;-axis (or y-axis) can be repre- 
sented by a formula in terms of x (or y'). The element of 
volume is a cylinder^' whose thickness is dx (or d'y^ and 
whose base has the area A(xy) (or AQyy), Hence 

dV—A{x)dx or dV=i A{ij)dy, 

We now illustrate the method by examples. 

Example 1. Derive the formula for the volume of a pyramid. 

Solution. Let OP (= A) be the altitude of the pyramid 
0-CDBf and let B denote the area of the base. Let OP be the 

*The term cylinder is used here in its general sense and includes as 
special cases circular cylinders and prisms. 

t The figure on the following page is drawn with a triangular base, but 
the reasoning applies to any base. 



Fig. 163 
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as-axis with origin at 0. Let the segment OP be divided into n 
parts, which for simplicity will be supposed equal, and let planes 
parallel to CPE be passed through each point of division, thus 
dividing the pyramid into n thin plates. Upon each section 
as a lower base construct a prism 
with lateral edges parallel to OD 
and altitude equal to the distance 
between consecutive sections. The 
prisms so constructed are called a 
set of circumscribed jorisms, and it 
is obvious that the volume of this 
set of circumscribed prisms will 
approach the volume of the pyra- 
mid as a limit when n is increased 
indefinitely. 

Let us consider a typical prism, whose volume we denote 
oj dV. The distance of its base from the vertex 0 is x, and its 
altitude (or thickness) is dx. If A denotes the area of its base 
it IS known from solid geometry that ^ 



B 


Hence 


dV^ 


or A (x ) : 
Bx- 


Bx^ 


]i^ 


dx. 


The volume of the set of circumscribed prisms is 



and, by the Fundamental Theorem, the volume of the pyramid is 


F= Ihu^^c?* 


-I 


^Bx^ ^ B 
dx = — 







3 * 


Example 2, A solid has a circular base of radius 10 in The 
line AE is the diameter of its base, and every section of the 
solid made by a plane perpendicular to AE is a square. Find 
the volume. 
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Solution. In the figure the right-hand end of the solid 
is cut away to show an element of volume whose base is 


PQRS. Let AB be taken 
as the x-axis, with the 
origin at O, the center of 
the circular base. With 
this notation the thickness 
of the element of volume 
is dx. Since every sec- 
tion perpendicular to AB 
is a square, the element 
of volume is a rectangular 
parallelepiped with square 
base of edge PQ. In order 
to express the length PQ 
in terms of x, we take the 
y-axis in the plane of the 
circular base. It is then 



evident that PQ is a double ordinate of the circle. Tliat is, 


dV=: PQ^lx =:i ?/dx. 

But the equation of the circle is 

+ IP = 100 . 

Hence 

d! P" = 1 = 4 (100 — x^) dx. 

The symmetry of the figure 
shows that half the volume will 
be obtained by integrating over 
the segment OB. 



Fig. 166 


2 



x^) c?x = 4 1^; 


100 X- 


xU"*^ 8000 

3jc~“ 3 ■ 


Hence the volume of the solid is 


V = i&oo a ^ 5333,33 cu. in. 
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Example 3. Eind the volume generated by revolving about 
the y-axis the area bounded by the parabola whose equation is 
y = the a;-axis, and the 
line whose equation is a; == 2. 

Solution. If planes are 
passed through the solid 
perpendicular to they-axis, 
they will cut it into thin 
plates of thickness dy. 

The plane surfaces of 
these plates will be cir- 
cular rings of which the 
outer radius is 2 and the 
inner radius is x. The area 
of one of these rings will 
be 4 TT — ira?. 

Hence 



and 


Fig. 167 

c?F = (4 7r — iTx^) dy 

Substituting from the equation of the curve, we have 

Note that the volume can also be found by subtracting the 
volumes generated by OBC and OABC. 

PROBLEMS 

1. A solid has a circular base of radius 10 in. The line AB 
is a diameter of the base. Find the volume of the solid if every 
section perpendicular to AB is ^ 

c. An equilateral triangle. 

6. An isosceles right triangle with its hypotenuse in the 
plane of the base. 
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c. An isosceles right triangle witlx one leg in the plane of 
the base. 

An isosceles triangle with its altitude equal to 10 in. 

e. An isosceles triangle with its altitude equal to its base. 

2. A solid has a base in the form of an ellipse with major 
axis 20 in. long and minor axis 10 in. long. Find the volume 
of the solid if every section perpendicular to the major axis is 

a, A square. 

h. An equilateral triangle. 

*c. An isosceles triangle with altitude 5 in. 

3. The base of a solid is a segment of a parabola cut off by 
a chord perpendicular to its axis. The chord has a length of 
16 in. and is distant 8 in. from the vertex of the parabola. 
Find the volume of the solid if every section perpendicular to 
the axis of the base is 

a, A square. 

h. An equilateral triangle. 

c. An isosceles triangle with altitude 10 in. 

4. A plane section passed through two opposite seams of a 
football is an ellipse with major axis 14 in. long and minor 
axis 7 in. long. Find the volume {a) if the leather is so stiff 
that every section perpendicular to the major axis is a square ; 
(h) if every such section is a circle. 

5. Two cylinders of equal radius r have their axes meeting 
at right angles. Find the volume of the common part. 

Hint. What is the shape of a section made by a plane parallel 
to the two axes ? 

6. The circle whose equation is — 6)‘^ = 9 is revolved 

about the ic-axis. The solid generated is called a torus. De- 
scribe it. Show that the volume is equal to 48 
Evaluate the integral. 

*In these problems approximate the definite integrals by Simpson’s 
rule, or use the footnote on page 303. 


"X 




’^dx. 
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Since the element of arc on the curve is ds = 
the element of surface, dS^ may be written 



dS—2Tryds. 


Either of the two forms for ds may be used in applications. 

If the arc is revolved about the ^/-axis, the element of 
surface is dS= 27 rxds. 


Example. Derive the formula for the area of the surface 
of a sphere. 

Solution. A spherical surface is generated by the revolu- 
tion of a semicircle about a diameter. Let the sc-axis be the 
axis of revolution and let the semicircle have its center at the 



The limits of integration are from — r to + r, or, because 
of the symmetry, we may integrate from 0 to 7* and multiply 
the result by 2. 

Hence S — 2 j* 2 irrdx = 4 7r?’[aj]Q = 4 

PROBLEMS 

1 . Eind the area of the surface generated by revolving about 
the y-axis the arc of the parabola y = from y = 0 to y = 2. 

2. Eind the area of the surface generated by revolving about 
the a;-axis the arc of the parabola = 2px from x = Otox = 4cp. 

3. Eind the area of the surface generated by revolving about 
the x-axis the arc of y = x® from x = 0 to x = 2. 
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4 - Find the area of the surface generated by revolving 
about the ^c-axis the arc of the parabola = 4 — a; which lies 
in the first quadrant. 

5. Find the area of the surface generated by revolving 
about the a;-axis the hypocycloid =r a^. 

*6. Find the area of the surface generated by revolving about 
the cc-axis the arc of the parabola y — from (0, 0) to (2, 4). 

* 7. Find the area of the surface generated by revolving about 
the 2 /-axis the arc oiy = from (0, 0) to (2, 8). 

*8. Find the area of the surface generated by revolving about 
the ic-axis the arc of from (0, 0) to (4, 8). 

9 . The slope of the tractrix at any point of the curve in 

the first quadrant is given by-^ = — ===• Show that the 
^ ^ dx 

surface generated by revolving about the cc-axis the arc joining 
the points (cc^, yj and {x^^ y^ on the tractrix is 2 7rc(j/^ — y^). 

10. The area in the first quadrant bounded by the curves 
whose equations are y = and y = 4 cc is revolved about the 
oj-axis. Find the total surface of the solid generated. 

11. The area bounded by the y-axis and the curves whose 
equations are = 4y and x — 2y + 4= 0 is revolved about 
the y-axis. Find the total surface of the solid generated. 

12. A zone is cut from the surface of the sphere generated 
by revolving the circle whose equation is -f y^ = about 
the x-axis by planes perpendicular to the x-axis at x = a and 
x=^ a + h. Show that the area of the zone is 2 irrh. 

13 . The arc of the curve whose equation is = x® extending 
from the origin to the point (4, 8) is revolved about the y-axis. 
Find the surface generated. 

14 . Find the surface generated by revolving about the x-axis 

X® 1 

the arc of the curve whose equation ~ ”0 ^ from x = 1 

to X = 3. 

* Use Simpson’s rule for approximating the definite integral. 
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15. Eind the area of the surface generated loy revolving 
about the cc-axis the loop of the curve whose equation is 

16. Eind the area of the surface generated by revolving 
about the y-axis the loop of the curve whose equation is 
9y^=:x(3~-xf. 

Hint. Integrate with respect to z. 

169. Centroids of Plane Areas. If a piece of stiff card- 
board is cut in any shape, there is one point on which it 
can be balanced. This point is its center of gravity, or, in 
mathematical terms, it is the centroid of the area represented 
by the cardboard. Obviously the 
centroid of a square, of a circle, 
or of any regular polygon is its 
geometrical center. In general, if 
the boundary of any plane area 
has a center of symmetry, this 
center will be the centroid of the 
area. The centroid of a rectangle 
is its geometrical center, and it has 
been stated without proof, in Chapter I, that the centroid of 
a triangular area is the point of intersection of the medians. 

In order to calculate the position of the centroid of a 
general plane area, we must first define the terms moment 
arm and moment of area. The moment arm of an area with 
respect to an axis is the distance from the axis to the cen- 
troid of the area. The moment of an area with respect to 
an axis is the product of an area and its moment arm with 
respect to that axis. 

For example, consider the square whose vertices are (2, 1), 
(4, 1), (4, 3), (2, 3). The area is 4 sq. in. if the unit of 
length is 1 in. The centroid is at (3, 2). The moment arm 
with respect to the y-axis is 3 in., and the moment of area 
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with respect to the ^-axis is 4x8 = 12.* The moment 
arm with respect to the :r-axis is 2 in., and the moment of 
area with respect to the a^-axis is 8. 

Let us now divide the above square into three rectangles 
by the lines x—^ and x= 3.5. The abscissas of the cen- 
troids of these rectangles are easily seen to be 2.5, 3.25, and 
3.75. Their areas are 2, 1, and 1. Hence the moments, with 
respect to the j/-axis are 5, 3.25, and 3.75, and the sum of the 
moments is 12, which was the moment of the whole square. 
If the square is divided in any other way, the same result 
will be obtained. From this example we infer the following 
principle, which we state without proof : 

If an area is divided into any mimher 
of parts ^ the moment of the area about 
any axis is the sum of the moments of 
the different parts about the same axis. 

Now let A denote the number of 
square units in any given area, the 
moment of this area with respect to 
the 2 :-axis, bf the moment of tlie area 
with respect to the y-axis, and (F, y) the coordinates of the 
centroid of the area. Then, from the delinition of moment, 

]lf = Ay, M^^=Ax. 

From these equations we get immediately 


O 



Fig. 172 






K 

A ' 


from which the coordinates of the centroid may be calcu- 
lated when the area and its two moments are known. 

* Since the moment of area is defined as the product of an area by a 
length, it is a quantity involving the third power of the unit of length. 
In engineering applications the unit of length is usually one inch, and the 
unit of moment of area is written in®. 
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In order to calculate and My for any area, the area is 
divided into strips, as in § 163, and the area of each strip 
is approximated by means of a rectangle. The moment 
of each element of area may be written down from the 
figure. The limiting value of the sum of the moments of 
all the elements is the moment of the whole area, which 
will then be represented 
by a definite integral. 

For the simple case of 
the area under a curve 
the process would be as 
follows: To find and 
My for the area bounded 
by y=f(x)j the a;-axis, 
and the ordinates x=^a 
and x=h, the area is 
divided into rectangular elements by lines parallel to the 
y-axis. A typical element of width Aa: and height y is 
shown in the figure. Let x be the abscissa of the mid-point 
of this subinterval Lx. The coordinates of the centroid of 

this element of area are (x, and its area is yLx. Hence 
the moment of this element with respect to the a;-axis is 

|(yAa;) = i/Aa:, 



and, by the Fundamental Theorem, 

f\fdx. 
%J a 


Furthermore, the moment of this area with respect to the 
2 /-axis is xyi^x, and ^ 

xydx. 
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If not otherwise known, the area is given by 

A= r ydx, 

U a 

^nd the formula on page 341 may be used to calculate the 
coordinates of the centroid. 

In general, if dM^ and dM^ denote the moments of the 
element dA about the rc-axis and the ^-axis respectively, 
and the coordinates of the centroid of dA are (x', y'), then 

dM^ = y^dA 

and dMy = x^dA, 

It is obvious that an area having an axis of symmetry 
will have its centroid on this axis. Hence if an area is 
symmetrical with respect to the rr-axis, y = 0 ; and if it is 
symmetrical with respect to the y-axis, 5=0. 

Example 1. Eind the centroid of the area of a quadrant of 
a circle. 

Solution. Let the axes be chosen so that they bound the 
quadrant of the circle, as shown in 
the figure. Then the equation of 
the circular arc is 

-j- if" = r^. 

Let the area be divided into ele- 
ments parallel to the y-axis, one of 
which is shown. Then, reasoning as 

above, we have Fig. 174 

dM]^ = ^dA = ^ dx = \ dx 

2i Z Z 

dMy = xdA = xydx = x dx. 



and 
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Hence M, = - a?) dx = \ ’= , 

x-\/7^~x‘^dx=-^{r^-x^^\ = Y 

The area of a quadrant of a circle is — • Hence we have 

- ^ 4: r 

3 ' 4 Stt’ ^ 3 • 4 ““Stt' 


. Example 2. Find the centroid of the area bounded by 
the curves whose equations are y = and y = a; + 2. 


Solution. Inspection of the 
figure shows that the simplest 
way to take the elementary 
strips is parallel to the y-axis. 
Let X denote the abscissa of 
the mid-point of the typical 
subinterval Aa;, and and y^ 
denote the ordinates of the cor- 
responding points on the line 
and the parabola respectively. 
Then the area of the element is 
iVi ~ centroid 

of the element will have the 
eo5rdinates 

[«■) i 0/1+ 2/3)]- 



Hence 


Fig. 175 

^^4 =(?/i— i/^)dx = (;x + 2~x^dx-, 



dx 


_x^-{-4cX-\-4z—-x^ 
~ 2 < 
dMy~ xdA 

= x(x 2 — x^)dx 
= (x^+2x^x^dx. 
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Therefore 

^ ^ ^ ~ = [f + 2x - I]' = |; 

(a:^ + 4x + 4-a;^)a'a: = ij^|- + 2a;^+4a:-~j =y; 

= J' (*' + 2 = [l + a:" - f J_^= | ' 

Hence the coordinates of the centroid are 

PROBLEMS 

Find the centroids of the areas bounded by the following 
curves : 


1. 


X, 

X = 

4. 


9 . 

y = 

6x 

- 

y 

= 

X. 

2. 

?/ = 


)X, X 

= h. 


10 . 

x = 

iy 

- y'; 

y 

= 

X. 

3. 

,/= 


'!/ = 

2,a; = 

0. 

11. 

1/ = 

4 X 

-.A 

y 

=rr 

2 X - 

4 . 

y = 


X = 

2,1/== 

0. 

12. 


4 .T 

, 2x 


y = 

= 4. 

5. 

y = 


!/ = 

S, X ~ 

0. 

13. 

1/ = 

- 

- 3 ,r, 

y 

= 

X. 

6 . 



, X = 

11 

: 0. 

14. 

y = 

: 

2 - 

y 

+ 

3 = 0. 

7 . 

/ = 


I/ = 

8, X = 

0. 

15. 

y = 

X - 

- 2x 

~ 



8 . 

y = 



4 X. 



y = 

6 X 

— 

— 

3. 



16 . Find the centroid of the area of the triangle whose ver- 
tices are (0, 0), (a, 0), and (0, b). 

17 . Find the centroid of the area bounded by the paral)ola 
whose equation is Va: -f- Vy = and the coordinate axes. 

18 . Find the centroid of the area iDounded by the loop of the 

curve whose equation is = 4 ~ x^. 

19 . Find the centroid of the portion in the first quadrant of 

x^ 

the ellipse whose equation is ^ ^ = 1. 

Hint. The area of the ellipse is 7r«&. 
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170. Centroids of Other Figures. The definitions and 
methods of the previous section may be easily extended 
to the finding of centroids of volumes, surfaces of revo- 
lution, and arcs of curves. The chief difference is that the 
moment of volume with respect to an axis is the product 
of the volume by the moment arm, etc. A thorough con- 
sideration of the subject belongs to more advanced courses, 
but it may be of interest to work a few simple problems. 

Suppose, for example, that we wish to find the centroid 
of the solid generated by revolving about the rr-axis the 
segment of the parabola cut off by the line x=h. 

The centroid is on the a:-axis. Cutting the solid by planes 
perpendicular to the a:-axis, we have elements of volume 
dV^ iry^dx. 

The moment of each of these with respect to the ^/-axis is 
dMy — xdV^ irxy^dx. 

Hence the moment of the solid is 



On the other hand, the volume of the solid is 


Hence 


r C 'if'dx — iT'pW. 
Jo 


x = F=— . 


PROBLEMS 

1. Find the distance of the centroid of a solid hemisphere 
of radius r from the center. 

2. Find the distance of the centroid of the arc of a semi- 
circle of radius r from the center. 

3. Find the distance of the centroid of the area of the curved 
surface of a hemisphere of radius r from the center. 
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171. Fluid Pressure. Whenever water (or another fluid) 
presses against a vertical retaining surface, the pressure on 
the surface is different at different depths below the surface 
of the water. In order to determine the pressure at a given 
depth, we make use of the physical principle that pressure 
at a point within a fluid is the same in all directions. 
Hence the pressure against a vertical surface at a given 
point is equal to the pressure downward at that point, and 
the pressure will, be the same at all points which are the 
same distance below the surface. The method of applying 
these general principles will be illustrated by some examples. 

Example 1. One side of a rectangular water tank is 10 ft. 
long and 4 ft. deep. Calculate the pressure on this side when 
the tank is full of water. 

Solution. Let the vertical edge OA of the side of the tank be 
taken as the a*-axis, and let the segment OA be divided into n 
parts. Horizontal lines through the points of division will 
divide the side of the q 

tank into elementary I 

strips. Let Arc be the x - 1 

width of any one of .4, i' 

these strips and let x ZZIZZI^ZZZIZZZIIZIZZZZIZ 1 
be the depth to the ^ ^ 

center of this strip. <■ lo' >{ 

Imagine this vertical Xr 
strip to be turned about 

its center line until its surface is horizontal. The pressure on 
it would then be equal to the weight of water supported by it. 
The volume of water supported by it is equal to its area, 10 Arc, 
times the depth, x. If w denotes the weight of a cubic foot of 
water, the weight on this horizontal strip would be w lOccArc. 

Now, since the pressure is the same in all directions and 
since the strip is very narrow, the pressure is approximately 
the same on the strip in its vertical position as in its horizontal 


A 

X 


— 10 

Fig. 176 
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position. Hence tlie pressure above may be taken as represent- 
ing approximately the pressure on the typical strip, and an 
approximation to the value of the pressure on the whole side 
be given by 


As the width of each strip approaches zero as a limit this 
approximate value approaches the exact value of the pressure 
as a limit. Hence, by the Fundamental Theorem, the pressure 
P on the side of the tank is given by 

= 80 2^^. 

The weight of a cubic foot of water is about 62.51b. Using 
this value for w gives as the final result 5000 lb. 

The essential part of the above reasoning is that the pressure 
on an elementary horizontal strip is equal to the product of the 
area of the strip (dA), the depth of the strip (h), and the weight 
of a cubic unit of the fluid (w). That is, 

dP=whdA. 


P = lim^^d? lOic Air = 


Example 2. The vertical end of a water trough is in the 
form of a right triangle with dimensions as shown in the figure. 
Calculate the pressure on this end 
when the trough is full of water. 

Solution. Imagine that the tri- 
angular area is divided into ele- 
mentary strips, one of which is 
shown in the figure, and that 
coordinate axes are introduced as 
shown. The equation of the line 
OB, which joins the origin to the point B (6, 12), is y — 2x. 
With (x, y) representing the coordinates of a point on OB, it 
may be seen from the figure that 

1. The width of the elementary strip is dx and its length is 
12 y. Hence dA = (12 — y) dx. 

2. The depth of the elementary strip is x. 
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3. The limits of integration are from a: = 0 to a: = 6 . Hence, 
reasoning as in Example 1, the element of pressure dP is 

dP tax (12 - y)dx=. 62.5 X (12 - 2 x)dx. 

Hence the total pressure is 

-P = ^0-^ ~ 2 = 62.5 [6 a:^ - I a;®]® = 4500 lb. 

Note. The purpose of the particular choice of axes in the above 
example was to avoid negative coordinates. This is usually the best 
way to draw the axes in pressure problems if the origin is taken at 
the top of the surface ; if the origin is taken at the bottom (as in the 
next example), the axes may be conveniently drawn in the usual way. 

Example 3. A gate in a dam is in the form of an isosceles 
trapezoid, as shown in the figure. Calculate the pressure on the 
gate when the surface of the water is 8 ft. above the top of the gate. 

Solutlou. Choosing rectangular axes as shown, we see from 
the figure that 

1 . dA=z2xdy. 

2. The depth of the ele- 
mentary strip below the sur- 
face is 12 — y. 

3. The limits of integra- 
tion are y = 0 to y = 4. 

4. The equation of AB is 
y = 2x — S. Hence 
dP== 62.5(12 ~ y)2xdy 

= 62.5(y + 8 )( 12 -y)rfy, 

and the total pressure is 17 ^ 

P = 62.5 (y 4- 8) (12 — y) dy 

= 62.5 (96 ^y — y^^dy 

= 62.5 [96 2 / + 2 2 /“ - I] = 24,667 lb. 
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PROBLEMS 



Fig. 179 


1 . A horizontal cylindrical tank of diameter 8 ft. is half full 

of oil weighing 60 Ib./cu. ft. Calculate ^ ^ 

the pressure on one end. 

2. Each end of a horizontal oil tank 
is an ellipse of which the horizontal 
axis is 12 ft. long and the vertical axis 
6 ft. long. Calculate the pressure on 
one end when the tank is half full 
of oil weighing 60 Ib./cu. ft. 

3. The vertical end of a vat is a 
segment of a parabola 8 ft. across the 
top and 16 ft. deep (Fig. 179). Calculate the pressure on this 
end when the vat is full of a liquid 
weighing 70 Ib./cu. ft. 

4. The vertical end of a water trough 
is an isosceles triangle with dimensions 
as shown in Fig. 180. Calculate the 
pressure on the end when the trough 
is full of water. 

5. The vertical end of a water trough 
is an isosceles right triangle of which 
each leg is 8 ft. (Fig. 181). Calcu- 
late the pressure on the end when the 
trough is full of water. 

6. The vertical end of 
a trough is an isosceles 
trapezoid with dimensions 
as shown in Fig. 182. Cal- 
culate the pressure on the 
end when the trough is 
filled with a liquid weigh- 
ing 50 Ib./cu. ft. 




Fig. 181 
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7 . The vertical end of a tank is *an 
isosceles trapezoid with dimensions as 
shown in Fig. 183. Calculate the pres- 
sure on the end when the tank is filled 
with a liquid weighing 50 Ib./cu. ft. 

8 . A gate in a dam is in the form 
of a right triangle with dimensions as 
shown in Fig. 184. Calculate the pres- 
sure on the gate when the surface of the 
water is 6 ft. above the top of the gate. 

9. A gate in a dam is in the form 
of a right triangle as shown in Fig. 185. 

Calculate the pressure on the gate when 
the surface of the water is 4 ft. above 
the top of the gate, 

10. A gate in a dam is in the form 

of an isosceles trapezoid as shown in Fig. 186. Calculate the 
pressure on the gate when the 
surface of the water is 8 ft. — ^ 
above the top of the gate. j 

11. A rectangular gate in a 

vertical dam is 10 ft. wide and 1 

r. 

6 ft. deep. Find (a) the pres- 
sure when the level of the water 
is 8 ft. above the top of the 
gate ; (b) how much higher the water must rise to double the 
pressure found in (a). 

12. A vertical dam has the shape of a parabola ; it is 600 ft. 
across the top and 40 ft. deep in the center. Find the pressure 
upon it when the water is 30 ft. deep. 

13 . Show that the pressure on any vertical surface is the 
product of the weight of a cubic unit of the liquid, the area of 
the surface, and the depth of the centroid. 

14 . A vertical cylindrical tank, of diameter 30 ft. and height 
50 ft., is full of water. Find the pressure on the curved surface. 




Fig. 184 
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172. Work. Work is a technical term used in mechanics. 
The work done in overcoming a resistance is defined as the 
product of the distance through which a body is moved and 
of the force opposed to the motion. In the applications of 
this section the only force considered is the force of gravity, 
and the work considered is that done in lifting a body. In 
this case the work done is the product of the weight of the 
body by the vertical distance through which it is lifted. The 
usual unit of work is the foot-pound (ft.-lb.). Thus, if a 
weight of 100 lb. is lifted upward 2 ft., the 
amount of work done is 200 ft.-lb. 

The use of the calculus in calculating 
work is illustrated by the following simple 
example. Suppose that a rectangular tank 
10 ft. deep, with a base 4 ft. square, is 
filled with water. How much work must 
be done to pump the water to the top of 
the tank ? The definition given above does 
not apply immediately, because the water 
near the bottom of the tank must be lifted 
much higher than the water near the top. 

To answer the question, we must apply the Fundamental 
Theorem of the Integral Calculus. 

Let the edge OA of the tank be taken as the and 

let the segment OA be divided into n parts. Imagine hori- 
zontal planes passed through each point of division so that 
consecutive planes divide the water into horizontal layers. 
Let us fix our attention on a typical layer of thickness Ax 
and let x be the depth to some point in this layer. Assum- 
ing that Ax is small, each drop of water in the layer must 
be lifted a distance nearly equal to x^ and hence an approx- 
imate value of the work done in lifting this layer to the 
top will be X times the weight of the water in the layer. 


A 

X 








Fig. 187 
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If w denotes the weight of a cubic foot of water, the weight 
of the layer is ^^^16Arc, and an approximate value of the 
work done is ^vl&xLx, 

An approximation to the total work done will be 


the summation extending over all the layers from a; = 0 

to x= 10 . 

As the thickness of each layer approaches zero as a limit 

this approximate value approaches the exact value of the 

work as a limit. Hence, by the Fundamental Theorem, the 

work W is given by 

° ^10 

TF= lim Vwl6 xLx = 16 wxdx 

r 2-im 


: 16 (62.5) 


= 50,000 ft.-lb. 


The essential principle of the reasoning in this example 
is that the element of work (dW) done in lifting an ele- 
mentary layer of water (d V) is equal to tlie weight of the 
layer multiplied by the height (h) it is lifted. 

That is, dW= hwdV. 


Example. A conical cistern is 20 ft. across the top and 


15 ft. deep. If the surface 
of the water is 5 ft. from the 
top, calculate the work neces- 
sary to pump the water to 
the top of the cistern. 

Solution. Let a system of 
rectangular axes be intro- 
duced with the origin at the 
vertex of the cone and with 
the jr-axis horizontal. The 
element of the cone lying in 
the xy~plane joins (0, 0) and 



X 
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(10, 15) ; hence its equation is 2y — 2>x. An elementary hori- 
zontal layer of water is shown in the figure. If (cc, y) is a point 
on OA^ the following facts appear from the figure: 

1. The thickness of the layer of water is dy, 

2. The radius of the layer of water is x. 

3. The height which this layer must be raised is 15 — y. 

4. The limits of integration are from y = 0 to y = 10. 

The volume of the elementary layer is 

dV = TTx^dy = I TT^fdy, 

Hence dW — (15 — y)wdV 

= (15 — y) (62.5)(| mfdy) 

and W = ~(62.5) I (15 f-y‘)dy 

= 218,167 ft..lb. 

PROBLEMS 

1 . A vertical cylindrical cistern of diameter 16 ft. and depth 
20 ft. is full of water. Calculate the work necessary to pump 
the water to the top of the cistern. 

2. A vertical cylindrical cistern of diameter 10 ft. and depth 
12 ft. is half full of water. Calculate the work necessary to 
pump the water to the top of the cistern. 

3. A vertical cylindrical cistern of diameter 12 ft. and depth 
12 ft. is full of water. Calculate the work necessary to pump 
the water to a height of 10 ft. above the top of the cistern. 

4. A conical cistern 20 ft. across the top and 20 ft. deep is 
full of water. Calculate the work necessary to pump the water 
to a height of 15 ft. above the top of the cistern. 

5. A hemispherical tank of diameter 10 ft. is full of oil 
weighing 601b./cu. ft. Calculate the work necessary to pump 
the oil to the top of the tank. 
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6. A vat is built in the shape of a regular pyramid 12 ft. 
square at the top and 10 ft. deep. 

If the vat is full of a liquid weigh- 
ing 65 Ib./cu. ft. , calculate the work 
necessary to pump the liquid to 
the top of the vat. 

7. Calculate the work neces- 

sary to pump the liquid in the 
vat of Problem 6 to a height of 
8 ft. above the top of the vat. Fig. 189 

8 . The ends of a horizontal trough are vertical isosceles 

right triangles. The width across the , , 

top is 8 ft., and the length is 10 ft. If ^ ^ M 

the trough is full of water, calculate the 

work necessary to pump the water to the 

top of the trough. ^ 


9. Each end of a trough is a verti- 
cal right triangle. The dimensions are 
shown in Fig. 191. If the trough is 
full of water, calculate the work neces- 
sary to pump the water to the top of 
the trough. 

10. Each end of a trough is a ver- 


Fig. 190 



Fig. 191 


tical isosceles trapezoid. The dimen- 
sions are shown in Fig. 192. If the trough is full of water, 
calculate the work necessary 

to pump the water to the top ~Zl2" IZZZ . I D 

of the trough. \ /I 

11. A bucket of weight M - \ Y / 

is to be lifted from the bottom } \ / / yH 

of a shaft h feet deep. The j' \ / 

weight of the rope used to ^ 

hoist it is m pounds per foot. ^ 

Find the work done. Fig. 192 


CHAPTER XIV 


THE EXPONENTIAL AND LOGARITHMIC FUNCTIONS 

173. The functions so far used in this book have been 
algebraic; that is, combinations of the variables and con- 
stants involving sums, products, quotients, and constant 
powers and roots. All other functions are called tran- 
scendentaL The more common transcendental functions are 
the exponential, logarithmic, trigonometric, and inverse 
trigonometric functions. 

174, The Exponential Function. The quantity y = in 
which a is a constant, is known as an exponential function. 
The number a is called the base. In elementary work 
it is always positive and usually 
greater than 1. 

In the following discussion of 
the properties of the exponen- 
tial function it will be assumed 
always that a>l. When x = 0, 
yz=ia?=\. Since a is positive, 
a"" is positive for all values of x 
except fractional ones with even 
denominators. To avoid excep- 
tions, we always use the positive sign when two signs are 
possible; thus, when a;=:|, we consider = = + 

Hence the graph oi y = a^ crosses the e/-axis at (0, 1) and 
is everywhere above the rc-axis. 

Obviously the graph has neither an axis nor a center 
of symmetry. 
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Since a>l, increases indefinitely -h ao. Hence 

the curve recedes indefinitely from both axes in the first 
quadrant. When x is negative, is less than 1 ; and as 
x-^^'-co, Hence the curve approaches the pr- 

axis as an asymptote in the second quadrant. 

The computation of the table of values and the plotting 
are performed in the usual way. The above graph is that 
for ( 2 = 2 . 

175. The Number e. For reasons which will appear 
later, the most important exponential function is that 
for which the base is equal to a certain irrational number 
whose value is approximately 2.71828. This number is 
denoted by the letter e, and its value should be memorized. 
The function y = is usually called the exponential 
function. 

The number e is just as necessary in the calculus as 
the number 7r(= 3.14159) in geometry. It is defined as 

lim ^1 4- , In Ihgher mathematics it is proved that this 

limit exists, that it is irrational, and that it is approxi- 
mately equal to 2.71828. This approximation may be 
verified by actual multiplication when Ji is small, or by 
the aid of a table of logarithms wlien n is large. Thus 

1 4 = 2.25 when n = 2; (^1 4 = 2.370 when = 3 ; 

n/ \ 71/ 

= 2.705 when ?^ = 100; etc. 
n/ 

Since the discussion in § 174 is general for a>l, the 
graph of y — will have the properties there enumerated 
for y = (f and will closely resemble that of ^ = 2®. But it 
will recede more rapidly from the a;-axis in the first quadrant 

* This is readily seen by setting a; = — w. Then = «- « = — . Now 
as a; — y — oo, u — y + oo and a“ — y oo ; therefore — y 0. 


( 

( 
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and will be closer to the a:-axis in the second quadrant, as 
is indicated by the following table of values: 


X 

-4 

-3 

--2 

-1 

0 

1 

2 

3 

4 

2* 

0.0625 

0.1250 

0.250 

0.500 

1.0 

2.000 

4.000 

8.00 

16.00 


0.0183 

0.0498 

0.135 

0.368 

1.0 

2.718 

7.389 

20.09 

54.60 


The values of ^ may be calculated by substituting 
e = 2.71828 and using logarithms. Since the function is 
so important, however, its values are given for numerous 
values of a; in any good set of tables. 

PROBLEMS 

1 . Plot the graphs of the following functions : 

— df. = — 

= ft. 2/ = 2-< 

c. y = /• y = 3^^. 

2. Show that the definition of e given above is equivalent to 

1 

e — lim (1 + h)k. 

3. Eind from the tables the values of the following functions : 

a, &. c. 

4. Calculate the values of the powers of e in Problem 3 by 
means of logarithms. 

5. Discuss y for the ease in which a is less than one. 

6. What happens to the graph oi y = when a becomes 
very large ? when a approaches 0 ? 

7. Draw the graphs of the following functions roughly by 
inspection, showing merely the general shape and location : 

a. y = 10 c, y 0.06 

h.y — 1000 6"^* d.y=z 0.2 
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8. Sketch the following curves on the same axes : 

a. y ^ h, y = c. y e^. d* y ^ — 

9. Plot the graph oi y — (probability curve). 

10. Plot the graph of y = -i- e (catenary). 

11. Plot the graph of ^ = -|■(e^ — g-^) (hyperbolic sine curve; 
the catenary for a = 1 is called the hyperbolic cosine). 

12. Plot the graph of each of the following functions : 


a. 

y = 

Ty 

qX 

b. 

y = 

X 


1 


xe^ 

c. 

y = e^. 

9^ y 

“ 10* 

d. 

II 


e. 

h. y 

xe~^ 

y = 6® — X. 

“ "lO 


176, The Logarithmic Function. Since ^ = a® is a func- 
tion of X, X is also a function of y. This inverse function 
is the logarithm of y to the base a by virtue of the defini- 
tion of logarithms, which is as follows : 

The logarithm of a number to any base is the exponent of 
the power to which the base must be raised to equal the number. 

In other words, if y denotes the number, a denotes the 
base, and x denotes the logarithm of y to the base the 
above definition may be stated algebraically as follows: 

X = if and only if 

The equivalence of the two equations y=(f and x— log^^ 
is perhaps the most important single fact in connection with 
logarithms. 

Example 1. Find the value of logg27. 

Solution. Here the number is 27 and the base is 9. Using 
the notation of the definition above, we have y = 27 and a = 9. 
Hence we are required to find the power of 9 which equals 
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27, or to find the value of x satisfying the equation 27 = 9*. 
This equation is easily solved, since both 9 and 27 are powers 
of 3. It is equivalent to 

33= 3 ®^; 

whence 2x = 3, a: = |, or logg27=|. 

Example 2. \’Vhat is the number whose logarithm to the 
base 2 is — 3 ? 

Solution. In this ease a=2 and x = log^y = — 3. Therefore 


The properties of logarithms are readily deduced from 
those of the exponential function given in § 174. The 
base a must be positive and different from 1. Since 'a‘>=l 
log,l= 0. Since y = a" is positive for all real values of x, 
log,y has no meaning for y negative.* Taking a greater 
than 1, as is usually the case, the discussion of § 174 shows 
that logarithms of numbers greater than 1 are positive 
and that those of numbers less than 1 are negative, since 
y _ IS greater than 1 for x positive and less than 1 for 
a: negative. Also, when y increases indefinitely, x=\o^ v 
approaches +co; and when y->0, ^ approaches 
Wote also that since y is never 0, 0 has no logarithm. 
These facts are best memorized by memorizing the graph 
of y=:a^ given in § 174. ® ^ 


177 . 


irrapn of the Logarithmic Function. Interchanging 
vMiables, so as to make y the dependent variable, we have 
y og^x. This, by definition, is equivalent to 2 := a". Hence 

the graph of y = log^x is the same as that of y = with the 
axes interchanged. 
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Or, referring to the latter part of the previous section, 
we may proceed as follows. Since log„l=0, the graph 
cuts the a;-axis at (1, 0) ; since 0 has no logarithm, the 
graph does not cut 
the ^-axis. For rr >1, 
y = log^,:?^ is positive 
and increases indeli- 
nitely with x, F or 
a:<l,^ = log^ii’ is neg- 
ative and approaclies 
— 00 as a; — > 0. F or x 
negative, y has no 
real value. Hence the 
graph is confined to 
the first and fourth quadrants ; it recedes indefinitely from 
both axes in tlie first quadrant and approaches the y-axis 
as an asymptote in the fourth. The figure shows the graph 
of y = log^.^. 

178. The Two Bases. Any positive number, except 1, 
can be used as the base of a system of logarithms, but for 
practical purposes we are restricted to two bases. 

The logaritlmis used in computation have the base 10 ; 
these are the logarithms used by the student in his pre- 
vious work. The reason for the choice of 10 as the base 
of the logarithms of computation work is that our number 
system is decimal. A shifting of the decimal point merely 
multiplies (or divides) the number by 10, 100, 1000, etc. 
The effect on the logarithm is, therefore, to add to it (or 
subtract from it) 1, 2, 8, etc., since log 10 =1, log 100 = 2, 
log 1000 = 3, etc. In other words, only the characteristic is 
affected, and therefore the same tables of mantissas may be 
used for numbers 1-99, 10~990, 100-9900, etc. Logarithms 
to the base 10 are called common^ or Briggs^ logarithms. 
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It is customary in calculation with common logarithms 
to keep the mantissa always positive by the device of adding 
and subtracting 10, or by writing a minus sign over the 
characteristic. Thus we write 

logioO-5 = 9.6990 —10, 

or logjjjO.5 = 1.6990 (which means 0.6990 —1). 

The actual value of log^^^O.S is — 0.3010, and this is the 
value which must be used in plotting. 

The base of the logarithms used most in calculus is 
the irrational number e— 2,71828 • - -. Logarithms to this 
base are called natural^ or Napierian^ logarithms. Since 
they are the usual ones, it will henceforth be understood 
that when no base is stated the base is e. That is, log re 
means log^re. 

It is assumed that the student is familiar with the use of 
tables of common logarithms. In the better tables Napierian 
logarithms are also given for a short range of values of re. 
The method of finding log x when x is without this range 
of values is best explained by an example. Suppose that it 
is desired to find log 446. We first write 446 as a product of 
a power of 10 and a number comprised in our table, thus : 

446 = 4.46 xlOl 

Hence log 446 = log 4.46 + 2 log 10. 

From the tables, log 10 = 2.30259. 

2 log 10 = 4.605 
log 4.46 = 1.495 

Adding, log 446 = 6.100 

A rough check is afforded by the tables of powers of e, 
which give a® = 403.4. 
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Similarly, 

log 0.0068- log (“„) 


= log 6.8 — 3 log 10 
= 1.917-6.908 

Chech e~^ 

= -4.991. 

= 0.00674. 

179. Theorems on Logarithms. The following theorems 
are usually given in advanced algebras and trigonometries. 
They are reproduced here as formulas for convenience of 
reference. 

(I) 

loga^y = log„jf-|-log^y. 

(ii) 

10ga(^) = 10ga^-10gaV 

(HI) 

log^'’ = nlog„j:. 

(IV) 

\0g^^X=l\0%^X. 


(V) 


10g6^ = 




These formulas are all proved by reference to the defi- 
nition of logarithms. As B'ormula V is not commonly used 
in elementary work, the proof will be given here. 

By definition, if we set u = log^a:, V = x. 

Taking the logarithms of both sides by Formula III, 


u log„6 = log„a:. 


Hence 


M = 


loga'^’ 


or 


log, 2 ; = 


loggf^ 

lOga^ 


This last formula is used for transferring logarithms from 
one base to another. For example, the Napierian logarithm 
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of 446 may be found as follows from a table of common 

logarithms, Iog_,446_ 2.6493 

logj^ e = logjj, 2. 718 = 0.4348. 

Hence log. 446 = = 6.1002 

If in 1 ormula V we set x = a, we get 
log,a = fe = _l_. 

log„6 

This relation enables us to write Formula V in the form 
^oStX=log^xlog^a. 

When 6 = 10 and a = e, the quantity log^^e is known as the 
modulus of the common system of logarithms; its value 
is 0.43429, the reciprocal of log. 10 = 2.30259. 

Example. Discuss and sketch the graph of ?/ = log V26 a:^. 

Solution. We first simplify the equation by means of For- 
mula IV, obtaining 

» rlog(25-ai^). 

1. Intereepts. If * = 0, then y = J log 25 = log 6 = 1.6. If 
y - 0, then 25 - a:" = 1 (since log 1 = 0) and a; = ± V24 = +49 

2. Symmetry. The 
graph is symmetrical 
with respect to the 
y-axis only. 

3. Extent. Since neg- * 
ative numbers have no 
real logarithms, x^ can- 
not exceed 25. Hence 
the graph does not ex- 
tend to the right of x=5 
nor to the left of cc=— 5. 

4. Asymptotes. Since y -y - oo when (25 - o?) 0, the 

graph has two vertical asymptotes, cc = + 5 . ^ 
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PROBLEMS 

1. Find the value of x in each of the following equations : 

or. X = log232. c. log^l = — 2. 

b, X = log^^^lGOO. d. logg^c = — 3. 

2. Using the definition of logarithms, solve for x, in terms 
of 9/, the equations in Problem 1 on page 358. 

3. Write in exponential form 

a. y = log^a:. ^ c. ij + log„a; = 0. 

b. 2 1 / = log 6 X. , d. log tf = — & x. 

1 

4. Prove that if y then y = e, 

5. Look up the natural logarithms of 6.87, 0.00276, 786. 

6. Look up the numbers whose natural logarithms are 
0.2673, 6.7200, - 0.0276. 

7. Express as powers of 10 

a. &. c. 

Hint. What power of 10 is e ? 

8. Express as powers of c 

a. 10- L &. 2-«". c. 

Hint. What power of e is 10? 

9. Calculate the following : 

a, log 7«-l c. 5.4«-‘^. €. 0.45-h 

b. log 0.3« «. d. /. 10^ - -h 10- 

10. Solve the following equations for x in terms of y : 

a. y = (f + Z/ = 2 (j'"' “ 

11. Sketch the graphs of ?/ = log^.T and ?/ = log^^ir on the 
same axes. 

12. Sketch the graphs of y = log.'r, y — V = log(— 

and y = log on the same axes. 
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13. Sketch the graphs of 2/ = log*, y = logx^, and y = logV^ 
on the same axes. 

14. Sketch the graphs of y = log*, y = log 10*, and y = log— 

on the same axes. °10 

15. Discuss and sketch the graphs of the following equations : 


а. y = log (2 + *). 

б. y = log ( 2 - *). 

C. y = log V* — 4. 

d. y = log (1 - *2). 

e. y = log(10-2*). 


/. y = log 


\3 4- x) 
h. y = log (16 — *2)3. 


9- y- 


16. Discuss and plot the graph of y = log (36 - x% Using 
this graph and formulas II and IV, sketch the graphs of 

180. Differentiation of Logarithmic Functions. We now 
proceed to find the derivative of the logarithmic func- 

Sptel in" ™l. used in 

^ function of *. We first 

i' increment A*, u takes on an incre- 

ment Am, and y takes on a corresponding increment Ay. 
Hence, following the four steps of the general rule, we have 


I. 

II. 


y + Ay = log (m -f- Am.) 

Ay = log (u -p Am) — log u 
Au\ 


= log^l-H; 


M / 


By Formula II, §179 


^ = JL 

Am Am 




III. 
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In order to evaluate the limit when Am — 0, the second 

member of this equation is multiplied by ~ and written, 
in the form “ 

Au w Aw \ u ) 


u u 


By Formula III 


When Arc —>0, Aw — > 0, and we have 

TV ^ /i I 


aw w 


lim (l 
0 \ 


In order to find the value of this limit, set — = m; 
, Am 1 , 

whence — — and as Aw — >-0, n — yoo. Therefore 
u n 


lim f 1 + 


Aw\^« 


= lim ( 1 -h 


By definition 


Since log e = 1, we have, finally, 
du u 


-r, . dy dy du 

by the theorem on differentiating a function of a function. 
We therefore have the formula 

(VI) = 


When w = rc, this formula reduces to 

(Via) = 
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If some number a, different from e, is used as the base 
of logarithms, the derivative may be found as follows: 

Suppose that y = log,M. Then, by Formula Va, § 179, 
y = log„M = logMlog„e. Since log„e is a constant, this 
function may be differentiated by Formula VI, giving 


d. I du^ 

^aog.“) = -^log,e. 


Hence 

(VI6) 

If a = 10, log^^e = 0.434, and Formula VI h becomes 

(Vie) 4 (log = 

2 / dx 


181. Application to the Graph ofy = logx. We are now 
in a position to show that the graph of ^ = log x discussed 
in § 1^77 has the smooth appearance there mdicated. Since 

^ = - > 0 for all values of 2 : for which log 21 is defined, the 

graph constantly rises. At ~ ^ = 1 >* that is, the curve 

crosses the 2 -axis at an angle of 45°. As 2 ->oo, ^ > Q- 

dx ^ 

hence the curve approaches parallelism with the a;-axis. 
Taking the second derivative, we find that ?/" = — A, 

X^ 

which is always negative. This shows that the curve has no 
point of inflection and is everywhere concave downward. 


Example 1. Differentiate y — log(x‘^ V2 — 3 x). 

Solution. It is convenient first to simplify the expression for 
y as much as possible by the formulas of § 179 before differ- 
entiating. Thus , „ , , 

y = log a;- + log V2 - 3 a;, by Formula I 

= 21oga: + ^log(2 — 3 a;). By Formula III 

Hence, by Formula VI, — = - ^ 

dx X 2 (2 — 3 :c) 
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Example 2. Differentiate ?/ = a; log x. 

Solution. To this function we first apply the product formula. 
d(/ d d 

~ + log* = 1 + logo;. 


PROBLEMS 

Differentiate the following functions : 


1- y = log (a* + h). 




2. 2 / = log 

3. y = log (a-- + 2 x). 
4- .'/ = log , 0 ( 2 . 1 - - a'-*). 

5. y/ = log;r. 

6. f{x) = 

7. fix) = 


11. ,s* = t log 


12. .s- = lo< 


■2t 

|i + .y 


\V3 

^3• "=^0^^J^_y 

14. y = log V(2”a; -iy(2'x"-i) 

15. // = a;” logir. 


8. 


= lOL 


I + 


16. /(.r) = log 

17. f{.£) ~ log 


3 X + 4\ 

l-;r 


18. if — 


!()<»■ 


Vl + ■; 


9- ./"C*) = log (.'r + Vl + 

_ 9 V n = (■'■'’ v i -r a; ;. 

10. .t: = log (-J )■ 20. 2 / = log„ + 5 x)A 

dij 

21. Find y and for the indicated value of x\ 
a, y — log (;^ Vt — a; ), aj ; 






: 2 . 


J X : 


e. 


y = iogio(*“ + 3), * 


— ‘-'lUx ’ // 

c. y = afDog Va;, x = 3. /. y = log,yxV20 — 7x), x = 2. 

*Note that log“a: means (loga:)3 and is not the same as logx^ = 3 logx. 
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22. Eind ~ for the indicated value of x : 

ax 

a. y = log(loga;), x — e, c. y ^ logio(2a; + aJ®), x = 2. 

b. y=: lo^x, x — 3, d.y — log^^(x^ + 5a;), a; = 1. 

23. Sketch the following curves and find the slope at each 
point where the curve crosses the axes of coordinates : 

a. y — log (x + 2). «. V = log (4 — a;). 

ft. 2 / = log (9 - f,y^ logV I^ . 

c. y — log {x + 3)^. 2/ = log Vs — x, 

d. y=^ logio 35. 2/ = log,o (16 ~ x^. 

24. Find the point on the curve y = log x^ where the tangent 
is (a) parallel to the line ic — 22 / + 6=:0; (h) perpendicular 
to the line a; 4- y — 1 = 0. 

25. Show that all curves of the system y = log^x have the 
same slope ; that is, the slope is independent of k, 

26. Draw the graph of y = logo; and its circle of curvature 
at the point of intersection with the a;-axis (see § 140). 

27. Find the maximum and minimum and inflectional points 
of the following curves and draw their graphs : 

a. y = log (1 4- a;^). c. y = x log a;. 

d. y = \og{^x-a?). 

28. If log 10 = 2.303, approximate log 10.2 by means of 
cZ(loga;) (see §87). 

29. If y = jfc logaa;, show that the rate of increase of y with 
respect to x is inversely proportional to x, 

182. Logarithmic Differentiation. When y=/(ar) is a prod- 
uct or quotient composed of three or more factors, it may 
be differentiated more easily by taking its logarithms, sim- 
plifying, and using the rule for differentiation of logarithms 
than by using the rules for products and quotients. This 
process is called differentiating logarithmically. 
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To illustrate, let 

(x 

^+4 • 

Then log y must equal the logarithm of the expression 
on the right-hand side of the equation. Hence 

logy = f log(a; +1) -f- log(a; - 2)- log(a;^-f- 4). 

Differentiation with respect to x gives 

1 dy _ 5 1 2 a: 

y dx 2(x + l')'^x — 2 a:“-l-4’ 

Multiplying both sides by y, we have 

dy ._\ 5 1 2x 

dx \.‘2(x + l')^ x-2 a;“+4 

_ (8 a:*- 4 36 a: - 32) (x + 1)^ 

2(?+47 ■ 

This process is convenient also when determining the 
maximum or minimum values for functions of x assuming 
a product form and involving fractional exponents. For 
example, to find the dimensions of the largest rectangle 
which can be inscribed in a circle of radius r, we have 
to dete rmine th e value of x making S a maximum, where 
(S = a;V4 — x? QS is the area and x is the length of one 
side). Obviously /S is a maximum when log <5 is a maximum. 

log ^ = log a; -t- log (4 a:“). 

Differentiating, 

Therefore 

4 ^ _ f V2. 
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PROBLEMS 

Differentiate logarithmically 

l,y==(x + l)(x + 2y(x + Sy. 


3.3/ 


__ a? (1 + x‘^) 

Vl — 


4. y : 


2. y = a;V(aj + 3)(2-a;2). 

Find V and ^ for the indicated value of x : 
dx 


3 V3“~ 2x’ 


5. y = a: V(a? + 1) (ic -f 2), = 3 . 


6. y = Vx*(2^c - 1) (3aj - 2), a; = 2. 

(a^-h 2 )( 2 cr-l) 

7. V = ) X = 2 . 

183. Differentiation of the Exponential Functions. Let 
y = a“, where w is a function of x. Taking the logarithm 
of both sides, logy log «. 

logy 

log a 

Differentiating with respect to y, 
du 1 


Solving for 


u : 


dy ploga’ 


whence 


§1- 


du 


= 3 / log a = a'' log a. 


Applying the rule for differentiating the function of a 
function, we now have 


mi) 


£(a“) = a“logag. 
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Special Oases. When u = x, 


(Vila) 


-(a^) = a^loga. 


When a = 6, log a = 1, and 


(Vll b) 


#(«■)= 

dx^ ' dx 


When a.— e and u = x. 


(VII c) 




The formulas for the exponential functions must not be 
confused with that for the power function. In the former 
case the base is a constant and the exponent a variable, 
while in the latter tlie base is variable and the exponent is 
constant. In the unusual case where both base and expo- 
nent are variable, logarithmic differentiation should be used. 

184. The Power Function. By means of tlie derivative 
of the exponential function, we are able to prove the for- 
mula which was demonstrated in Cdiaj)ter IV 

iU’ 

for tlie case where n is a positive integer. 

Set y = .r” and take the logarithms of both sides. Then 
log y — n log X. 

Tliis gives y = 

Differentiating by Formula VII we have 

dx dx^ ^ ^ 
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Example 1. Differentiate ^ 

Solution, By Formula VII, we have 

= 10“*-=^. log 10. (2 -2 a:). 

Example 2. Differentiate y — a;e“. 

Solution. By the formula for a product and by For- 
mula VII 5, we get 

# I d 

— = a; . ga 

ax 



PROBLEMS 


Differentiate the following functions : 

1. y = 


2, y z=L 


II 

1 

/> — a: 

12. i/ = ^ ^ . 


13. y = xe^. 

5 . fix) — 

II 

6. s = e**. 

15 . 2 , = 4 - 

7. y = 10**. 

16. s = e^log^. 

oe 

<«; 

II 

'1, 

I 

- - log w 



9. y = 

^ ^+1 

II 

00 




THE LOGARITHMIC FUNCTION 


375 


di ^ _x\ 

19. Show that if ?/ = - W 4- e ®/, then 2 /" = -^ * 

It Cb 

20. Show that the nth derivative oi y is a® log” a. 

21. Show that the graph of 2 ^ == e"*" has no point of inflection. 

22. What is the minimum value of y = -f- ? 

23. Show, by using differentials, that if = 7.39, = 8.13, 

approximately. 

24. rind the maximum point and the points of inflection of 
the graph of 2 ^ = and draw the curve. 

25. Show that the maximum rectangle which can be inscribed 
under the curve in Problem 24 has two of its vertices at the 
points of inflection. 

^ a( ^ 

26. Pind the minimum point of the catenary ®/ 

Ji 

and show that the curve has no points of inflection. 

27. Show that the hyperbolic sine curve y — 

has no maximum or minimum points, and find its point of 
inflection. 

28. Find the minimum point and the point of inflection of 
the curve whose equation is ?/ = xe"^. Draw the curve. 

29. Find the radius of curvature of each of the following 
curves at the point of intersection with the 7/>axis : 

a( - 

a, y — e*. 5. y = c. y = -Vg® + 6 (See § 140) 

185. Some Properties of the Exponential Function. The 
most striking of the formulas of § 183 is VII c, which 
shows that the operation of differentiation leaves the func- 
tion e® unchanged. This fact gives an interesting construc- 
tion for the tangent to the graph of y = e® at any point. 
For, if a is the inclination of the tangent at any point, 

tan a=:^=.e^^y. But, since the tangent of any acute 

angle in a right triangle is the quotient of the opposite 
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side over the adjacent, the tangent to the curve must cut 
the a;-axis at a point one unit to the left of the foot of 
the ordinate, as the adjoining 
figure shows. 

Since tables of powers of e are 
always available, the general ex- 
ponential function is usually 
written in the form This 
can always be done, since any 
constant a = e*, where h = log a. 

Hence cf =(e<=y= .For exam- 
ple, 

a <. 1, ^ is negative. We shall 
therefore discuss as the most general exponential 

unction, the constant C bemg introduced so as to permit 
J to cover cases where y is proportional to 

. Obviously C is the value of y corresponding to z=0. 

Differentiating, Hence ~=hy, or = k. 

We thus see that the rate of change of this functfon with 
reflect to rr is proportional to the function itself and that 
the factor of proportionality is the coefficient of rr in the 
exponent. When y decreases, h is negative. For any func- 
tion the quotient 

’ “““ 

Example. _ If a heated object is cooled in moving air, and if 

object an?thra1r'^?^^'^°® of temperature between the heated 
and r anV? ’ where ^ is the time 

fonnrlh ^ ^ (^®^ton’s Law of Cooling). It is 

T’o and I,, show that the rate of cooling is proportional to 
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the temperature at any time, and find the temperature and the 
rate of cooling after 6 min. 

Solution. Let = 0 when T = 40 ; then T = 31 when t = 3. 
Substituting 0, we have 40 = or = 40. The given 
formula now reads T = 40 er^K 

But when ^5 = 3, 7' = 31. Hence 31 = 40 If we take 
the natural logarithms of both sides of this equation, we have 
log 31 = log 40 — 3 /c ; whence 3 7c = log 4 — log 3.1 = 1.386 
- 1.131 = 0.255, or k = 0.085. 

The complete formula is, then, T= 40 6“ 

Differentiating with respect to t, we find 

= 40e-»«'(- 0.085) = - 0.085 T. 

Hence the rate of cooling is proportional to the temperature. 

When t = 6, T — 40t^“^’"^ = 24°, nearly. The rate of cool- 
ing is “ = — 0.085 X 24 = 2.04° per minute at this instant. 

186. Relation between the Exponential Function and Com- 
pound Interest. Let us recall from arithmetic and algebra 
the method of calculating compound interest. Suppose that 
IIOOO is deposited in a savings bank paying 4 per cent 
compounded annually. At the end of the first year the 
amount due tlie depositor will have increased by 4 per 
cent of itself and will be $1000 (1.04)== $1040. During 
the second year there is a 4 per cent increase added to the 
$1040, and at the close the amount due is $1040(1.04) = 
$1081.60. In general, if is the amount in the beginning, 
^ the rate of interest, and A the amount after t years, we 
have A=A^(l-h iy> 

At first sight it seems that we have here a method of 
increase precisely the same as that of the exponential func- 
tion, since the yearly increment is a constant (i) times the 
amount due at the beginning of the year. There is a 
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distinct difference, however. In the case of the exponential 
function the increase is continuous, whereas in the case of 
the savings bank no interest is paid except at yearly in- 
tervals. Thus, in the special example considered, A remains 
equal to llOOO until t = then its value jumps to $1040 
and remains constant until t=2, etc. 

On the other hand, if interest is compounded semian- 
nually, 2 per cent is added each half-year, and the suc- 
cessive amounts will be as follows : 

t = 0.5, .4 = 1000(1.02) =1020;. 
t = l, A = 1000 (1.02)“ = 1040.40; 

t = 1.6, ^ = 1000 (1.02)“ =1061.21 ; 

t=2, ^ = 1000 (1.02)“= 1082.43. 

In general, if the interest is compounded k times per 

year, the amount is increased by | times itself every yfcth 
part of a year, and we have ^ 


For the mcrease to be continuous at a constant relative 
rate, the compounding should be instantaneous, or /fe should 
he infinite. In this case we have 


= limA„(l-pi 




smce the bracket is of the form (l + n)- used in defining a 
m § 175. Thus we have shown that if a quantity increases 
contmuously at a constant relative rate with respect to 
some variable, it is an exponential function of that variable. 
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PROBLEMS 

1 . Find the expression for the velocity when the distance 
traversed by a moving point is expressed as a function of the 

time by the equation 

^ s=:{A+Bt)e~^K 

2. The number of bacteria in a certain culture obeyed the 
formula iV = 1000 where t was measured in hours. Find 
the number after 2 hr., and the rate at which the number was 
then changing. 

3. It is found that barometric pressure obeys the formula 

p = where C and k are constants and h is the height. If 

^ = 30 in. when A = 0, and ^ = 24 in. when h = 5800 ft., 
find C and /c, and express the rate of change of pressure in 
terms of p. Also find the height corresponding to a pressure 
of 26 in. 

4. The amount of light which passes through glass is found 

from the fact that a fixed per cent of the total is absorbed by the 
glass. Show that the formula where Q is the quantity 

passing through a thickness x, satisfies the law given above. 

187. The Integrals of — and e^du. The formulas for 
u 

differentiation derived in this chapter give us new formulas 
for integration. 

From Formula Via we obtain 

(VIII) = log u + C, 

This is the exceptional case, n = — 1, of the general 
power formula 


f 


u^du^ 


u 


,n + l 


W+1 


■C, 


which is good for all values of n except — 1. 
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Formula VII c gives 


(IX) 

Formula Vila gives 


J* e^du = 


c“ + C. 


(X) 


Example 1. Eiud the value of 


f fl“da = ^ + C. 

J logc 


^ xdx 


Solution, Let + 3 ; then du = 2 xdx 

, r xdx 1 r2xdx 1- . „ 

J ?+3 = 2j5Ts -2 <“’ +=’)■ 

Substituting the limits for cc, we get 
^^2 


L 


= l{}og(x^ + 3)]^= |(log7 - log 3) 


XT -(- 


= J(1.946- 1.099) = 0.424. 

In numerical examples of this kind it must be remembered 
that natural logarithms are used. 

* x^dx 


Example 2. Integrate J - 


Solution. Since the degree of the denominator is not higher 
than the degree of the numerator, we must divide the numer- 
ator by the denominator until the remainder is of lower degree 
than the denominator. This gives 

^=*“+2x + 4 + -^. 

X — Ji x ~ 2 

Hence 


J x—^2 ~J' 


8dx 

X — 2 


= 'g+a:^+4a; + 8 log(a; — 2) + C. 
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Example 3. 


Find the value of 


I 


a .r 

e^'dx. 


Solution. 


Here u = - and du = — • 


Hence 


X p 

^ e^dx = a 
0 Jo 



a 


,<j] 


a 

0 


~ ae ~~ a 
= 1.718 a. 


PROBLEMS 

Integrate the following : 


1.^ (f'dx. 

7. 

r xdx 

1 ^- + 1* 

2. ^ (>~'''dx. 

8. 

r .Jdx 

1 .r -j- 1 

("'“'V/.s'. 

9. 

r (./• — 1) dx 

1 2x- 5 


10. 

r r,.A/x 

1 1 0 x'* + 6 

5.J' a'-'i/x. 

11. 

fp~-2fdy 

1 / 

6. C xir'^dx. 

12. 

f* ^hxdx 

1 8a- 6fe'-=’ 



Evaluate the following definite integrals : 


19. j 

C d^'^dx. 21. 

rdx 

23. r . 

25. 

J 

0 c 

A ^ 

Jo *■ + ! 


20. j 

1 — -TT- 22. 

1 xe^dx. 

24- r • 

26. 

J 

2 * + 2 

A 




r~x^dx 

Jo •« + 1 
Jo 
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27. Eind the area bounded by the equilateral hyperbola 
xy = 12 j the a;-axis, and the lines x = 2 and a; = 4. 

28. Find the area bounded by the equilateral hyperbola 
xy — 12, the t/-axis, and the lines y = 3 and y == 6. 

29. P and Q are any two points on an equilateral hyperbola 
xy = Jc. Show that the area bounded by the arc PQ, the ordi- 
nates of P and Q, and the rr-axis is equal to the area bounded 
by PQ, the abscissas of P and Q, and the y-axis. 

30. Find the area in the first quadrant bounded by the line 
y = ~ and the curve y (1 + x^) == x, 

31. Find the area bounded by the curve y = e^, the y-axis 
the jr-axis, and any ordinate. 

32. Find the area bounded by the catenary y = ^ 

the aj-axis, and the lines x=: a and x—— a. ^ ’ 

33. Find the area bounded by the curve (x^ + l)yz= x, the 

a;-axis, and the lines a; = 1 and a; = 4. ’ 

34. Find the area bounded by the curve y,= the y-axis, 
and the line y = 6. 

35. Find the length of an arc of the catenary y = — 

extending from a; = 0 to a; = a. ^ 

length of the arc of the curve whose equation 
is y = — _ - logo; extending from a; =1 to a; = 4. 

37. Find the volume generated by revolving about the a:-axis 
the area bounded by y2(6 - x) = a;, y = 0, and a; = 4. 

38. Find the volume generated by revolving about the a;-axis 
the area bounded by f(2 a^x)=x^,x = a, and y = 0. 

39. Find the volume generated by revolving about the a;-axis 
the area bounded by y = e* a: = 0, a; =: 1, and y = 0. 

40. Find the volume generated by revolving about the a;-axis 
the loop of the curve (a: ^ 4)y2= a;(a; - 3). 
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41. Find the volume generated by revolving about thecc-axis 
the area found in Problem 32. 

42. Find the volume generated by revolving about the a:-axis 
the area bounded by the curve y=e-'^, the lines x=^0 and 
X = 10, and the a-axis. 

188. The Differential Equation ^ In 5 185 it was 

dx ^ 

shown that the relative rate of increase of the exponential 
function is constant ; and in § 186 it was shown in an 
indirect manner that, conversely, any function whose rela- 
tive rate of increase is constant must be an exponential 
function. By means of integration this latter fact may be 
demonstrated much more simply. 

For, if y^f(x) changes at a constant relative rate, 


dy/dx 

y 


= A, or ^ = 7 c 2/, where A is a positive constant if y is 


increasing and a negative constant if it is decreasing. Such 
an equation, containing derivatives or differentials, is known 
as a differential equation^ and the process of expressing y 
as a function of x is known as solving it.^ 

Clearing of fractions, dy = kydx. Dividing by y^ we have 


Since but one variable appears on each side, we can inte- 
grate both sides, and this gives 

logy = fo+(7. 

As C represents any constant, we may replace it by log c, 
giving y :=kx + log c 


* Compare §§ 146-148. 
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The definition of a logarithm transforms this into 
e 

or y z= 

which is the usual form. 

The constant of integration, e, is determined by a pair 
of initial values of x and y. In solving problems of this 
kind the above result should not be used as a formula, 
but the integration should always be performed. 

Example. The number of bacteria in a culture increased at 
a constant percentage rate of 40 per cent, the unit of time being 
one hour. If there were 1000 at the start, find the formula for 
the number at any time. 

Solution. Let t be the time, and N be the number. By the 
conditions of the problem, ^ = hN, where k = 0.40. Hence 


• V.** J.V UL. 


or 

Integrating, 

Since 

when 


or 


Therefore 


or 


dN ^ 

^ = 0.4 eft. 

log iV = 0.4 1 + logo. 

Ar = 1000 

f = 0, 

log 1000 = log c, 

G = 1000. 

log iV = 0.4 1 + log 1000, 

iV = 1000e“*‘- 


^ When t- 6, W_7389. If the number were calculated ac- 
= 537 ! interest, we should have N= 1000(1.4)0 
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PROBLEMS 

2x 

1 . The slope of a curve at every point is j-j- — and it 
passes through the point (0, 0). Find its equation. 

2. Find the equation of the system of curves whose slope 

. — y 

at any point is — 

(C 

3. Find the equation of the system of curves whose slope 
at any point is xy. 

4. Which curve in Problem 3 passes through (2, 1) ? 

5. Find the most general function which is unchanged by 
differentiation. 

6. Given that the intensity of light decreases 2 per cent by 
passing through 1 mm. of glass, find the intensity / as a func- 
tion of X, the thickness of glass through which the light passes. 

7. In Problem 6 find the thickness of glass which would 
absorb one half the light. 

8. The speed (/;) of a rotating wheel after the power was 
shut off was decreased at a rate (per second) which was at every 
instant 25 per cent of v itself. Find a formula for v in terms 
of nf -y was originally 1000 revolutions per second. Find the 
value of V after 10 sec. 

9. Atmospheric pressure varies thus with the height above 

d'j) 

sea level: -“=— 0.00004^9, where jj is measured in pounds 

per square inch and h is measured in feet. Find a formula for 
p at any height, knowing p = 15 lb. when h = 0. 

10. When an iron rod is heated, its length increases thus: 
^ = 0.00001 L. Express X as a function of T, if X = 60 in. 
when 0°C. 

11. Aboat moving in still water is subject to a retardation pro- 
portional to its velocity at any instant. Show that the velocity t 
seconds after the power is shut off is given by the formula 'y=ce“ 
where c is the velocity at the instant the power is shut off. 
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THE TRIGONOMETRIC FUNCTIONS 

189. Preliminary Remarks. The solution of many prob- 
lems, such as some of those involving curvilinear motion, 
requires the analytic use of trigonometric functions. Fur- 
thermore, many algebraic functions can be integrated only 
by means of trigonometric functions. We therefore turn 
to a discussion of them. 

In the analytic use of the trigonometric functions a 
thorough familiarity with the usual formulas connecting 
these functions is necessary, and this knowledge is assumed 
in what follows. 

Of the many different units of angular measurement 
the most familiar is that in which a right angle is divided 
into ninety degrees, each degree into sixty minutes, and 
each minute into sixty seconds. For purposes of plotting 
the graphs of trigonometric functions, measuring slopes, 
rates, areas, volumes, etc., it is necessary to use radian 
measure. It must be clearly understood that a radian and 
a degree are merely two different units for measuring the 
same quantity. A radian is a central angle whose inter- 
cepted are equals the radius of the circle. From this defi- 
nition it follows that 7r(= 3.1416) radians = 180% 1 radian 
= 57°.30, 1° = 0.0175 radians, etc. A table of equivalents 
for radians and degrees is contained in any good set of 
tables. These equivalents are all approximate, owing to 
the fact that the circumference and the radius of a circle 
are incommensurable. 
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Since by definition a central angle of one radian inter- 
cepts an arc of length one radius, it follows at once that a 
central angle of 6 radians intercepts an arc of 6 radii. 
That is, 5 = Sr^ 

where 0 is the value of the central angle in radians, and 
r and s are respectively the lengths of the radius and the 
intercepted arc measured in the same linear units. 


X 

X 

y = 

y = 

Degrees 

Radians 

sin X 

cos X 

0 

0.00 

0.00 

1.00 

15 

0.26 

0.26 

0.97 

30 

0.52 

0.50 

0.87 

45 

0.79 

0.71 

0.71 

60 

1.05 

0.87 

0.50 

75 

1.31 

0.97 . 

0.26 

90 

1-1.57 

1.00 

0.00 

180 

TT = 3.14 

3 TT 

0.00 

-1.00 

270 

-- = 4.71 

- 1.00 

0.00 

360 

2 TT = 6.28 

0.00 

1.00 

Etc. 

Etc. 

Etc. 

Etc. 


190. Graphs of i/ = sinx and y^cosx. In plotting x is 
always measured in radians. If tables are available which 
give the values of the sine and cosine for angles measured 
in radians, the corresponding values of x and y may be read 
off directly from the tables. If it is necessary to use the 
ordinary tables for angles measured in degrees, it is best 
to make three columns, — the first giving the values of x 
in degrees, the second the corresponding values in radians 
taken from the conversion table, and the third the values 
of sin X or cos a;. This is done in the table given above. 
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Since sin (- a:) = - sin a; and sin (a; ± 2 ar) = sin a;, it is 
unnecessary to continue the table for the sine curve beyond 
the range 0-360°, or 0-2 ar radians. The complete curve 
consists simply of an indefinite repetition of this portion 
along both sides of the a:-axis. The same scale is always 
used for x and 



The graph of ^ = cosx may be plotted from the table 
of values, but this is not necessary. For the formula 

sin + 1) = cos a: shows that the graph of y = sin a: becomes 

that of y = cos a: if the origin is moved to the point (^, 0^. 

These graphs should be known well enough so that they 
can be reproduced from memory. They are of considerable 



ai(i in recalling many details regarding the functions sin a; 
and cos a:, ft should be noted that sin a: equals 0 when 
x — ±mr; that it has its maximum value (+1) when 

* = ± 2 WTT ; that it has its minimum value (— 1) when 

__ 3 TT - 

® ^ ± 2 war. It should be noted that cos a; equals 0 when 
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that it has its maximum value (+ 1 ) when 

a;= 2 n 7 r; and that it has its minimum value (— 1 ) when 
a; == TT ± 2 nir, 

191. Periodicity, Range of Values, and Multiple Angles. 

Functions whose values are repeated after the independent 
variable has passed through a certain range of values are 
called periodic^ and may be formally defined as follows : 
The function f(x) is periodic if there is a constant h such 
that f(^x-i-k')=:f(x) for all values of x. The constant h is 
called the period. As mentioned in the previous section, 
sin X and cos x have the period 2 tt. 

Note. Obviously, if ^ is a period of /(x), then 2 k, Zk, etc. are 
periods. In this and all that follows, it is assumed that k is the 
smallest period. It can be shown that no other constant not a mul- 
tiple of k can be a period of f{x)- 

The range of values of the sine and cosine is from — 1 
to -f-1. If we multiply a function by a constant, the range 
of values of the function is multiplied by the same constant. 
Thus = 3 sin x varies from — 3 to + 3. 

Let us now investigate the effect upon the period of 
multiplying the independent variable by a constant. We 
have the following theorem: 

. k 

Theorem. Iff(x) has the period k, the period of f(nx^ is 

Troof We must show that f(nx) is unchanged if x is 
k 

replaced by a; + - • Substituting, we have 

fifx + ^]) =f(F^ + *) =/(«^)> 

since k is a period of /. 

Thus, if the independent variable is multiplied by a constant 
n, the period is divided by the same constant. For example, 

2 *ir 

the period of 3 / = sin 3 cc is = 120°. 
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Any curve whose equation is of the type y = a sin Tia; or 
y = a cos Tia; can be sketched by the aid of these properties and 
the knowledge of the graphs of y = since and y = coscc. The 
method of sketching such a graph is as follows : 

1. Determine the period. 

2. Plot the points on the curve at each quarter period. 

3. These points are the intercepts and the maximum or min- 
imum points, by means of which the curve may be drawn in. 

3 X 

Example 1. Sketch the graph of y = ^ sin-- 


Solution. The period is = 4 tt. 

The values of y at each quarter period are given in the table. 



The graph is drawn in the figure, where the graph of y = sin x 
is also shown by a dotted curve for the purpose of comparison. 

TT*C ■■ 

Example 2. Sketch the graph of y -{- 2 cos — = 0. 

2 TT 

Solution. The period is = 4. 

'Y 

The values of y at each quarter period are given in the table. 



X 

y 

0 

-2 

1 

0 

2 

2 

3 

0 

4 

-2 
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PROBLEMS 


.1. Make out a table of values for y — cos x, with x ranging 
through a complete period, and make a careful drawing of 
the graph. 


2 . What symmetry have the graphs of y = sin x and ?/ = cos a; ? 
Prove your statements. 

3 . In each of the following equations find the period and the 
range of values, and sketch the graph for a complete period : 

a, y = sin *-- • e. y = S sin 2 x. /. y + sin ttx = 0. 

SC 

b. y = cos “ . f'y~ cos TTX. j, y + cos 2 rrx == 0. 

2 


c* y ^ sin 3 x. 


. . n JO 

g. y = 4sin — . 


k, y + 2 sin - = 0 • 


d, y = 2 cos X. 


h, y = 3 cos — • 


/. y 4- cos 2 cf = 0. 


4 . Make a table of values for the range indicated and plot 
the graph of each of the following equations : 

a, y = X sin x. (0 to 2 tt) 

b, 10 y = .T^sin x. (0 to 2 tt) 


5 . Make a table of values for the range indicated and plot 
the graph of each of the following equations ; 



c, y = sin 7r(a; 4* I-). 



(0 to 2 tt) 

(0 to 2 tt) 
(0 to 2) 
(0 to 4) 


6. Determine which of the following functions are periodic, 
and find their periods : 

^ . TO 

а. y = x + 2 smx. c. y = x ~ cos — • 

б. 2/ = cos ^ + sin 2 £c. . d. y z=: sin ttx + cos to. 

2 
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192. The Limit of as 9 approaches 0. In order to 

U 

differentiate the sine function, we must first evaluate this 
limit. In the figure the angle 2 0 is drawn with its vertex 
at the center of a circle of radius 1. Let OC bisect the 
angle and let AG and BChe tangent to the circle at A and 


B respectively. 

By plane geometry, 

chord AB < z^vqATB 
<AC + BC. 

It is easy to show that 
since the radius of the 
circle is 1, 

BS = AS= smd 
and BC = AC = tan 6, 



Fig. 201 


But if the angle 2 0 is measured in radians, arc A TB =2 0, 
by § 189. 

Substituting these values above, we have 
2 sin(9 < 2 <9 < 2 tan 



and therefore 
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Note that this relation holds only if 6 is measured in 
radians. As stated before, it is essential for the next section; 
but it has also an importance of its own, since it shows that, 
for small values of 0, sin 6 is nearly equal to 6 itself. 

193. The Derivative of sinz/. We first differentiate with 
respect to u. The general rule gives at once the following 
equations : y _ 

y = sin (u + A^^), 

Ay = sin (%i + At^) — sin u 


= 2 COs( + ) 


sm ' 


Aw 


The last equality is given by the trigonometric formula 
sin A - 

Dividing by Aw, we obtain 
Ay 


. ^ A-\-B . A — B 

• sm ^ = 2 cos — — sm — - — 


= — cos 


Au An 


Au 

“ + T 


sm 


Au 


As Au- 


= cos u + 


Au 


Au 


sm- 


2 

Aw' 


• 0, lim cos ( w + 

sin 6 


Au 

T 

The fraction in the 


parentheses is in the form — ^ considered in the previous 

u 

section; hence its limit is 1. We therefore have 
dy 

= cos w. 
du 


But 

Hence 

(I) 


dy^ 

dx 

d . 

— sm u: 
dx 


§1 

du 


:COSZ/ 


du 

dx 

du 

dr’ 
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194. The Derivative of cos u. Since sin = cos u, 

we can use the formula of the previous section. 

|(c«s»).£sin(« + |) 




= — Sin M ■ 


The formula is then 


(II) -^(cosu)= — sina— . 

dx dx 

Example 1. Differentiate y — cos®^|^ • 

Sohition. Applying the formula for differentiating m", we have 


= Id) 


3 , 

= -2Cos^ 


^ Example 2. Find the maximum and minimum points and 
the points of inflection of jr = * - sin 2 a: between 0 and tt 
and plot the graph. ’ 

Sohition. Differentiatingj we have 


; = 1 — 2 cos 2 a:, 


^-=4sm2a:. 
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Setting tlae first derivative equal to zero gives cos 2 a; = 
or 2 a; = 60° or 300°. Hence the critical values are x = 30° = 
and X = 150° = • Testing these by substitution in the 

second derivative, we find that x = gives a minimum value 


= 0.5236 - 0.8660 


= - 0.3424 ; 


and X ■ 


— gives a maxi- 


mum value 


= 2.6180 + 0.8660 
= 3.4840. 



Fu;. 202 


Hence the minimum point is — 0.3424 ), and the maximum 

/Stt \ ^ 

point IS f ? 3.4840 j . 

Setting the second derivative equal to zero gives sin 2 a? = 0 ; 
whence x = 0°, 90°, or 180°. Calculating the corresponding- 
values of y, we find that the points of inflection are (0, 0), 

1.5708^, (tt, 3.1416). 

PROBLEMS 

1 . Differentiate the following functions : 

a, y = sin 2 x. g. f(x) = sin^a;. m, ?* = V cos 0. 

d. s = cos ax. h. f(x) = eos^ajl n. y = x^sm 2 x. 

. c. r = a cos 2 1. i. /(a;) = log cos x. s = e “ ^ cos t. 

d. f(6) = (z(l — cos 0). J. y = log Vsin x.. y ^ ^ , 

e, /(y) = sin 2 y cos 3 y. k. y = ^ 

/. /($) = B sin cos 0. I y = sin VS. q. y = — — 


m. cos B. 

n. y = x^^iTi2x. 


05 m 
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2. In the following equations find the value of — for the 
given value of a; : 

X 

a. y =z 2 sin x, a; =: 1. d, y == e ^ cos x, x = 2. 

b. y = cos 4Xf X = 0.5. e. y = x sin x = 2. 

c. 2 / = log sin a;, = j* /. y = x=:~- 

3 . Find the first and second derivatives of the following 

functions : ® 

X 

a. y =z sin - • y — ^ ^Qg 2 ^ 

h.r^2QOsSe. d. s== e-^sin 2 1 

4 . Find, by differentiating, the maximum and minimum 
points of the following curves : 

a. y = sina-. b,y = cosx. 

5 . Find the points of inflection of 

a. y = sin x. b, y z= cos x. 

6. Find the equation of the tangent to each of the following 
curves at the given point : 


a. y = sin a;, x = 0, 


&, y = cos ar, x = 


7. The equation of motion of a point that moves along a 
straight line is s = 2 cos 2 1. Find the position, velocity, and 

acceleration when ^ = 0 - , — . 

4 2 

8 . The equation of motion of a point that moves along a 
straight line is a = 3sm^'. Find the position, velocity, and 
acceleration when ^ = 0, 1, 2, 3, 4. 

9. Find the speed and the acceleration of a particle whose 
displacement a, has one of the following values. In each case 
snow that the acceleration is proportional to a:. 

= c.* = sin(|-j). 

6. X = .4 cos kt + 5 sin kt. d. x = a sin (kt + e). 
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10. Find the angles which the curves y = sin x and ?/ = cos x 
make with each other at their points of intersection. 

11. Find the angles of intersection of the graphs of y = x 
and y = a: — sin 2 a; at the points where a; = 0 and x-—- 

12. Find the maximum, minimum, and inflectional points 


for the range indicated and plot the curves : 

a. y = a; + 2 sin ic. (0 to 2 tt) 

h,y^x — 2 sin ar. (0 to 2 tt) 

c. 7j = x-\r^m2x. (0 to tt) 

d. y =: X cos 2 X. (0 to tt) 

sin ;r. (0 to 2 tt) 

f. y = sin X + cos x. (0 to 2 tt) 

g. yy = - -f eOS X. (0 tO 2 TT) 

h. y = sin irx — cos ttx. (0 to 2) 


13. Find the value of the differential of sina^ when a; = 60® 
and dx = 2'. 


14. Given sin 60° = 0.86603 and cos 60° = 0.5, use differ- 
entials to compute the values of the following functions to 
four decimal places : 

a. sill 62°. h, cos 61°. c. sin 59°. d, cos 58°. 


15. Two sides of a triangle are 3 ft. and 4 ft. respectively, 
and the included 0 is 60°. Express the third side ?/ as a func- 
tion of Oy find its value for 6 = 60°, and by means of differen- 
tials find the error in y caused by an error of 3' in measuring 0. 

195. Integrals of Sine and Cosine. The formulas for 
integrating sin u and cos u are obtained immediately by 
inverting those for differentiating. They are 


/ 

/ 


sin udu=— cos u + 
cos udu= sin u + C. 


C, 
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L 

PROBLEMS 

Integrate : 


a. 

J sm2xdx. 

/• 

^ X sin x^dx. 

b. 

J* cos ^dx. 

g- 

j* e sin xdx. 

c. 

J * (sin X 4- cos x) dx. 

h. 

r , dx 

1 cos log x 

d. 

^ sin^a: oosxdx. 

u 

(x + sm2x)dx. 

e. 

f*oosxdx 

J sinic 

j- 

J 

1^ cos (tt — x)dx. 

2. 

Evaluate 



a. 

j* sin xdx. 

"J 

C (x -1- sin 2 x) dx. 

0 

h. 

TO 

j cos — dx. 


TT 

fssincp _ 
dx. 

5 COS X 

3. Sketch, each of the following 
of one arch : 

curves and find the area 

a, y 2 cos x. 

C. y 

= COS 2 X. 

h, y==2sin— - 

d. y 

. X 

= sin-. 


^ 4. Find the volume generated when the area bounded by 
the a>axis and one arch of the curve y = sina: is revolved 
about tbe cc-axis. 

Hint. 2 sin^s = 1 _ cos 2 a:. 

5. Find the length of one arch of the curve y = sin:c. Use 
Simpson’s rule, taking = 4. 

6. Find the area of the surface of the solid described in 
Rroblem 4. Use Simpson’s rule, taking n = 4. 
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7. Find the area in the first quadrant bounded by the 
y-axis, the curve y = sin cc, and the curve y = cos x. 

8. Find the area between cc = 0 and x = 2 tt which is 
inclosed by the curves y = sina; and y = cosa;. 

9. Find the area bounded by the curve y = a; + cos^> 

the coordinate axes, and the line x — 2. ^ 

10. The velocity of a point moving in a straight line is 

V = 4 cos - • Find the distance from the starting-point at the 

end of ™ sec. 

z 

11. The acceleration of a point moving in a straight line is 
a = — 16 cos 2 1. The point starts from rest. Find its distance 

from the starting-point at the end of ~ sec. 

z 

196. Graphs of the Tangent, Cotangent, Secant, and Co- 
secant Functions. The graphs of these functions are plotted 



Fig. 


in much the same way as the sine and cosine curves. Since 
they are all infinite for certain values of x and are periodic, 
they will have an infinite set of vertical asymptotes and 
will be made up of an-anfinit^ number of branches. 
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The sketching of the graphs is much simplified by re- 
calling the relations between these functions and the sine 

sm “JO 

and cosine. Thus y = tan x = shows that tan x=^ when 

cos X j 

siniz:=0, and tan 2 ;=oo when cos2:=0. Also v=sec x= 

cos X 



Fig. 204 


shows that sec oo when cos = 0 ; and since cos x is never 
greater than unity, sec x is never less than unity. The lines 

x = are asymptotes for y = tan x and y = sec x. 

The facts in the table below should be verified by the 
student. The graphs of y = tan x and y = sec x are given ; 
those of y = cot x and y = esc x should be plotted from a 
table of values and kept for reference. 


Function 

Period 

X-iNTERCEPTS 

Asymptotes 

Range of Values 

tana; 

TT 

a; = ± nir 

11 

H- 

— CO to + CO 

cot a; 

TT 

j- 

X = — ± TITT 

X = ± nnr 

— CO to -f 00 

sec a; 

2 TT 

2 

Kone 

X = — ± nnr 

f — 00 to — 1 and 
\ + 1 to -4- 00 

CSC X 

2 TT 

None 

X = ± nir 

r — 00 to — 1 and 

1 + 1 to + 00 
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197. Derivatives of the Tangent, Cotangent, Secant, and 
Cosecant. Since 

sin u 


tan u = ■ 


cos w 


we have 

A. 

dx 


(tan \i) = 


Hence 

(III) 

Similarly, 

(IV) 


cos u — (sin — sin — (cos 
(XX ctx 

COS“U 


cos^u + sin^^^ du 
cos^u dx 


1 du 


du 


2 - = sec"'w--* 

cos^w dx dx 




^(coti/)=-csc“u^- 


Setting secw = » we find 

cos u 


(V) 

Similarly, 

(VI) 


d . . ^ du 

—(sec u)= sec u tan n— • 
dx^ ' dx 


d f \ + 

— (esc n) = CSC 1/ cot 1/ — • 
dx^ ^ dx 


The following example illustrates the use of trigono- 
metric functions in applications. 

A number of iron brackets in the form of a capital Y 
are to be constructed. The height of the Y is to be 12 in., 
and the width across the top is to be 10 in. What shape 
requires the least material ? 

The total length of the stem and the two branches 
must evidently be a minimum. Let 2 a; be the angle 
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between the branches. Then BC=5cscx, BI>=^ 5 abt and 
BA =12 — 5 cot a;. Hence the length required for any shape 
is L = 12 — 5 cot a; “h 10 esc x. 

Differentiating, we have 
dL 


dx 


5 csc^x — 10 CSC X cot X. 


Setting this equal to 0 and dividing 
out 5 CSC X (which cannot equal 0), 

. 2 cota; = 0. 


csca; - 



or 


whence 


CSC x = 2 cot X, 
1 2 cos X 


Fig. 205 


sm X 


smx 


cos a: = i. 


Therefore a; = 60° gives either a maximum or a mini- 
mum length. That the length is a minimum can be proved 
d^B 

by getting This problem can be solved without re- 

course to trigonometric functions, but their use avoids the 
necessity of troublesome radicals. 


PROBLEMS 

1 . Make a table of values, for x ranging from — tt to 2 7 r, 
and plot the graphs of the following equations : 

a* y tan x, c, y = sec x. 

h, y ■= cot a;. d. y = esc cc. 

2'. Indicate the relation between the corresponding ordi- 
nates of a. y =: sin x and y = esc a;. 

6 . y = cos X and y = see a;. 
c, y = tan x and y = cot a;. 
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3 . Diiferentiate the following functions ; 

a. f(x) = tan ax. rf. y = 2 sec | • g. F(0) = tan 0-0. 

b. g = tan (ax + b). e. y — esc — • h. f(x) = log tan x. 

c. s — cot f. /• r = tan^^. z. f(x) = tan logcc. 

4. In the following equations find the value of the deriva- 
tive for the given value of x : 

a* y — tan ~ j x = 1. c, y = x tan x, x = 1. 

b. y = X cot a:, a; = — • d. y =: sec —jx = tt. 

5. Write out in full the derivation of the formulas for dif- 
ferentiating (a) cot ti ; (Z») CSC 7 i, 

6. Find the slopes of y = tana; and y = x^ at the origin. 
Sketch both curves on the same axes. 

7. By differentiating the formula sin 2x = 2 sin a; cos x, 
obtain the formula for cos 2 x. 

8. Sketch the graph of ?/ = 1 4- and the branch of 
y = see X cutting the y-axis. 

9. Find the angles between the curves y == tan x and 
y = cot X at their points of intersection. 

10. Find the maximum and minimum values of 2a: — tana: 
for x between 0 and tt. 

11. The distance of the head of a piston from the center of 
the driving-shaft is given by the formula 

y z= /c -f- r cos $ + ‘Va^ — sin- 0, 

where a is the length of the connecting rod, k is another con- 
stant, r is the length of the crank, and 0 is the angle the crank 
makes with the horizontal. If the crank rotates at a constant 
angular velocity of 600 revolutions per minute, find the rate at 
which the piston is moving when 0 = 90®; when 9 = 0®. 

12. Find the maximum rectangle inscribed in a circle, using 
trigonometric functions. 



404 IKTEODUCTIOK TO THE CALCULUS 


13. Find the rectangle of maximum perimeter inscribed in a 
circle, using trigonometric functions. 

14. A steel girder 30 ft. long is carried along a passage 10 ft. 
wide and into a corridor at right angles to the passage. The 
thickness of the girder being neglected, how wide must the 
corridor be in order that the girder may go round the corner? 

15. A tapestry 7 ft. in height is hung on a wall so that its 
lower edge is 9 ft. above an observer’s eye. At what distance 
from the wall should he stand in order to obtain the most favor- 
able view ; that is, so that the vertical angle subtended by the 
tapestry at his eye is a maximum ? 

16. A body of weight TTis dragged along a horizontal plane by 
means of a force P whose line of action makes an angle x with 
the plane. The magnitude of the force is given by the equation 

p — 

m sin X + cos x ’ 

in which m denotes the coefficient of friction. Show that the 
pull is least when tan a; = m. 

17. A revolving light sending out a bundle of parallel rays 
IS at a distance of J mi. from the shore and makes 1 revolu- 
tion a minute. Find how fast the light is traveling along the 
straight beach when at a distance of 1 mi. from the nearest 
point of the shore. 

18. An angle is increasing at a constant rate. Show that the 
tangent and the sine are increasing at the same rate when the 
angle is zero, and that the tangent increases eight times as fast 
as the sine when the angle is 60“ 

198. Formulas of Integration of Trigonometric Functions. 
The six formulas of differentiation may be at once inverted 
into the following : 

^ sin udu = — cos a -f C. 

(Vm) r cos udu = sin u -b C. 
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(IX) J' sec* udu = tan u + C. 

(X) J" CSC* udu = — cot u + C. 

(XI) / sec u tan udu = sec n + C. 

(XII) f CSC 1/ cot = — esc n C. 

To integrate tmudu, we proceed as follows: 

ftanudu= r!E^ = - 
J J cosu J cosu 

= — log cos 4- C' = + log — — h C 
^ cos u 

= log sec u + C, 

Hence 

(XIII) J" tan udu — log sec u+C. 

Likewise, 

(XIV) y cot udu = log sin u+C. 

To integrate sec udu, we multiply numerator and de- 
nominator by sec u + tan u. Then 

/ sec u dll — + sec u tan ii) du 

J sec u + tan u 

/ d (sec u -f tan u) 
sec u + tan u 

= log (sec u 4- tan u') 4- C. 

Hence 

(XV) J SQC udu =log(secu + ta.nu) + C. 

Similarly, 

(XVI) J* cscudu=:log{cscu—cotu) + C. 
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PROBLEMS 


1. Integrate; 



CL, J*tsin axdx. 

’■J 

(seG^x^')xdx. 

b. 1 GSQ-dx, 

“i 

dx 

J « 

sin^cc 

c. J' seG2ttm2tdt 

'■J 

(tan e -f- cot OfdO. 

d. I cse2ycot2^dv. 

1 

' ds 

J 

J 

C0S^5 

e, J* GSQ^axdx. 


■> 

(secoj 4- tan x^dx. 

/. f cot ~ dx. 

f 

Gosxdx 

J 2 

J 

sin^a; 

2. Evaluate the following: 

tr 



Q- J^~ OSQ^xdx, 

'■i 

cot 2 X dx. 

6 

b. J* sec^~dx. 

6 

"■i 

tan ~ dx. 

6 


^ 3. The derivative of a certain function is sec^d + tan 6 and 
Its value is 5 when ^ = 0. Find the function. 

4. Plot the branch of the euiwe y = tan — which passes 
through the origin, and give the equations of its asymptotes. 

5. Find the area bounded by the curve v = tan — , the 

avaxis, and the line a; = 1. 4 

6. Sketch the branch of the curve y = sec ^ which crosses the 
S'-axis, and give the equations of its asymptotes. 

7. Find the volume generated if the area bounded bv the 

TTiC "1 

curve sec— , the ;c-axis, and the lines a: = ± | is' revolved 
about the £c-axis. 
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8i Eind the length of the are of the curve y = log sec x from 

TT 

o 

9. Find the length of the arc of the curve y = tan x from 

rjY 

ic = 0 to 03 = “• Use Simpson’s rule, taking w = 6. 

10. Find the volume generated if the area bounded by the 

curve y = cot the £c-axis, and the line 03 = ^ is revolved about 
the.i»-axis. 


A(a,o) 


,199. Parametric Equations. For many purposes curves 
are represented by parametric equations involving trigono- 
metric functions.^ Consider, as an example, the motion of 
a point on the rim of a flywheel 
of radius a feet. Taking the 
origin of coordinates at the 
center of the wheel, the equa- 
tion of the path of the point is 

This equation, however, tells 
nothing about the motion of 
the point. In order to describe 
the motion of the point along 
its circular path, it is necessary to express x and y as 
functions of the time. Suppose x — a cos tt^, y ^ a sin tt^, 
where ^ denotes the time measured in seconds. These equa- 
tions show (1) that the moving point starts at A (<z, 0) 
when ^ = 0 ; (2) that the motion around the circle is 
counterclockwise; (3) that one revolution is completed 
in 2 sec. The speed v is given by 



Fig. 206 




dx 

dt 


\dt 


: sin^TTiJ H” aV cos^ irt = Tra. 


* Compare § 90. 
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Hence the speed is constant, and equal to to feet per 
second. The direction in which the point is moving at 
any instant is found by getting the slope of the curve. 

dy ^ dt ^ ira cos irt 

: = — cot wt, 

^ —Tra sin irt 

dt 

200. The Cycloid. A cycloid is the curve traced by a 
point on the circumference of a circle which rolls along 
a straight line. To derive the usual parametric equations 



of the cycloid, we suppose that the circle, of radius a, rolls 
along the ^-axis and that the origin is taken at a point 
where the curve touches the a:-axis. Let P(^, y) represent 
the position of the point when the circle has turned through 
an angle 6. Then, in the figure, 


OB = arcPP = ad, 

x=OA=OB-AB = OB-PI) = ae-asmd, 
y = AP=BD = BC-DC=a-acose. 

Hence the parametric equations of the cycloid of the 

x = a(e — &md'), y = a(l— COS0). 
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Example. Find the area of one quadrant of a circle by 
means of the parametric equations x cos 0^ y r sin $. 
Solution. The area in question is easily seen to be equal to 

ydx. 

From the parametric equations, we have 

y = 7' sin $ and dx — — 7' sin dd$. 

TT 

When cc = 0, cos ^ = 0 and ^ — '2 j '^lien x = r, cos ^ = 1 
and ^ = 0. Substituting these values, we find 

A = r ydx ^— 7 ^ C sin^OdO. 

Jo Jn 

2 



This integral cannot be evaluated by formulas previously 
given. It can be integrated by parts (see § 202) or by means of 
the substitution sin^^ = ^ cos 2 $. Using the latter method. 



cos 2 (9 . 2 

'2 

PROBLEMS 

1 . Plot the graphs of the following parametric equations : 

a. X = r sin 0 , y = r cos 0. c. x = 5 cos 0, 1 / = 3 sin 6 . 

&. X = 1 + cos t, y = sin t. d. x = 3 cos y = 5 — 5 sin $. 

e, X = sec $, y = tan $. 

2. Eliminate the parameter in each case of Problem 1 and 
name the locus. 
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31; Ti?OYe that a? ~ r cos j/ == h sin ^j are paranpiet- 
ric,' equations of a eircle, and tod the centei; and radius. , 

. i4>- Write parametric equations for the, motion q£ a point 
on the rim of a flywheel making one revolution per second ; 
180 revolutions per minute. • 

5. Eind the inclination of the cycloid x = a(0 — sin B), 

2/ == a(l — cos 0), at the point where ^ ^ tt.' ' ' 

6. Eind an exjiression for the slope of the ellipse x = a cos B, 
p = h sin By in terms of 0, 

7. Plot thet.graph. of.ir = a cos^B, y, =; a sin®^. 

8. Eind the slope of the curve in Pro.blem 7 at the point 
where 6 = 30°. 

9. The equations of motion of a point are x=:10sin^, 
y ~ 5 cos t. Find the speed and direction of motion when,^ = 0> 

• ■ - . ■ . 

■ 10. A wheel of radius 3 ft. rotates at a constant angular vcn 
locity of 2 rad./sec. Using the parametric equations a; p? 3 oos 6>, 
y = 3 sin B, find the aj- and y-components of the velocity of a 
point on the rim. Eind also the resultant velocity and direction 
of motion of the point when B = 30°. 

11. A point moves in such a way that cc = 10(cos ^ ^ sin t), 
y = 10(sin ^ ^ cos ^). Plot the patli from ^ = 0 to t = S, 
taking t at intervals of 1 rad. 

12. In Problem 11 let denote time in seconds and find Vy, 
and -y for = 2. 

13. Write parametric equations of the nlotion of a point on 

the rim of a wheel of radius 2 ft. which rolls along the ground, 
making one revolution in 2 sec. • , 

14- What is the speed of the center of the wheel of Prob- 
lem 13 ? When the point on the rim is at the top of the wheel, 
show that it is moving twice as fast as the center. 

15. Eind the speed of the point on the rim of , the wheel of 
Problem 13 when it is on the same level as the center of the wheel. 
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16. Using the parametric equations, find the length of one 
quadrant of a circle, 

17. Find the area of the ellipse x a gobO, y h sin B. 

18. Find the area of one arch of the cycloid x = a{B — sin 0), 
y ^ a(l — cos O'). 


19. Find the length of one arch of the cycloid x = a(6 — sin 0), 
y=a(l — cos^). 

Hint. Simplify the integral by using the formula for si,n- * 

201. Powers and Products of Trigonometric Functions. Ex- 
pressions of the form sin”*^4 cos^'udu^ sec'^udu, and 

coV^uosc'^udu are frequently integrable by means of the 
power formula. The method is best explained by illus- 
trating it. 

Example 1. Find the value of J* sin^^ cos^udu. 

Set V = cos u I then dv = — sin ii dti. Hence we have 


/ 


sin u Gos^ tidu 




dv 


1 4 

= + COS^^^I -f C. 

4 4 


Example 2. 


Find the value of 


/ 


eos^udu. 


If we set V = cos u, dv = — sin^^^^i^. But no power of sin u 
occurs. On the other hand, GQSudu = dsmu\ and, if this is 
factored out, the other factor, cos^t^, may be transformed into 
powers of sinw by the formula sin^w + cos^z4 = 1. Hence we have 


f 


cos^ ndu : 


^(1 — sin^^i) 

I cos udu — / si 


cos n du 
sin^z^ cos %idiL 


= smu 


sin^'i6 cos u du. 
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In this last integral, set v = sin m; whence dv = cos udu, and 




cos udu ^ —T h C, 

o 


Therefore 


ao^^udu = sin 1 


sm®w 


H-C. 


Example 3. Eind the vailne of ^ to^ii^usQo^udu. 
Set V = tan 7/; then dv = sec^udu. Hence we have 

f 


tan^u se& 


tan*u seo^u sec^ udu 


^udu = ^ t 

tan^2^(l + tan^24)sec®^^(5?'W 
^ tan^w sec^udu -j- tan® 24 sec^24fl?24 


tan® 24 , tan ^24 

-^+—7r- + C. 


The essence of this method is to set v equal to one of 
the trigonometric functions and to factor out its differen- 
tial. The other factor must then be reducible to a poly- 
nomial involving only integral powers of the trigonometric 
function chosen. In order to use it successfully, one must 
be thoroughly familiar with the differentials of the trigono- 
metric functions and the three formulas from trigonometry 
which permit transferring from one function into another. 
These are given below, for convenience : 

d sin u = cos udu, d, cos 24 = — sin udu, 

cZ tan 24 = sec2244?24, dcotu = -^ esc^udu, 

dseou = sec u tan udu, 4? esc 24 — esc u cot udu, 

Sin®24 -f C0S^24 = 1, 

1 + tan^24 = sec^ 24 , 

1 4“ C0t®24 = CSC^24. 
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Since these formulas involve squares of the functions, 


the method is bound to fail in the following cases: 
sin”*M cos^tAcZw, when both m and n are even; tan”*ttsec”wc?ti 
and cot”*wcsc"t^c?^6, when m is even and n is odd. In these 
cases the substitutions can be made, but the resulting expres- 

sion involves radicals. 

For example, take j cot^ucso^udu. 

If we set V = cot w, dv ; 

*J 

= — csc^wc?w, and the result is 

1 cot^u csc^udu = 

j cot^uVl-i- eot^u(— csc^udu). 

We get no better results if we try v = cscw. 

1. Integrate 

PROBLEMS 

a, J^sin^x cos x dx. 

ff, cot^xdx. 

^ sin ic coscdcZcc. 

h. J* cot^xdx. 

cjcos^xsin.^. 

I. J' cot® a: csG*xdx. 

d, J^cos^2 B sin 2 BdB. 

J, J * (tan t + cot tydt. 

r^in^xdx 

J QOS^X 

7T 

k. Qos^xdx. 

/. ^ tan®£cc?x. 

^irx . irx J 
h J COS'* — sm — dx. 

2. Find the volume of the ellipsoid generated by rotating the 
curve x = a cos B,y = h sin B, about (a) the x-axis ; (h) the y-axis. 

3. Find the area included within the hypocycloid a: = a cos®^, 


yz=. a sin®^. 

4 . Find the volume generated by rotating the curve in Prob- 
lem 3 about either axis. 
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202. Integration by Parts. The formula for differentiating 
the product of two functions is 


d . ^ dv ^ du 

— (uv) =zU — + V — ^ 
dx dx dx 


ur, ill u.ifferential notation, 


d (uv^ = udv -h vdui 

whence udv ^ d (uv'^ — v du. 

Integrating both sides of this equation, we have 


(XVII) 


/ 


udv=i uv — 



This very important formula is known as the formula 
for integration ly parts. Its use will be illustrated by some 
examples. 

Example 1. Integrate J* xsinxdx. 

Solution. Comparing this integral with the formula, we 
have udv = X sin xdx. This is the only relation which will 
guide us in the choice of the functions u and v. There are two 
possibilities : 

1. If u = £c, then dv = sinxdx. 

2. If w = since, then dv = xdx. 


Since the proper choice can be made only by experience, we 
will try each of the possibilities. 

1. If u = X, we have du = dx^ and if dv = sinccc^cc, we have 
— cos X + Cj. Substitution in the formula gives 


J X sinxdx = cosx + J(^ cosx + C^dx 


= — x cos X + Cpo -f- sin X — Cpc + C 
= sin X — X cos X + C. 
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It will be observed that the constant cancels out of the 
final result. As this always happens, it is not necessary to add 
an arbitrary constant when integrating c??; to find v. , 

2. If = sina;, du = cos and if dv =i xdx, v = Sub- 
stitution in the formula gives 


r . j x^ . rx^ 
j X sin xdx = — sin a? — I ~ d 


GOSxdx. 


Since the integral on the right-hand side is more difficult than 
the original problem, the second choice of u and dv is not good. 


Example 2. Integral 
Solution. Let 


x?e^dx. 


dv = e^dx. 


id du — 2 xdx, V = 

Substitution in the formula gives 


J 


dx — x^e^ 


To find I xe'dx, we again use the method of integration by 
parts. 

Let u = X. 

Then dv — e^dx, 

and du = dx, v = e^. 

Substitution in the formula gives 

C xe^dx — xe^ — f e^dx 


.Substitution of this value in equation, (1) gives the final result 


x^e^dx zzi x^e^ — 2 -f 2 ^ C 

= e^(x^--2x + 2) + C. 
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Example 3 


Eind J ' si 


sin^xdx. 


Solution. Let u = sin a; and dv = sinccd^ic. 

Then du = oo&xdx and v = — cos x. 


Hence 




sw^xdx rrr*- sin a; cos a; 4- / Qos^xdx 


/“ 


^ixi^xdx. 


= — sin X cos X + ^ (1 — sin^a?) dx 
= — sin X cos a; + a; — / s 

Transposing, 

2 J ^in^xdx = a: — sin x cos x, 


f 


. 2 , aj 1 . ^ 

siJTxdx = ~ - sm aj cos a? + C. 


Example 4. 


. Find i 


sec^xdx. 


Solution. Let u = sec x and dv = sec-^xdx. 

Then du = sec x tan x dx and v = tan x. 

r 

Hence 


/ 


seo^xdx = sec x tan x 


-f 


secx tdj^xdx. 


As in the previous example, we transform the integral on the 

right so as to get the unknown integral as one term. The proper 

substitution is , „ 9 ^ 

tarn a; = sec^a; — 1, 

which gives 

J* sec^xdx = sec a; tancc ~ J* secx(sec^aj — l)dx 

== sec X tan x 4- log (sec x 4 tan a;) — 1 sec® a; dx. 
Transposing and dividing by 2 , we have 


/ 


sec®a:£Za; = ^ sec x tan x 4 i log (sec x 4 tan x) 4 C. 
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PROBLEMS 


1. Integrate 



a, ^ xQOSxdx. 

e,J* xtdm^xdx. 


b,J*xe^^dx. 

f.J* X log xdx. 

^ s 

c.J* xe'^^^dx. 

g.J* log xdx. 

k. J'x^e~^dx. 

d.J' X sin 2 xdx. 

h.J^x”^logxdx. 

l.J^ t‘a.n^xdx. 


2. Find the area bounded by the, curve y = logcc, the £c-axis, 
and the line x = 10. 

3. Find the coordinates of the centroid of the area bounded 
by the arch of the curve y = sin a; between a; = 0 and a* = tt 
and by the jr-axis. 

4. Find the area bounded by the curve y = ^-6% the a;-axis 
and the line cc = 4. 

5. Find the volume generated by revolving the area of 
Problem 4 about the x-axis. 

203. The Trigonometric Substitutions. Many definite in- 
tegrals involve one of the three radicals < 2 ^ 

and where a is some constant and w is a function 

of X, Expressions of this kind can be freed of radicals by 
a proper trigonometrical substitution. These substitutions 
are as follows: 

To rationalize -?/, substitute = a sin z. 

To rationalize substitute u = a sec z. 

To rationalize substitute a tan z. 

For, in the first case, 

— 0 ^ sin^ s = — sin^ q.o^z = a cos 2 . 
The other statements are verified in like manner. 
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Example 1. Find in terms of x the value of 


Solution, Here u = 2x and a = 3. We therefore substitute 
2 a: = 3 see whence a? = | sec and dx — f sec z tan dz. 
Therefore 


tdji^zdz 


sec s; tan zdz 


rV4rr- — 9, T V9 sec''-^' — 9 3 

I dx = I ~ sec z tan zdz 

J X J ^ sec z 2 

= 3 ^ tan^ zdz 

= sj (see^z - l)dz 
= 3 tan z — S z -{- C. 

In order to get the result in terms of x, proceed as follows : 
2a; 

Since 2 a- = 3 sec z, sec z — • Draw a right triangle whose 

^ 2x 

acute angle is Since sec , the hypotenuse will be 

2 x, and the adjacent side will 

be 3. The opposite side is then 

rr-^ Q 1 . ’y/4x^— 9 A 

V 4 x- — 9 and tan z = ^ 

c?- 2x. I 

Since sec z = — ? z is the angle of ^ 

which the secant is written ^ 

3 Fig. 208 


Fig. 208 


either sec“ 


' sec — • The latter symbol is preferable. 


Substituting these above, we have 



dx = 


/4 35^ ~ 9 — 3 arc sec ~ + C. 

o 


When the integral is a definite integral, it is usually better 
to change the limits of integration when the substitution is 
made. 
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Example 2. Find the area of one quadrant of the circle 

'l/ = 

Solution. The required area is obviously 




which agrees with the well-known formula for the area of a 
circle. 


1. Integrate 



PROBLEMS 


\ or — dx. 

’■f 


dx. 

dx 


V4 — : 



2. Find the area of the ellipse hV +■ ah/ = (dd\ 

3 . Find the area under one arch of the cycloid x = a(6 — sin 0), 
y = a(l — cos 0). 
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4. Find the volume generated by rotating the area in Prob- 
lem 3 about the as-axis. 

5. Find the length of the arc of the parabola 
between the points for which y = 0 and y =y?. 

6. Find the volume generated by revolving one arch of the 
sine curve about the 2 c-axis. 

7. Find the area bounded by the hyperbola x^-~ and 

the line x = 2a. 

8. Find the area bounded by the curve 9 ?/^ = 4 (1 + and 

the lines y = 0, a; = 0, and a; = 1. 

9. A horizontal cylindrical tank of radius 4 ft. is full of 
water. Find the pressure on each end. 

10. Obtain a formula for the area of a segment of a circle 
of radius r units cut off by a chord distant a units from 
the center. 

11 . Find by integration the volume of the solid in Prob- 
lem 19, page 330. 

12. Find by integration the values of the following definite 
integrals : 

a. Page 311, Problem 3. 


Page 313, Problem 2 a. 
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GREEK ALPHABET 


Letters 

Names 

Letters 

Names 

Letters 

Names 

A 

a 

Alpha 

I 

1 

Iota 

p 

P 

Rho 

B 

y8 

Beta 

K 

K 

Kappa 

2 

(T 9 

Sigma 

r 

7 

Gamma 

A 

X 

Lambda 

T 

T 

Tau 

A 

S 

Delta 

M 


Mu 

T 

V 

Upsilon 

E 

e 

Epsilon 

N 

V 

Nu 



Phi 

Z 

r 

Zeta 

W 

1 

Xi 

X 

X 

Chi 

H 

V 

Eta 

0 

0 

Omicron 


ylr 

Psi 

@ 

0 

Theta 

n 

TT 

Pi 

n 

CO 

Omega 


FORMULAS FROM ALGEBRA 

1 . Binomial theorem (n being a positive integer) ; 

(a + 6)« = a» + + . . . 

\r— 1 

2. n! = [n = 1 • 2 . 3 • 4 . • • (n — l)n. 

3. The solution of the quadratic equation ax'^ + 5a; + c = 0 is, 

— 5 ± V 52 — 4 ac 

X = 

2a 

4 . When a quadratic equation is reduced to the form a;^ + px + g = 0 , 

p — sum of roots with sign changed, and q = product of roots. 

421 
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5. In an arithmetical series, 

l = a + {n-l)d; s=-(a + 0 = ^[2a + (n-l)d]. 

A M 


6 . 


In a geometrical series, 
I = 


tI ^ a __a — 1 ) 

r — 1 — 1 


FORMULAS FROM GEOMETRY 

In formulas 7-20, r denotes radius, li altitude, R area of base, s slant 
height, and a an angle measured in radians. 

7. Circumference of circle = 2 7rr. 

8 . Arc of sector = ra> 

9. Area of circle = 

10. Area of sector = ^ 

11. Volume of prism = Bh. 

12. Volume of pyramid = ^Bh. 

13. Volume of frustum of pyramid = J /i (B^ + Rg + VRiRg)* 

14. Volume of right circular cylinder = irrVi, 

15. Lateral surface of right circular cylinder = ^irrh, 

16. Volume of right circular cone 

17. Lateral surface of right circular cone = irrs. 

18. Volume of frustum of right circular cone = \ 'irh(r^ + r 2 -f 

19. Volume of sphere = f 

20. Surface of sphere = 4 irr^. 

FORMULAS FROM TRIGOI^OMETRY 

21. cota;=:— i— ; secx = — cscic = ^— • 

tan X cos x sin x 

nn ^ sinx ^ cosx 

22. tana; = ; cotaj = 

cos a; sinx 

23. sin2x + cos^x .-=1; 1 + tan2x = sec^x ; 1 + cot^x = csc^x. 

24. sin (tt — x) = sin x ; sin (tt + x) = — sin x ; 
cos(7r— x) =— cosx; cos(^+ x) =— cosx; 
tan(7r — x) = — tan x j tan (ir 4- x) = tan x. 
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25 . 


: cos a; ; 


in =z cosx; sin ^ 

los = sinx ; cos = — sina; ; 

ih¥ 


26 . 

27 . 

28 . 

29 . 

30 . 


tan — £c^ z= cotcc ; tan 

sin(x + 2/) = sinic cos^ + cos x sin 2 /. 
sin {x — y) = sin x cos?/ — cos x sin y. 
cos (x + ?/) = cos X cos 2 / — sin x sin ?/. 
cos (x — y) = cos X cos 2 / + sin x sin y. 


cotx. 


^ , tan X + tan y 

tan (x + 2/) = • 

1 — tan X tan y 


31 . tan (x — y) = 


32 . sin 2x = 2 sinx cosx; cos2x = cos^x — sin^x; tan2x = 


tan X — tan y 
1 + tan X tan y 
2 tanx 


33 . 

34 . 

35 . 

36 . 


o . X X 

smx = 2 sin ■ cos - ; 

2 2 


cos X = cos^ 


1 — tan^x 

2 tan 

1 — tan*'^ - 


cos^x = -J- + J- cos 2 X ; sin^x = \ cos 2 x. 

1 + cos X = 2 cos^ - ; 1 — cos X = 2 sin2 - . 

2 2 


. X fl- 




+ cosx 


37 . 

38 . 

39 . 

40 . 

41 . 

42 . 

43 . 


^ X , /I — cos X 

tan - =r ± -» / 

2 \ 1 + cos X 

sin X + sin 2/ = 2 sin (x + y) cos 1 (x — y). 

sin X — sin 2/ = 2 cos (x + y) sin J (x — y ) . 

cos X + cos 2/ = 2 cos (x + y) cos (x — y) . 

cos X — cos 2/ = — 2 sin ^ (x + 2/) sin i (x — y). 

a _ 6 _ c 

sin A sin B sin C 


; law of sines. 


= 62 ^ ^2 „ 2 be cos A ; law of cosines. 
Area of triangle = | be sin A 

_ sin B sin G 
2 sin {B + C) 

= Vs (s “ a) (s — 6) (s ~ c) . 

s=J(a +A + C). 


101 
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FORMULAS FROM ANALYTIC GEOMETRY AND 
CALCULUS 




4^ Distance between two points, p. 9. 


d = V(X2 - Xi)2 + ( 2/2 - 2 / i )2 

(4 5 J Slope of line joining two points, p. 17. 

rr,.^yirJh 


46J Mid-point formulas, p. 9. 

/)• — ^1 ^2 . 


-7 y — 


2 


47. Point dividing a segment in a given ratio, p. 13. 

. Vi + n/2 


X, + 

X = =>> 

1 + r 


2 / = ■ 


1 + r 


48. Angle between two lines, pp. 20, 21. 

Condition for parallelism : 7n^ = m.^ 

Condition for perpendicularity : = — 1 

tan $ = — 1 ^ 

1 + mjTTig 

4^ Equation of a straight line, pp. 26, 28. 

Point-slope form : 2 / — = m (x — x^) 

Slope-intercept form : y = mx + 6 

^2 - V i 


Two-point form: 


Intercept form : 


y-Vx . 

X — X, 


Xo — X, 


a b 


Distance from a line to a point, p. 41. 

^ yi — mxi ~ 6 
V m2 + 1 

tSZ) Equations of curves : 

Circle with center {h, k) and radius r, p. 195. 

(x — h)^ + (y — k)- = 

Parabola with vertex at the origin and with focus on the x-axis, 

p. 210. o o 

^ y2 = 2px 
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Ellipse with center at the origin and with foci on the i-axis, p. 223, 
— 4- ~ = 1 

a2 ^ 62 

Hyperbola with center at the origin and with foci on the a;-axis, 
p. 230. 2 2 

a2 62 “ 

Equilateral hyperbola with center at the origin and with the coor- 
dinate axes for asymptotes, p. 236. 

xy = C 

Other curves with historical names : 

Catenary ; 2/ = - + e " 


Cissoid: y-{2a — x) = x^ 

Conchoid : = {v + a)^ {b^ - y^) 

Cubical parabola: y = ax® 

Cycloid: X = a(<9— sin(9), y = a{l— cos<?) 

Folium : X® + — 3 axy ~ 0 

Hypocycloid of four cusps : + yi' = 

Lemniscate : (x^ + y^y^ = (x^ _ 

Parabola : Vx + Vy = Va 

Probability curve : y =: e-^ " 

Semicubical parabola: = ax^ 

Strophoid : {a - x)y^ = (a + x)x’‘ 

Witch: y = 

x2 + 4 a2 


52. Eadius of curvature, p. 263 : 


(1 + y'T 


53. Formulas for dijfferentiation, pp. 116, 367, 372, 393, 401. 


(I) 

— = ?IX"-1, 


dx 

(la) 

d . 

‘—X = 1. 

dx 

(U) 

II 

p 

dx 
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(III) 

(IV) 
(IV a) 

(V) 

(VI) 

(VII) 

(VIII) 

(IX) 
(IX a) 
(1X6) 
(IX c) 
(^) 
(Xa) 
(X6) 

(Xc) 

(XI) 

(XII) 

(XIII) 


l(U + V): 


dz 

d_ 

dz 


(UV) : 

(ct): 


d /u\ 
dx \vj 

# . 
dx 
d 

: 

dx 

dy 

dx 


- logii = - 


logx = 


dx 

£ 

dx 

-- lOgaU = 

dx 


du^dn 
dx dx 
dv . du 

dv 

: C 

dx 

du dv 

V u — 

dx dx 

' ? 

dy du 

du dx 
. du 

: — . 
dx 

-JL 

dx 
dy 
1 du 
u dx 
1 
X 

1 du, 

- -r 'ogae. 
u dx 

0.4tS4 du 

u dx 


dx 

£ 

dx 

£ 

dx 

£ 

dx 


, du 
a« = a“log a — • 
dx 


gX ~ 


€« = 0<' - 


a^loga. 

du 

dx 


QX 


— smu = cos u - 
dx 

d 

— cos u = 
dx 


du 

I — 

dx 


du 

I — 

dx 


dx- 


^ o du 

tan u = sec^u — 
dx 
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(XIV) 

(XV) 

(XVI) 

64. Formulas for integration, pp. 269, 379, 404. 


(I) 

J du — It G . 

(II) 

f If ¥) + p (a)] (& = y’/(x) dx + Jg(x)dx. 

(III) 

J* a du — aj* du. 

(IV) 

C u” + 1 

/ = 4- c, if n 1. 

n 4 1 

(V) 

T— = logw4 6\ 

«/ w 

(VI) 

^ e^du = e« 4 C. 

(Via) 

/* , a“ 

1 tt«dw = C. 

log a 

(VII) 

y sin uduzz— cos u 4 G. 

(VIII) 

y cosudu = sintt 4 C. 

(IX) 

J* sec^udu — tan u 4 G. 

(X) 

y csc^ udu =— cnt u 4 G. 

(XI) 

y sec w tan m d!it = sec u 4 G. 

(XII) 

y CSC u cot udu=— CSC It 4 C. 

(XIII) 

y tan udu — log sec u 4 G. 

(XIV) 

y cot udu = log sin u +C. 

(XV) 

y sec udu = log (sec it 4 tan w) 4 C. 

(XVI) 

y cscw<^u = log (CSC It - cot It) 4 C. 


— COtW =— CSC^M 

ote dx 

^ du 

secu = sec u tan u — 

^ dx 

d (ji'ii 

~ CSC W = — CSC u cot u 

dx dx 


427 
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55. Approximate evaluation of I = / f(x)dx: 

va 

The interval 6 — a is divided into n parts, each equal to Ax. 
Let the abscissas of the points of division be 

Xq — d, ^2, * * • Xji “ b. 

The corresponding values of /(x) are 

Vo =/(*o). Vl =/(»l) • • • =/(®n). 

Trapezoidal rule (any number of parts) : 

HVo + + * * • + Vn-l + i2/n) Ax. 

Simpson’s (parabolic) rule (even number of parts, n even) : 

Ax 

I=(yo +42/1 + 22/2 + 42/3 + 22/4+ ••• + 4 y„_i+ 2 /n)-g • 



ANSWERS 


Note. In calculating the following tables of answers, results involving 
exponentials and logarithms were calculated with the aid of four-place 
tables. Angles expressed in decimals were obtained by means of four- 
place tables ; those expressed in degrees and minutes were obtained with 
five-place tables. If tables correct to more or fewer places of decimals 
are used, slightly different results may be expected. 

Pages 4, 6 

7. a. 32. b. 30. c. 24. d. 32. 

Pages 14-16 

9. a. 26.32. 

Pages 23-25 

4. 66.01° (56°r). 6. 73.20° (73° 12'). 6. 0.6602 or - 16.67. 

10. a. 49.76° (49° 46'), 65.31° (55° 18'), 74.93° (74° 56'). 

b. 35.84° (36° 60'), 49.76° (49° 46'), 94.40° (94° 24'). 

c. 48.17° (48° 11'), 55.63° (55°37'), 76.20° (76° 12'). 

d. 22.38° (22° 22'), 37.88° (37° 53'), 119.74° (119° 45'). 

11. b. 78.69° (78° 41'), 101.31° (101° 19'). c. 60.47° (60° 28'). 

12. b. 45°, 90°, 90°, 135°. c. 71.57° (71° 34'). 

* 13. b. 45°, 135°. c. 36.87° (36° 52'). 

Pages 32, 33 

2. i. 122.47° (122° 28'). iii. 119.74° (119° 45'). v. 2.73° (2° 44'). 

ii. 36.87° (36° 52'). iv. 85.60° (85° 36'). vi. 82.88° (82° 53'). 

10. c. 71.57° (71° 34'), 41.63° (41° 38'), 66.80° (66° 48'). 

12. X— 4?/-l-26 = 0, x~4y— 8 = 0, 4x-f2/ — 32 = 0, 4x-f2/ + 2 = 0. 

18. 3 X + 2 2/ = 24 or 27 X -f 2 2/ = 72. 

Pages 35, 36 

6. C = (3, - 2), B = 6. 12. Length = 2 Vs. 

8. C = (H. - il). ^ = 7-27. 13. Area = 5. 

9. (- 1^, Hf)- _ ^rea = 20. 

11. Length = f VlO. 18. C = (43.36, 44.90), area = 2246. 

19. 0 = (18.21, 10.47), BC = 10.69. 
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Pages 45, 46 

4. a. 26. 6.37. c. 35. <i. 7/-. 13. 3®+ 62/- 3= 0 and 3a:- 14 5/- 3 = 0. 

6. 134.5. 14. 0 = (2, 4), B = 2VI. 

Pages 47, 48 

1. c. 15. e. 45°, 26.66° (26° 340, 108.44° (108° 260- h. C = (3, 0), B = 5. 
4. c. SO. d. 90°, 5S.13°(53°80, 36.87° (36° 520- 
e. 2/ — 3 = 0, 8x + 2/j- 15 = 0, ® — 1 = 0. 

/. 0 = (4, 3), B = V5. , 

s + Sy — 10 = 0, 2x + y— 11 = 0, 2x — y — 5 = 0. 

6. (2, 4), (5, 1), (5, 5). 

7. a. 30.51° (30° 310, 59.49° (59° 290, 90°- 

6. a + Sy — 9 = 0, 7x — 9j/ + 2 = 0, 7x + j/ — 8 = 0. 

c. 0 = (1, 1), B = 2. 

tf. 3x + 42/ - 7 = 0, 4a-3y - 1= 0, 12x + 5y - 17 = 0. 

«■ (- f. ¥)> (¥. ¥)■ (f i, - U)- 

Pages 60-62 

8. __ _ 10. a = 5, 6 = 3, c=-l. 

9. a = V28, 6 = V-2^-. 16. + 14 a;?/ - 7 ^2 _ 12 a; + 36 — 36 = 0. 

Pages 64-66 

1. a, 2Qx — 16 y = 59. b. x = y. 

. 2. a. 2/2 + 44 X — 220 = 0. 5. — 6 2/ + 39 = 0. 

3. a. 2/2 + 48x -- 288 = 0. 5. x^-lOy + 55 = 0. 

4. xy = 16. 

5. a. + y- — S x lO y — 59 = 0. 

e. X- + y- — 2 hx — 2ky + + k:^ — =z 0. 

6. x^ y^ — Sx=z 0. 

7. + 2/^ - 9x - 92/ + 36 = 0. 9. _ ^/^ — 2 = 0. 

8. x2 - 62/ - 9 = 0. 10. x2 + 2/2 — 6x + 4 = 0. 

11. a. 20x = J:. 5. x2 + 2/2 = --25. c. x = . 

2 ik — 1 

12 . x^ + y^ = 100 . 

13. a, S X‘‘ y"‘:lzSx — 16 = 0. 14, cl. x^ — 3x — 42/ + 2 = 0. 

b. x^+y’^±Sy = 16. b. xy — x -- liy + i6 = 0. 

€, 9 + 26 y^ = 225. c. xy — 4x •— 2 2/ + 4 = 0. 

15. ar. X = 3. 

x2_6x+ 182 / ~ 72 = 0. 

C. + ^2 - 36^ 
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Pages 67, 68 


1 . 

2 . 

4. 

11 . 

13. 

15. 


(2, 4), (0.6, ^ 2). 

(4, 5). 

(4,-9), (-4,-9). 

( 2 , 1 ), (- 2 , 1 ). 

(0, 0), (1.73, 0.43), (- 1.73, 
(6, - 4), (- 1, - 6). 


7. (3.45, 2.03), (-3.46,-2.03), 
(2.03, 3.46), (-2.03, -3.46), 

16. 15.748. 

17. 2.121. 

- 0.43). 18. (1, 1), (- l-f, y^). 

19. m2 <20. 


Page 69 

5. 9. 9x2- iQyO ^ 144^ 

8. 16x2 + 25 2/2 = 400. 11. x2 + 2/2 ± 10 2/ - 26 = 0. 


Pages 74, 75 

1. d2/=±xVx2 — 2, x=±Vli V 2/2 + 1. 

8 . a, - 0.11. b, - 0.158. c. - j%. d. 4.62. 

9. b. Ay = 3x2 Ax 4 . 3x(Ax)2 + (Ax)^. 

• 36 Ax 


d Ay = 


x2 + xAx 


/. Ay = (2 ax + 6) Ax + a (Ax)2, 


e. 0.301. /. - 0.04. 


Pages 82, 83 

4. Ay = 0.126. 6. a. - 4, - 3.6, c. 0, - 0.5. 7. a, 3. c. 0. e. - 9 .- if. 

8. a. 71.67° (7P 34'). c. 0°. e. 143.13° (143° 8'). g. 143.13° (143° 8'). 

9. a, - 3, 3. z. I, I, 6. 72 . - 6, - 2, 0, 2, 6. 

6. 3, 0, 3. j. m = 3 x2 — 2 x. p.in = Z x2 — 3. 


12 


r/i = 


- 4 


g, - 8, 0, 8. I, 


(x + 2)2 
4, - 2, 0, 2, 4. 


1. a. 8x. 
c. 3 x2 - 
— a2 


(«-«)' 

5 . 


2 


X2 


Pages 91, 92 

- 4 


10 . - 


/. 


(2+1)2 
12 


(x-2)2 

11 . 


^2 


12 . 


dl- 


13. 


ft. -1. 

x“ 

2oz 


( z 2 + a 2)'-2 


(6 + 1)^ 
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Page 94 

1. a, 3. h, 3, — 3. (f. — f -isi “ S* 

2. (6, 13). 6. (i2, Tf). (2, -J), (± 2, ± 4). 

3. a. 2 / = 3 X — 2, 2 / = 3aj + 2. 

d. 2 / = 3x — 12, 2 ^ =— 3x + 3. 
if. 4 X -f* 3 y 4" 24 = 0. 

<7. X + 2 2/ = 4, 8 X 4* 9 2/ = 16, 8 X + 26 ^ = 48. 

^dy_ 1 
dx 2 Vx 

Pages 100, 101 



Pages 107, 108 

2. fl. 14x® 4- 12x^ 4- —• g. 4tt 

. 3 ^ ^ 9.^ 

■(8-52)2 •(3_28)2 

-2x2+2x_2 

d. 5a-i+s-i+s-i Vi(VK + l)“ ’ 

, 2(3="-!) -4 

3*i(2 + ii)2 

2(i2-l) - 4 a2« 

■'■ (1 + t + 42)2' (o2+i2)2' 


2a2z 

771 . 

(^2 + a2)2 

(2x-l)2* 

- 7 

Vx(7 + Vx)® 
— 16 a^x 

(x2+ 4a2)2' 

-32x8 

(1 - X<)2 ■ 
a2_a;2 

(s2+ a2)2‘ 
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3. 


a. 8 . 


b, |. 

c. 0.14. 


d. V-. 


e. -2. 

/. - 0.1392. 
4. - 1. 

6. sc + 22/ = 4. 


6 . (- 1 ,- 2 ). 

7. 45°. 

0, ± 

9. - 2, 3, 6. 


10. — 

11. (1,3), (-1,-3). 

12. - i. 


Pages 112, 113 


1 . 


4u'* 

Vx 


2. e, 

(a2 - x2)t 

/. _ .9 V2 -¥x. 
“3x2 

2 VI +X» 


h. 


I. 


— ■ (x 4- 2) 

(x^ + 4x+ 10)t 

3(3z+ 1 ) 

2(3x)? 


. 2 a — 3 1 
2t-\/a — t 


k. - 6w(4~ w2)^. 


/. 


2z 

(l-zf' 


b. 


(1 - 2Vtt)(x + l) 


d. 


Vu 


-24 
(2x + 9)2 


4. a, 

b. 


— X 

Vo — X2 
— bx 


a Va2 — x2 





— Va’^" — x^’ 
xi ' 


6* (± 1, ± 2). 

&. ( 0 , 0 ), ( 1 , 1 ), ( 2 , 0 ). 

c. (0,-1,) (2,-5), (-2, -6). 

7. 153.43‘^(153°260. 

8. 3x — 4?/ = 10. 


Vt 

4 at 

• (a-i2)2’ 

12 X — 5 x 2 

c. ===-• 

2 Vs — X 

^ l±i£. 

V4 + £2 

14-9X 

e. ; .. ■ 

2V7- 3x 


Page 117 


/. 


1 + ^ 

(l + 2f)^ 


a 

g, p==z=- 

(a — x) Va2 — x2 

h. (l-v2)-t. 

. 9x+ 16 

'• i' 

(4 - 3x2)* 

3 X — 2 x2 — 2 X* 
V2T^2V[3 -x8)2' 


2. a. 3. 

&. 3. 

c. 1.624. 

d. 0. 


3. 


e. 00 . 

6 

3 V 2 / + 4 V^ 


b V4 4- 2/^- 1/^ . 
y — 2y^ 

V4 — ^2 
-32/ ‘ 
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2x + y 


2xy 

' — 2xy + 


3 + aj + 1 

2x+ By 
3a + 22 / 


Pages 121, 122 

A:'\f^y + y 

a. — • 

4 V xy^ + ^ 

^ 2V^+y 

2 Vay + a 

_ 2 3 
9\2x' 
h 

' y- — ax 
8 . - 1 . 


9. c. ISx-^— 24 x- 5. 

d, 160i®+ 84 i-5- 60^-6. 

e, — 120 x-’^ — ^ a” i. 

^-1- 

J. 2x-^ + 6a~4— 12a-s. 
A x~i + -y a“J. 


Pages 125, 126 

1 . a. (- 1 ,- 1 ). 7.V6._ 

6 - (- h> ^)- 8. f Vl7. 

c. (± 1, ± 2). 9. a. 80.96° (80° 58'), 108.43° (108° 26'). 

2. (4, 2). 6. 86.87° (86° 62'). 

3. (± 2 , 1 ), (2 V3, 8 ). c. 45°. 135°. 

4- (- J, I), (- i ■¥-)• 71.57°(71°34'),161.67°(161°34'). 

5. a. 2a! + y = 0, a:- 22 / = 0. e. 71.02°(71° 1'). 

b. 2x-y = 5,z + 2y + 5 = 0. f. 108.43°(108° 26'). 

c. _x-3y+ 10 = 0, 3x + 2 / = 0. g. 16.27°(16° 16'), 163.73°(163°44'). 


6 . V80. 


1 . ^ = — . 

2 

5. V = irr- (84 — 2 ire) ; 
6237, 6783, 6650. 

6 . 0=1 + ^. 

2 n 

7. M:=27rr^ + ~-, 

r 

91.47, 83.13, 85.67. 

* 1000 m 

8 . 2 / = -—=. 

vl + m 2 


Pages 131, 132 


9. 5' = 212 -0.002 A 

10 . p 

225 

11. D = V 2 gs. 

12 . A = —-V9-xK 

3 

13. When i = 3J sec. 


- 1,600,000,000 

5 . w = — ; 95.1811). 


3 . P = 2x + — . 

X 


11. C = 


16. 25 = 0.5547 Vi; 0.8126ft. 
Pages 138-140 

0.5+1.2n . „ 24 


9. J.=aV25-a2. 12. F=^0 + 32. 


13. ^=:a2 + ™. 

X 

16. F = 4a® — 50x2 + 160a. 


17. A = -V256-a2. 
2 


18. P = 2a- 
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Page 143 

6. a. Increasing when decreasing when 4>3|. 

6. Always increasing, 

c. Increasing when 0<r<8.93; decreasing when r<^and r>8.93. 

d. Increasing when x > ’^12; decreasing when x < •^42. 

/. Increasing when x< 1.962 and x> 6.371 ; 

decreasing when 1.962 <x< 6.371. 


Pages 153-158 

a. Min. (•}, - 10. 4.90 ft. x 8.27 ft. 

h. Max. (I, -y-). 11. 650.8 cu. ft. 

c. Min. (2, - *), max. (- 1, -Y). ig. “ Vs x - VQ 

d. Max. (- 3, 2), min. (- 6, - 2). 3 3 

e. Min. (3, — max. (— 2, Y)- x ay/Z. 


/.No min. or max. 

g. Min. (- 1,-1), (1,-1); 
max. (0, 0). 

h. Min. (-1,-11), (2, jft); 

max. (- 2, - ), (1, fl). 

i. Min. (0, - 4), (2, - 4); 
max. (1, — 3). 

J. Min. (0, 0), max. (± Vs, 9). 
k. Min. (2, 12). 

/. Min. {± 1, 2). 

m. Min. (1, 4), max. (— 1, — 4). 

n. Min. (— 1, — 3), max. (1, 3). 

2 . a. 10 , 10 . 

b. 10, 10. 

c. 10, 10. 

d. 1, 19. 

3. 40 Vi rd. X 80 Vi rd. 

8. 20 V2 in. 

6. 3.5 in. 

7. 24 ft. 

8. 2.94 in. 

9. 7.7 ft. X 7.7 ft. X 13.5 ft. 

27. 13.6mi./hr. 32. (6, 8). 

28.76. 33. (±V8, 2). 

29. 16 square units. sg, 2 r. 

30. a Vi X 6 Vi. 37. AO = 76.14 ft. 

31. 4a2. 88. 5.18 ft. 


14. a V2 X - V2. 

2 

15. 100 sq. rd. 

16. a V 2 X a V2. 

17. a. 

18. 28 in. 

19. 28 in. 

M... 

21 . 10 x/— = 17.2 ft. 

\ w 

iTrrVi 


27 

h = Vs in,, r = I Vo in. 
V3 

Altitude of cylinder = alti 
tnde of cone. 

41. a. 2m 2 6. 


1 2 1 
6. a + b + a^, 

c. a + Va6, 6 -f V a6. 

, 52 0^2 ^ 52 
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Pages 162, 163 

3. I = 999.62 + 0.019 T. 6, p= 759.17- 0.0833 /i. 8. d = 16 - 0.034 i. 

4. Z = 4 + 0.125 ^o. 7. 188°. 9. 0.64 in./min. 


Pages 169-171 


1. a. 5,625. 

b. 3. 

c. 1.89. 


2. Approximate change in y = — 1. 
7. 80ft./sec., 128ft./sec., 12.96ft. 


9. a. - If ft. 


- f f ir. per second per 
second. 

h, ft. per second per 


second. 


11. 2463 cu. in./in., 739 cu. in. 

12. 18.8 mi. /hr. 

13. a. 51.5 mi. /hr. 

b. 3.45 p.M. 

c. 70.7 mi. 

14. 7.9ft./sec. 

16. 0.054 sec. /in., 0.0108 sec. 

17. — 0.035 lb. per square inch per 

cubic inch, — 0.35 Ib./sq. in. 


Pages 174, 175 


1. 1.06ft./sec. 

2. When bottom is 16.97 ft. from 

wall, 

3. 0.62 in./sec. 

4. a. 5 mi. /hr. 
b, 2 mi. /hr. 

5. 3 mi. /hr. 

6. 6.66ft./sec. 

8. 5.33 sq. in. /sec. 


9. ft./min. 

2577 

10. a. — 15677 cu, in./min, 
b. — 118.6 sq. in./min. 

11. 10 77 cu. in. /sec. 

12. b. 1 unit/min. 

14. —0.1 ft. per second per minute. 

15. — 2 units/min. 


1. a, (l-7x^){l-x^)^dx, 
b " +x)dx 

8 Vl X 

, 2dy 


iV + 1 )^ 
2 -f- 3 1 


dt. 


2 Vl + t 

f( 2 _ a -3bx) ^^ 
2V a — bx 


Page 180 

2. a. — \ ~ dx. 

, a?/ — 

b. dx, 

y^— ax 

hH , 

c. — dx. 

a^y 

d. — - dx. 

X 

— 2xy^dx 
3 x'^y‘^ + 4 


3. 0.031. 

4. 2. 

6. a. - 0.6. 

b. 0.2. 

c. 0.6. 

d. 0.4. 

7. 0.01. 

8. 1060. 
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Pages 183, 184 

3. 2TrrU. 6. a. 3.26 ft. 10. 0.0405. 

4 a a — (21,000,000)^ 6. 0.00153 sec. 11. Errors 40.2 cu. in. 

’ ‘ ~ * c. — 2 min. 12 sec. 12. 1.3 H.P. 

h. 0.064. 7. 1.2, 65.2, 62.8. ,3 1 . 

5. Error :s 0.0058 in. 8 . 0.198. * 18 tt 


Pages 186, 187 

1. Error - 0.5%. 7. 2%. 8. 32.20, 0.022, 0.07%. 9, 493 ft. 

Pages 193, 194 


2. a, 2xy = 1. 

&. 2/^ = 4 X. 

e. ^2 = x^. 

g. = 1)8. 

z. — y"^ = 4. 

3. a. V = 3.003 down, a = 179.2® 

(179® 12^). 

b.v = 4.472, cr = 26.57° (26° 34^. 
0.-1) = 6.083, a = 80.54° (80° 32'). 

d. u = 3.606, a = 56.31° (56° 19'). 

e. ij = 12.65, a =71. 57° (71° 34'). 
/. ij = 4.472, ^r = 153.43°(153°26'). 

ij = 12.65, a =71.57° (71° 34'). 

h, v = 20,a = 36.87° (36° 52'). 
z. V = 1.458, a = 59.04° (59° 2'). 
J. v = l^ a = 90°. 


4. u = 16.28, N. 10.62° E. (N. 10° 

37' E.) 

5. x=:6-^^f-t,y=-^-^^t. 

e. a. v = 1.505, a = 131.63° (131° 
38'). 

b. 15 = 5.408,^=56.31° (56° 19'). 

c. 15 = 12.17, £35 = 9.46° (9° 28'). 
£f. 15 = 2, £35 = 0°; 15 = 2.236, 

££ = 153.43° (163° 26'). 

8 . 15x= 2V2, i5j/=~ 2 V2, £35=185°. 

9. (- 3 v^), (3 Vi, -3 Vi). 

11. i5x = ±-V^, % = 

12. 15,; = 120- 32.2 i. 


Pages 200, 201 

4. e. 4- 2/^ ± 4 x — 14 2/ + 49 = 0. 13. <2. 4 x — 3 y = 8, 3 x + 4 2/ = 6. 
z. x*-^ + = 18. 6. 1/ = - 2, = — 4 ; X = 4. 

J. 2 x^ 4. 2 2/*-^ — 4 X — 8 2/ — 15 = 0. 


6. a. Length 5 V2. 
b. Length 2 Vs. 

8. 2x24- 22/2 = ^ „2 c2. 

9. (X 4- 3 0)24. 2/2 = 4^2 

or (x — 3 c)2 4- ^2 ~ 4 

10. x2 4- 102.4- 48 = 0. 

11. x2 4- ^2 _ 025 4- 5y 4- 8 = 0. 


c. 5x±12i/=-52, 
12x± 52/ = 78. 

14. a. 45°. e. 46°. 

6.90°. /. 66.25° (66° 15'). 

c. 45°. 71.57° (71° 34'). 

d. 45°. 

16. a. 63.43° (63° 26'). 

6. 90°. 

16. 60°. 

17. 60°. 


18. 63.43° (63° 26'). 
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2. e. 4. 2/2 — 20x — 8 2/ + 16 
/. cc2 + _ 4a; _ = 0. 

g. 26 x+26|/4‘169=0. 

h. — Sy = 52. 

8. a. (2, - 3), (3, 2). 

5. (0, 0), (8, 4). 

4. 38. 

5. Length a V2, width 


52x+ 24g + 144 = 0. 

6 . a. 

8. 5.81 X 2.07. 

11. 45°. 

12. a, (x — 2)2 + ( 2 / 4- 2)2 = 25 

or (x — 2)2 + ( 2 / + 2)2 = 225. 
b, x2 + 2/2 + 14x + 4 2 / + 17 = 0 
or x2 + j/2+38x+42/+329=:0. 


Pages 207, 208 

= 0 or x2 + 2/^ — 


Pages 213, 214 


3. a. x2 + 16 2 / = 0. 

€. 2/2 = — 18 X. 

/. 2/2 =z 9 X or 3 x2 = 8 2 /. 

4. (h !)• 

5. x2 + 2/2 — lOx = 0. 

6. 0° 8. 13° (8° 80. 

9. X — 4g + 6 = 0, 4 x+2/=:27. 
5. X — 2 / = 4, X + g = 12. 


10. a. (f, 1). 

b, (4, 1). 

c. (~ I, — 3). 

ih i)* 

12. a, 12.53° (12°32'), 63.43° (63°260. 
5. 76.1°(76°60. 

c. 108.43° (108° 260- 

13. tan ^ 

14. 13.86 X 4. 


Pages 220, 221 


4. a. x2 — 4 X 4- 16 2/ ~ 44 = 0. 

b, x2-~8x- 12 2/4 28 = 0. 

c. g2 _ 6 y 4 16x — 23 = 0. 
J. 2/^ — 4 2/ ~ 20x 4 24 = 0. 


«. Vertex (|, 
6. (2, 4). 


r. (5, - 7). 

9. 18.92° (18° 56'). 

10. 4x + 4 2/ = 25. 

11. 71.67°(71fJ4'), 30.96° (30° 68'). 

12. (4i iV62, 0. 

13. h-r. 

15. 60, 47.8, 37.8, 30, 24.4, 21.1, 20, 
21.1, etc. 


Pages 227, 228 


7. x^ + 4y^ = 64. 

8. 4 = a^b^. 

10. X ~ 2 2/ = 7, 2 X 4 2/ = 4. 

11. X 4 2?/ = 6, X 4 142/ = 30. 

12 . ( 0 , 8 ). 

13. a. 90°. 

b. 42.08° (42° 5'), 


c. 18.43° (18° 260, 21.37° (21°220. 
d 71.57° (71° 34'). 
e. 100.46° (100° 27"). 

14. (3, J^-), (-3,-J/). 

15. Speed2.062, a=166.96°(166°58'). 

17. 2 ail. 

18. 2ii + 6 = 0. 
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Pages 235, 236 


4. 25x2-144 2/2 + 3600 = 0. 

6. c. 5 X — 4 2/ = 9, 4x + 5 2/ = 40. 

5. 16x + 52/ = 39, 

5x — 16 2 / = 100. 

7. 2x- 2 / = ± 3. 


8. 3x- 52/ ±16 = 0. 

10. 22.62^ (22° 370- 

13. Decreasing | units/sec. 

14. 2.54 X 7.44. 

15. (6, 3). 


Pages 237, 238 

3. 4x2 — y- = 3. 

4 . „ ± y, 

6 + X 

6 . ( 8 . 6 ), (- 8 , - 6 ). 

7. fl. X + 2/ = 4, X — 2/ + 12 = 0. 

b. 3 X — 2 2/ = 24, 2 X + 3 2/ + 10 = 0. 

c. 3 X — 2 2/ + 25 = 0, 2 X + 3 2 / = 18. 


8. 5.19. 

11. a. 49.4° (49° 24"). 
5. 72.26° (72° 150. 

c. 30.96° (’30° 58"). 

d. 16.26° (16° 16"). 
14. k = ± 8. 


Pages 249, 250 

2. Max. pt.(V5, ^ min- pt.(- Vs, infl. pt. (0, 1), 

slope 5. 

4. Max. pt. (— 1, -^O, min. pt. (0, 0), infl. pt. (— ^, J), slope — J. 

6. Max. pt. (l - ^)i min. pt.(l + infl. pt. (1,0), 

slope —1. 

8. Max. pt. (0, ~ J), min. pts. (± 2 Vs, — ~Y-)i Pts. (± 2, — ^/), 

slopes + 

10. Max. pt. (0, 4), mhi. pts. (± ^ VlO, — |), infl. pts. (± ^ VSO, ^|), 
slopes +-Y-V30. 

12. Max. pts. (1, f I), (- 2, - |g) ; min. pts.(-l, - f |), (2, f|) ; infl. pts. 
(0, 0), ^± - VTo, ± ; slopes 4, — |. 

14. Min. pt. (1, 3), infl. pt. (— O), slope — 3 \/2. 

16. Min. pt. (V|, I V| ), infl. pt. (— 1, 0), slope 5. 

18. (0, 0), (± V3, ±iV3). 

Page 256 


2. Min. pt. (0, 2), max. pts. (± Vl2, 14), infl. pts. (± 2, 

4. Min. pt. (0, 0), infl. pts. (± -) , asympt. y = 1. 

\ 3 4' / f~~ \ 

6. Max. pts. (± V2, 4), min. pt. (0, 0), infl. pts. ( ± * 

\ o 9 
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8 . Min. pt. (2, 3), asympt. x = 0. 

9. Max; pt. (- 2 -^1, - 1 ), infl. pt. (2, 0), asympt. x = 0. 

/ 2 a 3 ci\ ^ 

12. Max. pt. (0, 2 a), infl. pts. \^± — , — j, asympt. y = 0. 

14. Mai. pt. (- f, ; min. pt. (|, - ^\%%) ; infl. pts. (0, 0), 

/ 3 V 2 567 V2\ 

V"*" 10 ’ 25000 / _ _ 

16. Max. pt. (0, 0), min. pt. (v^f, - ^’^20), infl. pt.(\^, - 


Fage 260 

2. Max. pt. mm. pt. - —). 

4. No max. or min. pts. 

6. Max. pts. (±2 V 2 , 8), min. pts. (± 2 V2, — 8). 

. ,.r . / 2V3 4V3\ . , /2V3 4V3\ 

10. No max. or min. pts., asympt. x = 2a. 

12. Max. pt. X = infl. pt. x = 

14. Asympt. a; = 1, a; = 3. 

16. Max. pt. (0, 4), min. pt. (0, — 4). 


1 . a.B = 4 V 2 . 


6. fl = ^. 


c.B = 


d. B = 

e. B=: 

f. E = 

o 

g. B = 4:V2. 


13 vis 

5V5 

2 

10 Vs 
3 

13 Vis 


2 . 


Page 264, 265 



j. R ~2p V 2 . 
(b^x^ H- a^2/2)l 

, (b*x^ + 


^ (l + 9a%^)t 
6ax 

(4 + 9ax)^ lx 
’ 6 \a* 

aV2 

“2~* 


7. a. 

8 . a. (^ 5 ;, 'y^)- 

6. (2, 4). 

c. (2 Vo, 2 Ve). 


9 . 


No point. 
17Vi7 

a. 

8 

isVe 

b. — 

73 V 73 

c. — ^ . 
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Pages 273, 274 


16. 

17. 

18, 

19. 

20 . 

21. 

22 . 

23. 

34. 

35. 

36. 

37. 

38. 




+ 0. 


25. I (2 aa + + C. 

26. --2x0 + 12a + ? + C. 

5 X 


I + C. 

- — + - + C. 

3a= a 

^ /j •2 

ax — -r X V ax H f- C^. 

3 2 

9 9 ,3 27. -|(l-2s2)f+C. 

a-a — ax V aa^ + - a^ Vo^ h C. „„ 2 a , 7 — 

6 7 3 28. —VSa + C. 

-j ^ 

6 Va - 3 ^a^ + i + 0. 29. -| VSx + C. 

* 30. |(a - 2)t + G. 

2 Vs - a + C. 


-|(l-a)J + 0. 

— -i(a'i — a!f)*+C. 

-i (a + 6a2)l + C. 
96 


31. 

32. J(3x-2)3 + C. 
(5 - x)^ 


33. 


■ + C. 


39. -- 


5 


2 (x2 — 3) 

40. fx2 V3x + C. 

41. f x2^2x + 0. 


+ 0. 44. J(26’2--3)t +0. 


- .J-(4-3x)8 + C. 

^x2 + ^ajt + C. 

?!-? + c. 

6 X 

X Vx + 14 Vx + C 
1 2 

- - - + 6’. 

^ Vx 43. - 1 (a2_ic2)2 4. 0. 48. | (9 + + O. 


42. 2x nH + 6\ 


45. - 7 Ve - 4- 0. 

46. i(:v^ + a^)^ + 6\ 
3 


47. 


16(9- 4 


+ C, 


Pages 275, 276 

?(a_x)t-^(a-a)t+C'. lo 2(&t-2a) V a + 6t 
5 3 ’ 8 62 


+ C. 


§ (X - 2) Vl + X 4 C. 

Vl 4 x 2 4 C. 

26 X — J./^- x^ 4 ^ X® 4 C. 
T-|5(15a2-12a + 8)(l + a)l + C. 

(1 + x2)f + 0. 

X 4 x^ 4 I xS 4 -1 x"^ 4 C. 


11 + 2a(a4 6y)^ ^ 

562 “ ^ + • 

12 . ±(a + 62,2)1+ c. 

O 0 

13. |xt- |xi4 8x^4 C. 
2x'V2px 


14. 


— (8 4 4 X 4 8 x2) Vl — X 4 Cl. 2 

- |Vl-a3+ 0. ^*‘35^“'^ 


+ C. 

+ G. 


16. _ J/(2-i)f+^(2-i)t- J^(2-t)i+ |(2-t)^+ C. 
(10a^-6a + 3)(4a + 3)l 

140 ' 

18. - j(8-a)t+ C. 
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2. y=%(x^-S). 

3. j/ = J(x2+16)t--LJA. 

5. y = Jxv'x 4- 18. 


Pages 278, 279 

,, 2(s-2)v'l + x „ 

15. y = L Z_ + 2. 


16. 2= fxJ- fxi + ^f-a. 

17. 4. 


6. s = —Vn. 
s 

8. s= jjf+ 7 . 

9. s, = |(x-6)(9 + x)l+af4. 

10 . v= |(x-10)V5 + x + 13. 

12. 2/ = - ^ (26 - x8)t + 

13. s = 4-2V5-x. 


18. - 0.8856. 



20. - If. 

21. 13. 

22 . 0 . 

23. 3^. 

24. 


Pages 281, 282 


1. b. 2 = a:. 

c. 82 / = 16-2(4-x)i 
e. zVy = xi + 2. 

/. xy=-l. 

g. 4 + 9 2/2 = 324 . 

h. iyi = 3(x2 — 1). 

J. y — - Va^ — 
a 

k, y ~ Vx 2 4 - 4 . 

772. Vx + Vy = Va. 

72. xt -f yf = at. 


2. h. 2/2 -4x2= a. 

c. 4x2 + ^2 _ 
c. 2/2 = X + 0. 

/. 3 2/ = x3 — 3 X + C. 

/i. {X _ 4)2 + (2/ + 2)2 = C, 
5. 2?/ = 2x ~ 3x2. 



7. 32/ = 3x 8 + 2x- 6. 

8. 2/ = 4xS- 79X + 188. 

9. y = - + 2x — 4. 

X 


Pages 285-287 


1. 87.64ft./sec. 

2. 89.89 ft./sec. 

3. a. 12,500 ft. 

h. 1924ft./min. 
c. 6944 ft. 

4. 904 ft. 

5. 7-j^sec. 
e. 126.7 ft. 


8. <2. D = ^2 _ 2. 

3 


b. V - 


. ^ _ 1 _ 52 
'6 t 2 
c.v — 2 + 2 Vs — 


Vt 


d.v — 4t — 


1 . 


9 . a. s = ?(i-l)t + 2 . 

&. s = u_. 

3 ^ 3 

11. 4.6^ 

12. 4 VlO ft./sec. 
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Pages 292, 293 


1. 

2. 

8. A- 

16. 399.9. 

2. 


10. -42f. 

17. 6.95. 

4. 

3 8 
'IS • 

11. --V-ai 

19. 

0 

6. 

13.73. 

13. 

20. 

7. 


14. 8. 

22. -J i- 



Pages 298, 

, 299 

1. 

a, 

2. a. 30. 

4. 


c. 

c. 

6. -V- 


e. 

3. a. 

6. 1. 


g. 7. 

c. 

Y 

6 ■ 


i. 14.48. 

128 V2 

e. 

15 



8. §p2. 


23. |aVa. 
25. 4. 


26. 


1 

4 ^' 


28. -§. 


29. 


9. 

11 . 

12. 16^^== 7.54. 

3 

13. 226.8. 



Pages 310, 311 

2. Exact value 12.87 + . 

3. Exact value 0.8813 + . 

4. a. 16.48. b. 1.791. c. 6.602. d. 46.26. e. 17.08. /. 66.28. 


Page 313 

1. fl. 9.84. b. 36.39. c. 6.89. d. 18.10. 

2. a. Qtt. c. 42-|. d. 72. e. J. g. 4.184. 

3. 9.2 acres. 

Pages 318,319 


1. a. 8. 

2. -|p2. 

6. 36. 

11. 44.02. 

r 9 
vj. 

3.^. 

7. 36. 

12. ifS.. 

C. 9. 

3 

4. 36. 

8. f5. 

13. Y/. 

47. 

a2 

6. — • 

6 

9. J. 

14. |. 

1. Aop. 

10. 16.64. 

15. 108. 
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1 . 

a J/-. 

3. 1.44 a. 


4. 9.07. 

5. 6 a. 

6. 9,07. 


P3.g6s 322y 323 

7- 

8. ccvl 4-m2. 

9. 4.65. 


10. 9.30. 

11. 8.61. 
12. 4.66. 


13. 9.38. 


Pages 328-330 


a. 2309 cu. in. 
h. 1333 cu. in. 

c, 2667 cu. in. 

d, 1571 cu. in. 

e, 2667 cu.in. 
a. 1333 cu.in. 
5. 577.3 cu. in. 
c. 392. 7 cu.in. 


8. ^Tra%. 
10. I^Tra®. 
32 7ra® 

' 106 

12 . 

15 

416'7r 

14. — — cu. 
3 


Pages 334-336 


cu.in. 20. 


3 

6. 1066. 

7. cu. in. 


16. 18 TT. 
17 

15 

18. 4 77. 

19. 67.44. 

20 . 

3 


3. 

a. 1024 cu.in. 

ft ^ ®257r 

8. a, . 

Q 108 TT 

9. a. 


6. 443.4 cu.in. 

3 

5 


c, 426.7 cu.in. 

5 

^ 256 7r 

4. 

a. 228.7 cu.in. 
h. 359.2 cu.in. 

0, 

15 

5. 

16 rs 

128 TT 
c. 

n AC 

^ 12 7rp5 


0 ). 

(I, -V-)- 
6- #)• 
8- (if. I!)- 


Pages 338-340 

4. 36.18. 8. 217.1. 

5. Jj^-Tra^. 10, 410,3 

6. 53.15. 11. 141.5. 

7. 77.34. 13. 131.2. 


Page 345 

10- I). 16, 

12- (f, 1). 

15. (2, 1). 


■ S' i)- 

(a a\ 

‘ is’ 6/‘ 


u 

9 

15. 3:r. 
567rV3 
5 


18. (YS 0). 

19. (1^, 
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1. 


Page 346 



IT 



1. 25601b. 

2. 21601b. 

3. 38,2291b. 


4. 13021b. 

5. 3771 1b. 

6. 78001b. 


Pages 350, 351 

7. 6331b. 10. 20,3331b. 12. 3897 T. 

8.16671b. 11. fl. 41,2501b. 14. 3682 T. 
9.33751b. 6.11ft. 


1. 800,000 TTft.-lb. 

2. 84,375 TTtt.-lb. 

3. 432,000 TTft.-lb. 


Pages 354, 355 

4. 

3 

5. 9375 :r ft.-lb. 

6. 78,000 ft.-lb. 


7. 327,600 ft.-lb. 

8. 13,333 ft.-lb. 

9. 8000 ft.-lb. 

10. 29,333 ft.-lb. 


3. a. 23.60. 


Page 358 

4. a. 23.57. 


1. a. 5. 

6 . |. 

2, a. x = logg?/. 

6. X = — logo!/. 

c. X = — log?/- 
g. Impossible. 


Page 365 

3. a. X = 3?'. 10. a. X = log(^ i — l). 

b. 6x = ti^y. 6. x^logCyiVj/^+l). 

7. a. 

8 . a. e-2.803ar. 

9. a. 6.227. 

c. 34739. 


1. y' = 

2. y'~ 


a 

«x -f 6 
16 X 

^~16' 


2 — 4x3 

4. 7/ = 0.4343 ^ ^ . 

2 X - x^ 

6./'(x) = -. 

X 


7. /' (x) = - log2 X. 

9./'(®) = --z=L=- 
Vl + 

11. I = 1(1 + log ^). 


Pages 369, 370 


13 f'{y) = 
17. /'(X)=: 


1-y^ 

X 4* 3 


2(x-*- 1) 

18. _ 1- loga; 

dX X2 

4 -b 5x- 


19.^ = 

dx X (l-b x^) 

21. a. T-V. 


6. 3. 

c. 4.797. 

d. - 0.0483. 

e. 0.2645. 

/. - 0.0362. 


22. a, 0.3679. 


6. 1.2067. 

c. 0.5067. 

d. 0.5067. 

23. a. 1, 1. 

6 . ± 4V2, 0 . 

c. ± 2, §. 

d. 0.43429. 


-1, -i- 

/. ± Vs, 0. 

_ 1.. 

h. ± 6.8686Vi5,0. 


24. a. (4, 2.7726). 
6. (2, 1.3863). 
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INTEODUCTION TO THE CALCULUS 


1. y' = 
3. y' = 

5. y = 


26. S = 2.828. 

27. a. Min. pt. (0, 0), Infl. pts. (± 1, log 2). 

b. Min. pt. (e, e), infl. pt. (e^, J e^). 

c. Min. pt. ^-1 

d. Max. pt. (4, log 16). 

28. 2.323. 

Page 372 

: 2 (x + 2) (x + 3)2(3x2 + 11 X + 9). 
l + 3x^-2x« 

(1 - x2)l 

6V6,y'= IJVS. 


6. y = 2 V 6 , y'= f| Ve. 

7. y = 3,y' = -i. 

8. y = 49V6, y'= |jV6. 


1 . f: 

3. y'-. 

5. y' z 
7. y'^ 
9. 2/' = 

11. 2 /' = 


Pages 374, 375 

■ 13. + 

;-4a“-*^loga. 15. — 4x6-®®, 


: -a^oga; w a. 
X 


17. u'= - 


■ w log w 


we^ 


2x-10^1ogl0. 18. y' = x^(l + logx). 

2e^ 22, 2Va5. 

(e^+ 1)2* 24. Max. pt. (0, 1), 

— J—. infl.pts.fi— > — 

1 +e- ^ I V 2 Vi/ 


26. (0, a). 

27. (0, 0). 

28. Min. pt.^~ 1,-1^, 

infl.pt.(-2,-|j. 

29. a. JJ = 2V2. 

b. R = l 

c. U = a. 


1. (B—kA — kBt)e-^f. 

2. 1127, 67.62 per hr. 


Page 379 


3. O = 30, fc = 0.0000385, 
- 0.0000385 p, 3720 ft. 


Pages 381-383 


qOX 

1. ^ + a. 

a 

3. 

a2x 


5 


+ 0 . 


2 log a 

8. 1^x3— X + log(x + 1) + C. 


' 9. log Vx2 — 2x — 6 4- c. 

11. \y^—\ogy^-\-C. 

13. Jlog^x + G. 

14. log (e^ + 1)2 + 0. 

16. .^(e2j'-.e~2y).^ 22/+ 0. 

19. 3.195. 
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20. 0.6596. 

21 . 1 . 

22. 25.94. 

23. 1.1513. 

24. logV2. 
26. |-”log3, 


26. 0.8167. 

27. 8.318. 

28. 8.318. 

30. 0.3181. 

81. 6^-1. 

32. a2/e--V 


33. 1.070. 

34. 5.761. 



36. 4.443. 

37. 2.594 TT. 

38. 0.2115 iraS. 


39. 

40. TT (^ 2 ^ — 4 log 4) . 

TT Cl^ 

41. l^(e2 4.4_e-2). 

42. -(i«e-20). 

2^ ^ 


1. 2 / = log(l + x2). 

2. xy = C. 

3. 2/ = ce2 . 


Page 385 



h, y = 

6. J=Oe~o-02^. 


7. 34.7 mm. 

8. V = 1000 €-0.25 

82.08 rev. /sec. 


9. p = 15 e- 0.00004 A. 10. Z = 60 eo.ooooi t. 


Pages 395-397 


1 . a. 

c. 

e, 

/. 

9- 

i. 

2. a. 

h. 

c. 

d. 

e. 

/. 


y' = 2 cos 2 a;. 
dr 


dt 


= — 2 a sin 2 i. 


/. y' = 
dr 


5 Vx 


2 Vx 

— sin 


3. a. 2/"' = 


Z'' ( 2 /) = 2 cos 2 2 / cos 3 2 / — 3 sin 2 y sin 3 y. 
f {B) = 6 cos 
/' (x) = sin 2 a;. 

/' {x) = — tan x. 
f(x) = -J cot a;. 

1.081. 

3.637. 

1 . 

- 0.2580. 

1.382. 

- 1 . 

1 


d6 2 V cos 0 
ds 

o. — = — e-Msint + cost). 
dt 


g- y' ■■ 


cos X X sin X 


COS-iC 

6. fl. (± ^'TT, 0). 

6. a, y = X. 

7. Acceleration — 8, 0, 8. 

3 7r2 3 7r2 

8 . Acceleration 0, — , 0, , 0 

4 4 


- sin - . 


ft 

9. a. — = - 

dt^ 


4x. 


h,r"=^ 18 cos 3 6. 

c, y" =— 4(sm 2x + x cos2x). 

d. s" = — e- * (4 cos 2 1 + 3 sin 2 1). 

TV 


4. a. Max 


, d^x 


X 

' i’ 

■IcH, 


d^x 

' 


^ dH 


. pts. ± 2?wr, 1^, 

xnin. pts. ± 2 ux, - l) . (109° 28'). 

\ 2 ’ / 11. 90°, 26.67° (26° 34'). 
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12. a. Max. pt. , 3.8265^ ; min. pt. , 2.4567^ ; infl. pts. (0, 0), (tt, tt), 


(2irr,2 7r). 


, Max. pt. 1.9132^; min. pt. 1.2284^; infl. pts. (0, 


{tt, tt). 


Min. pt. ^ , — 0.3425^ ; max. pt. , 3.4841^; infl. pts. (0, 0), ^tt, 


(2 7r, tt). 


/. Max. pt. 0, 1.4142^ ; min. pt. — 1.4142^; infl. pts. 0^, 

(¥■«)■ 


13. 0.00029. 

14. a. 0.8 835. b. 0.4849 . c. 0.8573. d. 0.5302. 

15. 2/ = V25-24 cos^, 3.606 ft., 0.0025 ft. 


Pages 398, 399 


b. 


1. a. — cos 2 a; 4- C. 2. a. 2. 
c. sin X — cos x + C. 
log sin X + C. 

g, ^ eOOBx ^ Q 

h. sin logx + C. 

J. — sin (tt — x) + C, 


3. a, 4. 4. 

TT TT 

c. 1.2081. c. 1. 

(f. 0.6931. if. 4. 


2 

5. 3.829, 

6. 14.685. 


8 . 2V2. 

4 


9. 2 + ■ 


10. 4 V2. 


7. V2 - 1. 11. 


Pages 403, 404 


3. a.f{x) = asec^ox. 

c. — = — 2 i csc^t^. 
dt 

, 1 1 1 
e. y' = ~ CSC - cot - . 

X X 

g, F' {0) = tan^ 0. 

h. f[x) = -^. 

sin 2x 

I. f{x) — ~ sec^ (log x). 

X . . 


4. a. 6. 1- c. 4.981. d. | V3, 

2t 

9. 53. 13° (53° 8'). 

10. Max. - — 1, min. — + 1. 

2 ’ 2 

11. — 1200 Trr ft. /min., 0. 

14.11.22 ft. 

15. 12 ft. 

17. 57rmi./min. 
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Pages 406, 407 


1. a. ? logsecaj;+ 0. 
a 

c. I 2 i + G. 

e. — - cot a£C + (7 . 
a 

g. \ taiix^ ^ 0. 

i. tan 0 — cot ^ + C: 

k, 2 (tan X + sec a:) ~ a; + (7. 


2. a. -Vs. 6. c. 0.0719. d. -log2. 

S TT TT 

3. tan 0 + log sec ^ + 6. 

5. -log 2. 

TT 

7. 4. 

8. 1.317. 

9. 2.059. 


Pages 409-411 


2. a. y^z= r-. 

b. 2x+ 2/2 = 0. 

c. 9x2+ 252/2= 225. 

9 25 

€. X2— 2/*-^ = 1. 

4. X = r cos 2 7rt^ y = r sin 2 irt ; 
X = r cos Q-irt^y — r sin 6 tt^. 

12. u = 20. 

13. X = 2(7ri — sin ttQ, 

2/ = 2(1 ~ coSTTi). 


5. 46°. 


6. — - cot(^. 

a 



9. 15 = 10, fVlO, 5; 

^ir = 0°, 153.43° (153° 260, 90°. 

10, 15 = 6, di: = 120°. 

14. 2 7rftV.sec. 18. 3 7ra2. 

15. 2 7r V2 ft./sec. 19. 8 a. 

17. 7ra6. 


Page 413 


1. a. ^sin^x + C. 

b. — ^ cos2x + C. 

c. — J cos®x + C. 

if. - * 1 ,^ cos 4 2 6 > + a. 

c. sec X + cos X + (7. 

/. I tan2x + log cosx + C. 
g. — cot X — X + (7. 

/i. — cot^x — log sinx + G, 

i. — cot^x — 4 cot^x + C. 

j. I (tan2f — cot2 £) + 2 log tan i + C. 

k. 

2. a. |-7ra52. 6. ^iroPb. 3. |7ra2. 4. 


32 Tra® 


105 
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Page 417 


1. a* ajsina? + cosx + G. 

qZx 

b, — (3x — 1) + C, 

g— 2a; 

^ (2 X + 1) + G. 

1 X ^ 

A - sin 2 X cos 2x + G. 

4 2 

x2 


2j2 

— (21oga5-l)+ 0. 

ff. a;(loga;-l) + C. 

. x»+i x”+i 

/r. log X — 

n + 1 ^ (72 + 1)2 


+ G. 


t — x2 cosx + 2xsmx + 2 cosx + G. 


€. xtanx — ^-logsecx+ G. / ^sin 2x— -sin2x + -cos2x+ G 

2 4 2 


2. 14.026. 




4. 164.8. 


5. 18631 TT. 


2. TTOb. 

3. 37ra2. 

4. 57r2a3 
P 


Pages 419, 420 

1. fl. arc sin -+ G. 
a 

6. log (x + Vx2+ a2) + G. 

1 X ^ 

c. - arc sec - + G. 

a a 

d. ? Va2— x2 + ^ arc sin - + G. 

2 a 


X 
■ 2 
/. TT/S. 

^7. ip 


~Va;2+ a2 + ^Iog(x + Vx2+ a^) + G. 


8. t\V 2+ |log(l + V2). 

9. 4000 TT lb. 

7rr2 


®'|[v^ + log(l + V2)]. 

6. ■7r2/2, _ 

7. 2a2V3-aMog(2+V3). 


10 . 


a Vr^— a® — arc sin - - 


11. 57.28. 

12. a. 0.8814. 
b. 28.27. 
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Abscissa, 2 

Acceleration, 167, 283 
Analytic method, 202 
Angle, between lines, 19 ; of inter- 
section, 123 

Approximations, 181, 308, 311 
Area under a curve, 295 
Asymptotes, 231, 243 

Boyle’s law, 130 

Catenary, 359 
Centroid, 340 

Circle, 195 ; of curvature, 261 
Cissoid, 243 

Compound-interest law, 377 
Concave downward, 247 
Concave upward, 247 
Coordinates, 2 
Critical values, 146 
Cubical parabola, 66 
Curvature, 261 
Curve-sketching, 111 
Cusp, 148, 258 
Cycloid, 408 

Derivative, 88 

Differential, 177 ; equation, 279, 383 
Directrix, 208 

Distance, horizontal, 7; vertical, 7; 
between two points, 9; from a 
line to a point, 41 


Ellipse, 221 

Errors, 181; relative, 184 
Extent of a curve, 240 
Extreme values, 143 

Factoring, plotting by, 59 
Fluid pressure, 347 
Focus, 208, 221, 228 
Function, 70, 127; inverse, 113; 
implicit, 118; increasing and de- 
creasing, 140; transcendental, 
356; exponential, 356, 375; loga- 
rithmic, 369 ; power, 373 
Fundamental Theorem, 307 

Graphs, 132 

Hyperbola, 228; equilateral, 236 
Hyperbolic sine and cosine, 359 
Hypocycloid of four cusps, 243 

Inclination, 16 
Increments, 72, 176 
Inflectional point, 248 
Initial conditions, 277 
Integral, 268 ; definite, 291 
integrand, 268 

Integration, by substitution, 276, 
299, 417; by parts, 414 
Intercepts, 67, 240 
Interpolation, 136 
Intersection of curves, 66 
451 
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Latus rectum, 211 

Length of curve, 319 

Limits, 84 ; of integration, 291, 299 

Locus, 49 

Maxima and minima, 146; tests 
for, 147, 247 
Moment of area, 340 

Newton’s law of cooling, 376 

Ordinate, 2 

Parabola, 208 
Parabolic arch, 216 
Parabolic reflector, 214 
Parabolic rule, 311 
Parameter, 37 

Parametric equations, 191, 407 
’Periodicity, 389 

Point, of division, 9, 12; of inter- 
section, 33, 66 

Eadian, 386 

Kadius of curvature, 261 
Eailroad curves, 266 


Eates, constant, 169; variable, 163; 
related, 171 

Eesolution of forces, 287 

Semicubical parabola, 66 
Simpson’s rule, 311 
Slope, 16, 76 
Solids of revolution, 323 
StrOphoid,'243 
Surface of revolution, 336 
Suspension cable, 287 
Symmetry, 4, 67 

Systems, of lines, 36 ; of curves, 279 

Tangent, to a curve, 76 ; to a circle, 
198 

Torus, 335 
Trapezoidal rule, 308 

Variation, 130 

Velocity, rectilinear, 167, 283 ; 

curvilinear, 187, 289 
Vertex, 208, 222, 229 

Witch, 243 
Work, 362 




